OITIOBI/I MATEMATHUKA

HAIIIOHAJIBHOI MATHEMATICS
AKAJIEMII HAYK
VKPAIHU

https://doi.org/10.15407/dopovidi2024.01.003

UDC517.5

V.Ya. Gutlyanskii ", https://orcid.org/0000-0002-8691-4617
0.V. Nesmelova " >*, https://orcid.org/0000-0003-2542-5980
V.L. Ryazanov ", https://orcid.org/0000-0002-4503-4939

E. Yakubov ’, https://orcid.org/0000-0002-2744-1338

" Institute of Applied Mathematics and Mechanics of the NAS of Ukraine, Slovyansk, Ukraine
> Institute of Mathematics of the NAS of Ukraine, Kyiv, Ukraine

> Holon Institute of Technology, Holon, Israel

* Donbas State Pedagogical University, Slovyansk, Ukraine

E-mail: vgutlyanskii@gmail.com, star-o@ukr.net, vl.ryazanovl@gmail.com, yakubov@hit.ac.il

On the Dirichlet problem for beltrami equations
with sources in simply connected domains

In this paper, we present our recent results on the solvability of the Dirichlet problem Rew(z) — ¢(() as z =,
ze D, edD, with continuous boundary data @:0D — R for degenerate Beltrami equations o, = p(z)m, +c(z),
|u(z)|<1 a.e., with sources c: D — C that belong to the class L_(D), p > 2, and have compact supportsin D . In
the case of locally uniform ellipticity of the equations, we formulafe, in arbitrary simply connected domains D of the
complex plane C a series of effective integral criteria of the type of BMO, FMO, Calderon-Zygmund, Lehto and Orlicz on
singularities of the equations at the boundary for existence of locally Holder continuous solutions in the class Wli)’cz (D) of
the Dirichlet problem with their representation through the so-called generalized analytic functions with sources.
Keywords: Dirichlet problem, nonhomogeneous degenerate Beltrami equations, generalized analytic functions with
sources, BMO (bounded mean oscillation), FMO (finite mean oscillation), singularities at the boundary.

1. Introduction. Let D be a domain in the complex plane C. We investigate the Dirichlet problem

linEReoa(z)=(p(C) v{eodD, (1)

see Chapter 4 in [1], with continuous boundary data ¢:0D — R in arbitrary bounded simply
connected domains D for the Beltrami equation

0; =u(z) -0, +0(z), zeD, (2)
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with a source 6:D —C in L,,p>2, where p:D — C is a measurable function with |pu(z)|<1
a.e., o; =(0, +i03y)/2 , 0, =(0, —icoy)/2 , Z=x+1y, ©, and ®, are partial derivatives of the
function ® in x and y, respectively.

For the case ||p]||,,<1, (2) was initially introduced by L. Ahlfors and L. Bers in the paper [2].
Here, we examine the case of locally uniform ellipticity of the equation (2) when its dilatation
quotient K, is bounded only locally in D,

_H[p@)]
1-|p(2)|

ie,if K, €L, oneachcompactsetin D butadmits singularities at the boundary. A point £ € 0D
is called a singular point of the equation (2) if K, & L,, on each neighborhood of the point.

Here we present the corresponding results in the subject, as proven in our recent paper [3].
Specifically, we demonstrate that if D is an arbitrary bounded simply connected domain in C,
then the Dirichlet problem (1) for the equation (2) has a locally Hélder continuous solution ® in
class W,>2(D) for a broad range of singularities of (2) at the boundary. Futhermore, this solution
is unique up to an additive pure imaginary constant, and it can be expressed through suitable gen-
eralized analytic functions with sources.

