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A. Homm and A. Tarski initiated the abstract theory of measure algebras. Independently V. Sushchansky, B. Oliynyk
and P. Cameron studied the direct limits of Hamming spaces. In the current paper, we introduce new examples of
locally standard measure algebras and complete the classification of countable locally standard measure algebras.
Countable unital locally standard measure algebras are in one-to-one correspondence with Steinitz numbers. Given
a Steinitz number s such measure algebra is isomorphic to the Boolean algebra of s-periodic sequences of 0 and 1.
Nonunital locally standard measure algebras are parametrized by pairs (s, 1), where s is a Steinitz number and r
is a real number greater or equal to 1. We also show that an arbitrary (not necessarily locally standard) measure
algebra is embeddable in a metric ultraproduct of standard Hamming spaces. In other words, an arbitrary measure
algebra is sofic.
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Let F, be the field of order 2. By a Boolean algebra we mean an associative commutative algebra
over the field F, satisfying the identity =

Let [0, o) denote the set of nonnegative real numbers. Let H be a Boolean algebra. We call a
function p: H — [0, 00) a measure if

(D p(a)=0ifand onlyifa=0, ac H ;

(2)if aabe H and a-b =0, then pw(a+b)=pn(a)+u).

Following A. Horn and A. Tarski [1], we call a Boolean algebra H with a measure p : H— [0, ) a
measure algebra. For more information on measure algebras (see [1—3]). If (H, p) is a measure
algebra, then the distance d, (a, b) = u (a — b) makes it a metric space.
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Example 1. The Boolean algebra St,, =F;, F, ={0, 1}, with the function
W, (Xq, ey ), ) = l(x1 +---+x,) forall x,..,x,€{0,1}
n

is a measure algebra. We call the measure algebra (St,,u, ) standard. For all elements a,b € St,,
the distance dst (a,b) equals the number of coordinates, where a and b differ, divided by n.

Example 2. Let Nbe the set of positive integers. For a sequence a = (a, @, ...)€ {0,1}" define
the pseudomeasure function

i,(a)=1lim sup— (dp---, a,).

n—oo

Then I ={ac {0,1}" |fi(a) =0} is an ideal of the Boolean algebra F5 .
Consider the Boolean algebra B =FY /I and the measure

uw(a+l)=fi(a), aeF).

The measure algebra (B, p) is called Besicovich measure algebra (see [4]).

Example 3. Let X be an infinite set and let H be the Boolean algebra of finite subsets of X,
including the empty one. The measure p(a)=#a, ac H, makes (H,u) a measure algebra. If the
set X is countable, then we denote the measure algebra (H, W) as H (o).

In order to introduce the next series of examples we need to start with the concept of a Stein-
itz number.

Definition 1. A Steinitz number 5] is an infinite formal product of the form

I1»"

peP

where P is the set of all primes, 7, € N U{0,} for all pe P. We can define the product of two
Steinitz numbers by the rule:

1" TIP" =T1p"™". 1, k,e N0},

peP peP peP

where we assume, that

pThp
oo in other cases.

. +kp:{r +k if r, <o and kp<oo,

By symbol SN we denote the set of all Steinitz numbers. The set of all positive integers N is
the subset of SN . The elements of the set SN \ N are called infinite Steinitz numbers.

Example 4. An infinite sequence a=(a,,a,,..)e {0,1}" is said to be periodic if there exists a
positive integer k€ N such that the equality a, = a.,, holds for all ie N . In this case the number
k is called a period of the sequence a.

Let s be a Steinitz number. A periodic sequence a is called s-periodic if its minimum period is
adivisor of s.
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Let H(s) be the set of all s-periodic sequences. Clearly, H(s) is a Boolean subalgebra of
{0, 1}N. The function

1
MH(S)(CH, a, )= ;(611 +-+a, ),

where £ is a period of the sequence (a,, a,, ...), makes (H(S), lt4,(5)) a measure algebra.

A measure algebra (H, p) is called unital if the Boolean algebra H contains 1 and u (1) = 1. In
this case, it is easy to see that W(H ) <[0,1] and 1 is the only element of measure 1.

The measure algebras of examples 1, 2, and 4 are unital. The measure algebras of example 3
are not unital.

If (H, n) is a measure algebra and he H is a nonzero element, then 2H is a unital Boolean
algebra. The function

w,:hH —[0,1], W, (a):ﬂ, ae hH,
w(h)
makes H, = (hH, p,) a unital measure algebra.

Definition 2. We say that two measure algebras (H,, u,) and (H,, p,) are scalar equivalent if
there exists a positive number a. > 0 and an isomorphism ¢ : i/, — H, of Boolean algebras such that
U, (p(a)) = ap,(a) for an arbitrary element ae H .

If measure algebras are scalar equivalent and unital, then they are isomorphic.

Definition 3. We call a measure algebra (H, p) locally standard if every finite subset of H is
contained in a measure subalgebra of (1, ) that is scalar equivalent to St, for some n>1.

If the measure algebra (H, p) is unital and locally standard, then every infinite subset of H is
contained in a measure subalgebra that is isomorphic to St, for some n >1.

The measure algebras of Examples 1, 3, and 4 are locally standard. The Besicovich measure
algebra is not locally standard because it contains elements of irrational measure.

In Sec. 1, we review the classification of unital countable locally standard measure algebras
and their connections to locally matrix algebras. In Sec. 2, we introduce new examples of non-
unital locally standard measure algebras and proceed with the classification of countable, not
necessarily unital, locally standard measure algebras. In Sec. 3, we discuss the property of unital
measure algebras, not necessarily locally standard, to be sofic.

1. Unital locally standard algebras.

Definition 4. Let H be a unital locally standard measure algebras, and let D(H)=
={n>1|1e H'cH,H =St,}. The least common multiple of the set D(H) is called the Steinitz
number of the measure algebra H and is denoted as st(H).

Theorem 1. If H is a countable unital locally measure algebra and st(H) = s, then H = H(S)
(see Example 4 above).

In particular, every countable unital locally standard measure algebra is uniquely determined
by its Steinitz number.

The theory of locally standard measure algebras is parallel to the theory of locally matrix al-
gebras. From this point of view, Theorem 1 is an analogue of the theorem of J.G. Glimm [6].

Definition 5. Let F be a field. An associative F-algebra A is called a locally matrix algebra if
an arbitrary finite collection of elements a, ..., a, € A is contained in a subalgebra A" < A that is
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isomorphic to a matrix algebra M, (F) for some n>1.1f 1 € A, then we say that A is a unital locally
matrix algebra.

Definition 6. For a unital locally matrix algebra A, let D(A) be the set of all positive integers
ne N such that there exists a subalgebra A, 1e A’c A, A’=M (F). The least common mul-
tiple of the set D(A) is called the Steinitz number st(A) of the algebra A (see [7, 8]).

J.G. Glimm [6] showed that if dim; A <R, and

st(A)= le-, then A Ep%PMpi (F).

pieP
In particular, every countable-dimensional unital locally matrix algebra is uniquely determined
by its Steinitz number.
For an element a of a unital locally matrix algebra A choose a subalgebra A’ A such that
le A, A’=M, (F).Let 7, -(a) be the range of the matrix ain M, (F). As shown by V.M. Kuroch-
kin [9], the ratio

r@=1, (@)

does not depend on the choice of the subalgebra A”. We call 7(a) the relative range of the element
a. If a,be A are orthogonal idempotents, then 7 (a + b) = r (a) + r (b).

Let C be a commutative subalgebra of a locally matrix algebra A and 1€ C . Let E(C) be
the set of all idempotents from C. For e, fe E(C) let ef and e + f — 2ef be their Boolean prod-
uct and Boolean sum, respectively. The Boolean algebra E (C) with the relative range function
r: E(C)— [0, 1] is a measure algebra.

A subalgebra H of the matrix algebra M, (F) is called a Cartan subalgebra it H =F ®---®F
(n summands), in other words, H is spanned by 7 pairwise orthogonal idempotents. It is well
known that every Cartan subalgebra is a conjugate of the diagonal subalgebra of M, (F).

A Cartan subalgebra of A is a subalgebra H ¢ A with decompositions

1= 1=

in which all A; are finite-dimensional matrix algebras and H; are Cartan subalgebras of A. Any two
Cartan subalgebras of A are conjugate via an automorphism.

In [10], it is shown that an arbitrary countable unital locally standard measure algebra M is
isomorphic to E (C), where C is a Cartan subalgebra of a countable-dimensional unital locally
matrix algebra A and st(M) = st(A).

2. Classification of non-unital locally standard measure algebras. In [10], we showed that
given two measure algebras (H,, ) and (H,, p,) there exists a unique measure p on the Boolean
algebra Hy ®p H, such that p(a®b)=u, (a)u, (b) for arbitrary elements ae H,, be H,.

Remark 1. In [10], we assumed the unitality of the Boolean algebra H, and H,. However, this
unitality has never been used in the definition of tensor product.

Example 5. Let s be an infinite Steinitz number and let 1<7 < be a real number. Choose a

sequence b, b,, ... of positive integers such that b, divides b, ,, i > 1, and all these numbers divide s.
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Letm;=[rb,], i>1, and let

rb;—1 if rb,e N.

i

. {[rbi] it 7b,¢N,

For each i>1 consider the unital countable measure algebras H (s/b;). Let

The locally standard unital measure algebras H (s/b;) and Sty 5, ®H (s / b;,1) have equal Stei-
nitz numbers. Hence,

H (s /bi)ESth/bi ®H (s/bj)-

This implies

i b.

1

and, similarly,

M;=St , ®H(s/by).

.
m;

Let ¢, =(1,1,..,1,0,0,..,0)e St, , e =(1,1,..,1,0,0,..,0)e St_, . Then
\ ) i+ m

v %b,_/ i+1
m;- ZIA m?- 11;;1
St =eSt,_ e St =e’St , ef
m, Dt T T M 0 it =TT T
ip. iTp.