In this connection, recall that the Vekua monograph [1] was devoted to generalized analytic
functions, i.e., continuous complex valued functions H (z) of one complex variable z=x+iy of
class Wli’cl in a domain D satisfying the equations

K, (2): (3)

0-H+aH +bH=S, 8,:=(0,+i0,)/2 (4)

with complex valued coefficients a,b, S € Lp (D), p>2.
The paper [4] was devoted to boundary value problems with measurable data for the spacial
case of generalized analytic functions H with sources S:D — C, when a=0=b,

0;H(2)=S(z), zeD, (5)

in regular enough domains D .
2. The Main Existence Lemma. It is well known that the homogeneous Beltrami equation

f=u@)f, (6)

is the basic equation in analytic theory of quasiconformal and quasiregular mappings in the plane
with numerous applications in nonlinear elasticity, gas flow, hydrodynamics and other sections of
natural sciences.

The equation (6) is termed degenerate if esssupK |, (z) =o0. It is known that if K, is bounded,
then the equation has homeomorphic solutions in Wlo’c2 called quasiconformal mappings (see his-
toric comments in [5]). Recently, criteria for existence of homeomorphic solutions in Wlic were also
established for degenerate Beltrami equations; refer to papers [6]—[9] and monographs [10, 11].

These criteria were formulated both in terms of K|, and the quantity
2

1 _ Z:ZO H(Z)

z-z

2
1=|p(2)|
4 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2024. No. 1

(7)

T .
K, (z,24):=



On the Dirichlet problem for Beltrami equations with sources in simply connected domains

called tangent dilatation quotient of the Beltrami equations with respect to a point z, € C. Note that
K;l(z)gKE(z,zo)gKu(z) VzeD,z,eC. (8)

Let D be a domain in the complex plane C. A function f:D — C in the Sobolev class Wli)’cl
is called a regular solution of the Beltrami equation (6) if f satisfies (6) a.e., and its Jacobian
Jr(2)=f, ? | f. />0 ae. By Lemma 3 and Remark 2 in [8], we have the following statement on
the existence of regular homeomorphic solutions f in C for the Beltrami equation (6).

Proposition 1. Let u:C — C be a measurable function with |p(z)[<1 a.e.and K, € L, ,,. (C).
Suppose that, for each z, € C with some g, =¢(z,) >0,
[ Kiz)v2 (22 )dm(2)=0(L (e)) ase—0 )
e<|z—z,|<g,
for a family of measurable functions Vet 0,€y) > (0,0), £€(0,¢,), with
&
I (@)= [y, (Odt<o Vee(0,5). (10)
€

Then the Beltrami equation (6) has a regular homeomorphic solution f*.

Here dm(z) corresponds to the Lebesgue measure in C and by (8) K El can be replaced by
K, . We call such solutions f* of (6) n— conformal mappings. It is assumed here and further that
the dilatation quotients K Z: (z,2,) and K " (z) are extended by 1 outside of the domain D.

Lemma 1. Let D be a bounded simply connected domain in C, c€L,(D), p>2, with com-
pact supportin D, pu:D — C be a measurable function with [u(z)|<1 a.e, K, be locally bounded
in D, K, €L, (D) and conditions (9) and (10) hold for all z, € 0D .

Then the Beltrami equation (2) with the source ¢ has a locally Holder continuous solution ®
in the class Wllo’c2 of the Dirichlet problem (1) in D for each continuous function @:0D — R that is
unique up to an additive pure imaginary constant.

Moreover, @=ho f, where f:C—C is a n— conformal mapping with p extended by zero
outside D and h:D, — C is a generalized analytic function in D, := f (D) with the source S of the
class L, (D,) for some p, €(2, p),

S::G-LOf_I, (11)
J
where J=| f, " —| f, [* is the Jacobian of f, that satisfies the Dirichlet condition
hmC Reh(w)=¢,(§) V(edD,, withe,=¢of |, . (12)
w—>

Remark 1. In turn, the generalized analytic function h with the source S by Theorem 1.16 in
[1] has the representation h= A+ H , where

H(w)=-ljﬂdm(z;), weC, (13)
T, C—w
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with H-=S§,and A is a holomorphic function in D, with the Dirichlet condition
lim ReA(w)=0¢"({) V{edD,, withe :=¢,—ReH|,, . (14)
w—C *

Note that H is o,—Holder continuous in D, with a,=1-2/p, by Theorem 1.19 and
Hlp e wh P (D,) by Theorems 1.36 and 1.37 in [1]. Also note that f and f~' are locally quasi-
conformal mappings in D and D,, respectively.