1 1

and, therefore, the measure algebra M, (resp. M) is isomorphic to the corner

(e; ®DM ;4 (¢; ®1) (resp. (¢f ®DM 7 (e] ®1)).
Let
H(r,s)=JM;, H*(r,5)=JM;.

i>1 iz1

Theorem 2. Any countable locally standard measure algebra is scalar equivalent to one of the
following measure algebras: St ; H () ® H(s), se SN; H (1, 5), H' (r,s), re[0,),se SN\N.
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Remark 2. Unital measure algebra H(s) appear as H (7, s), where se SN\ N, r=u/v, u,v € N,
and v divides s.

3. Sofic measure algebras.

Definition 7. A group is called sofic if it is embeddable in a metric ultraproduct of symmetric
groups with normalized Hamming distances.

Equivalently, it is sofic if it is locally e-embeddable in symmetric groups (see [11, 12]). We
formulate a similar concept for measure algebras.

Let (H, p) be a unital measure algebra; and let X < H be a finite subset containing 1. Let
e > 0. As above, (St,, ) is the standard measure algebra with normalized Hamming distance
d, (a,b)=n,(a—Db).

Definition 8. A mapping ¢ : X — St _is called an e-embedding if

(D) d, (9(a)+¢(b),p(a+b))<e aslongas a,b,a+be X ;

(2) d, (9(@)o(b), p(ab))<e aslongas a,b,abe X ;

BG)o()=1

(4) d, (¢(a), p(b))>1/4 for all distinct elements a,be X .

Let I beaninfiniteset,and let F beanon-principle ultrafilter on I (see [13]). Let (St,, , 1, )ics
be a family of standard measure algebras. Consider the ultraproduct S

U=[]st, /F.

el

For an element a=(q,),; / F, a;€St,_, define
1(a) =i N
(@) =limp, (4;)

Then

R={ac[]St, /F | fi(a)=0}

el

isan ideal in the Boolean algebra Uand p(a+ R)=[i(a) is a measure. We call the Boolean algebra
U with the measure u a metric ultraproduct of standard measure algebras St,, .

Proposition 1. The following two conditions on a unital measure algebra 1(H , 1) are equivalent:

(a) for an arbitrary finite subset 1€ X ¢ H and an arbitrary & > 0 there exists an e-embedding
of X in a standard measure algebra,

(b) (H, n) is embeddable in a metric ultraproduct of standard measure algebras.

The problem is if all groups are sofic is still open. The general expectation is that there is a
counterexample. The answer for measure algebras, however, is positive.

Theorem 3. All unital measure algebras are sofic.

The first author was supported by the program PAUSE (France), and was partly supported by
UMR 5208 du CNRS and by MES of Ukraine: Grant for the perspective development of the scientific
direction “Mathematical sciences and natural sciences” at TSNUK.
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AJITEBPATYHA TEOPISI AJITEBP 3 MIPOIO

AbcTpakTHa Teopis anre6p 3 Miporo GyJia sarouarkosata A. Xopaow i A. Tapebkum. Hesanesxno Bin vux B. Cy-
manceknit, b. Omitiank i [1. Kamepon mociaxyBany mpsami rpaHutli mpocTopiB Xeminra. Y Iiff cTaTTi HaBeeHO
HOBI TIPUKJTaJIM JIOKAJBbHO CTaHAaPTHUX ajareOp 3 Mipoto Ta 3aBepIieHo Kiacudikailito 3/1iUeHHUX JJOKaJIbHO CTaH-
JTapTHUX anrebp 3 Mipoto. 3TiUeHHi YHITATbHI JJOKATIFHO CTAaHAAPTHI aareOpH 3 MipOI0 3HAXOIATHCS Y B3AEMHO
oHO3HauHii Bignosignocti 3 wncaamu Creitnina. [ ganoro yncaa Creiinina s Taka aarebpa 3 Mipolo isomopd-
Ha GyJeBiit anrebpi s-mepioamaHuX mocaigoHocTel i3 0 Ta 1. HeyHiTanbHi TOKATbHO CTaHAAPTHI anrebpu 3 Mi-
POto MapaMeTpu3yIoThes napamu (s, 7), e s — uucso Creiinina, a 7 — ailicHe uncio, sike 6isbine abo qopiBHIOE 1.
Taxko:k MOKa3aHo, 10 0BiTbHA (He 060B’SI3KOBO TOKATHHO CTAaHAAPTHA ) aireOpa 3 Mipoto 3aHYPIOETHCST B METPUY-
HUIT yJIBTpasiodyTOK CTaHAapTHUX ajire6p 3 Mipoto. IHIUMK cIoBaMu, I0BiIbHA aire6pa 3 Miporo € co(iuHOw.

Kniouosi cnosa: anzebpa 3 mipoio, 10kanvho mampuuna arzebpa, oyiesa arzebpa, npocmip Xeminza, wucio
Cmetiniya.
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