The proof of Lemma 1 is based on known results about the existence of a harmonic function
u:D, — R, satistying the Dirichlet condition

limgu(W)=<P*(C) V{eaD,, (15)

see Corollary 4.1.8 and Theorem 4.2.1 in [12], the existence of a holomorphic function
A:=u+iv:D, — C (unique up to an additive pure imaginary constant) in an arbitrary bounded
simple connected domain D and the factorization @=ho f of solutions of (2) in terms of suitable
generalized analytic functions with sources, see Lemma 1 and Remark 2 in [13] for the uniformly
elliptic case. The existence of the given p— conformal mapping f follows from Proposition 1; see
further details of the proof in [3].

Remark 2. Note that if the family of the functions Ve e (t)= v, (t), z,€0D, in Lemma 1
is independent on the parameter €, then the condition (9) implies ‘that I, (&) > as €>0.
This follows immediately from arguments by contradiction, apply for it (83 and the condition
K, el (D). Note also that (9) holds, in particular, if, for some g, =¢&(z,) ,

[ Kl(zz) vl (z=zdm(z)<o  Vz,edD (16)

lz—zy|<g,

and I, (8) — o as € > 0. In other words, for the solvability of the Dirichlet problem (1) in D for
the Beltram1 equations with sources (2) for all continuous boundary functions ¢, it is sufficient that
the integral in (16) converges for some nonnegative function v, (t) that is locally integrable over
(0, &,] but has a nonintegrable singularity at 0. The functions log (e/|z=z,]), Le(0,1), ze D,
zy€D, and y(t)=1/(tlog(e/t)), t €(0,1), show that the condition (16) is compatible with the
condition I, (8) — o as € — 0. Furthermore, the condition (9) shows that it is sufficient for the
solvability of the Dirichlet problem even that the integral in (16) is divergent but in a controlled way.

3. The main existence integral criteria. Lemma 1 enables us to derive several effective inte-
gral criteria for the solvability of the Dirichlet problem for Beltrami equations with sources.

Firstly, recall that a real-valued function u in adomain D in C is said to be of bounded mean
oscillation in D , abbr. ue BMO(D), if ueLlOC (D) and

1

[t} = sup——[ | u(2) — iy | dm(2) < o, (17)
B |Bl3

where the supremum is taken over all discs B in D and

Uug =é u(z)dm(z).
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We write u € BMOjo.(D) if ue BMO(U) for each relatively compact subdomain U of D.
We also write sometimes for short BMO and BMOQj,. » respectively.

The class BMO was introduced by John and Nirenberg (1961) in the paper [14] and soon be-
came an important concept in harmonic analysis, partial differential equations, and related areas.

Following [15], we say that a function u:D — R has finite mean oscillation at the point
z, €D, abbr. ue FMO(z,), if

g Fh(z.0) [14(2) = 5, (20) |[dm(2) < o0, (18)
where
is(20) =+ 5oy ) U(2)dm(2) (19)

is the mean value of the function u(z) over disk B(z,,€):={zeC:|z—z,|<g}. Note that the
condition (18) includes the assumption that u is integrable in some neighborhood of the point
z,. We say also that a function u:D — R is of finite mean oscillation in D , abbr. ue FMO(D) or
simply u e FMO, if u € FMO(z,)) for all points z, D .

The following statement is obvious by the triangle inequality.

Proposition 2. If, for a collection of numbers u, € R, €€ (0, g,],

@ Fb(zp.0) |1(2) —uy |dm(z) < oo, (20)
E—>

then u is of finite mean oscillation at z,,.
Recall thata point z, € D is called a Lebesgue point of a function u: D — R if u is integrable
in a neighborhood of z; and

lim Fh(z.0) | u(2) —u(zy)|dm(z) =0. (21)

Thus, we have by Proposition 2 the next corollary.

Corollary 1. Every locally integrable function u:D — R has a finite mean oscillation at almost
every pointin D .

Remark 4. The latter shows that the FMO condition is very weak. Clearly,
BMO(D) € BMOjoc(D) © FMO(D) and as well-known BMOQ),. < Lfoc forall pe[l, ), see, e.g.,
[14]. However, EMO is not a subclass of L _forany p>1 but only of L;_, see Examples 2.3.1 in
[10]. Thus, the class FMO is much more wider than BMQ,. -

Versions of the next lemma have been first proved for the class BMO in [7]. For the FMO case,
see the paper [15] and the monographs [10] and [11].

Lemma 2. Let D be a domain in C and let u:D — R be a non-negative function of the class
FMO(z,) for some z, € D . Then

u(z)dm(z)

1
)zzO(logloggj as €0 (22)

e<|z—z,|<g, (| z— Z() | logﬁ

for some €, €(0,8,) where 8, =min(e™*,d,), d, =sup|z—z,]|.
zeD
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We assume further that the dilatation quotients Kf; (z,z,) and K " (z) are extended by 1
outside the domain D .

Choosing y(t)=1/(tlog(1/t)) in Lemma 1, see also Remark 1, we obtain by Lemma 2 the
following result with the FMO type criterion.

Theorem 1. Let D be a bounded simply connected domainin C, s €L, (D), p>2, with com-
pact support, w: D — C be a measurable function with | W(z) [<1 a.e., K, be locally bounded in D,
K, el (D), KT (z,2,)<Q, (z) ae. in U, for each point z,€0D, a nezghborhood U of zy, a
functzon Q, U — [0, 0] in the class FMO(ZO)

Then the Beltmmz equation (2) with the source ¢ has a locally Hélder continuous solution ®
in the class W1 ofthe Dirichlet problem (1) in D for each continuous function ¢:0D — R that is
unique up to an additive pure imaginary constant.

Furthermore, ®=ho f, h:=A+H, where f:C—C isa p— conformal mapping with n ex-
tended by zero outside of D, H:D, — C is a generalized analytic function in D, := f (D) with the
source S calculated in (11) and A is a holomorphic function in D, with the Dirichlet condition (14).

In particular, choosing ¢, =0, € (0, g,] in Proposition 2, we obtain:

Corollary 2. Let D be a bounded simply connected domainin C, o €L, (D), p>2, with com-
pact support, w:D — C be a measurable function with |n(z)|<1 a.e., K, be locally bounded in D,
K, €L, (D) and, for each point z, € D,

lim  fp0;, 0 K} (2, 29)dm(z) <oo. (23)
e—0

Then all the conclusions of Theorem 1 on solutions for the Dirichlet problem (1) with arbitrary
continuous boundary data ©:0D — R to the Beltrami equation (2) with the source ¢ hold.

Since K (z,2,) < K, (z) forall z and z, € C, we also obtain the following consequences of
Theorem 1 w1th the BMO -type criterion.

Corollary 3. Let D be a bounded simply connected domain in C, c€L,(D), p>2, with
compact support, w: D — C be a measurable function with |p(z)[<1 a.e., K, be locally bounded
in D and K, have a dominant Q € BMO,,. in a neighborhood of 0D . Then the conclusions of
Theorem 1 hold.

Corollary 4. Let D be a bounded simply connected domain in C, ce L, (D), p>2, with com-
pact support, u:D — C be a measurable function with |u(2)|<1 a.e, K, lfe locally bounded in D
and K, have a dominant Q € FMO in a neighborhood of 0D . Then the conclusions of Theorem 1 hold.

Similarly, choosing in Lemma 1 the function y(t) =1/¢, see also Remark 1, we come to the
next statement with the Calderon-Zygmund type criterion.

Theorem 2. Let D be a bounded simply connected domain in C, s €L, (D), p>2, with com-
pact support, u:D — C be a measurable function with |p(z)[<1 a.e, K, be locally bounded in D,
K, €L,(D) and, for each point z, € 0D and &, =¢(z,) >0,

dm(z) _ 2
j ( z, 0)| | {1 og— } ase—0. (24)
-z

e<|z—z,|<g 0

Then the Beltrami equation (2) with the source ¢ has a locally Holder continuous solution ®
in the class Wloc2 of the Dirichlet problem (1) in D for each continuous function ¢:0D — R that is
unique up to an additive pure imaginary constant.

8 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2024. No. 1
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Furthermore, @=ho f, h:=A+H, where f:C—C is a p—conformal mapping with n
extended by zero outside D, H:D, — C is a generalized analytic function in D, := f (D) with
the source S calculated in (11) and A is a holomorphic function in D, with the Dirichlet condi-
tion (14).

Remark 5. Choosing in Lemma 1 the function y(t)=1/(tlogl/t) instead of y(¢t)=1/t, we
are able to replace (24) by the conditions

KY(z, z,)dm(z) 1T
B 0 5= oUlogIogg} ] Vz,€0D (25)

e<|z—zy|<g, (| Z—2z | log \zjzo\)

as € >0 for some g, =¢€(z,) >0. More generally, we would be able to give here the whole scale
of the corresponding conditions in log using functions y(¢) of the form 1/(tlogl/¢-loglogl/
/t-...-log...logl/t).

Choosing in Lemma 1 the functional parameter y 2 t):=1/ [tkg (zy,1)], where k: (zy,7) is
the integral mean of K E; (z,z,) over the circle S(z,,r):={zeC:|z—z,|=r}, we obtain the Lehto
type criterion.

Theorem 3. Let D be a bounded simply connected domainin C, ce L (D), p>2, with com-
pact support, u: D — C be a measurable function with |p(z)|<1 a.e., K, be locally bounded in D,
K, €L (D) and, for each point z, € 0D and €, =¢(z,) >0,

TL =00, (26)

0 rkf; (zy,7) -

Then the Beltrami equation (2) with the source ¢ has a locally Holder continuous solution ®
in the class Wli’cz of the Dirichlet problem (1) in D for each continuous function @:0D — R that is
unique up to an additive pure imaginary constant.

Moreover, ®=ho f, h:=A+H, where f:C—C is a n—conformal mapping with p ex-
tended by zero outside D, H:D, — C is a generalized analytic function in D, := f (D) with the
source S calculated in (11) and A is a holomorphic function in D, with the Dirichlet condition (14).

Corollary 5. Let D be a bounded simply connected domainin C, € L, (D), p>2, with com-
pact support, w: D — C be a measurable function with |p(z)|<1 a.e., K, be locally bounded in D,
K, €L,(D) and, for each point z, €D,

kf: (zo,s):O(logéj ase —0. (27)

Then all conclusions of Theorem 3 on solutions for the Dirichlet problem (1) with arbitrary con-
tinuous boundary data ¢:0D — R to the Beltrami equation (2) with the source & hold.
Remark 6. In particular, the conclusions of Theorem 3 hold if

Kg(z,z0)=0(log ] as z—z, Vgz,edD. (28)

|z—2z,|

ISSN 1025-6415. Jonos. Hay, axao. nayx Yxp. 2024. Ne 1 9
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Moreover, the condition (27) can be replaced by the series of weaker conditions

kT (24, €)= Oqlog loglog— -log...logiﬂ V z, €0D. (29)

Combining Theorems 2.5 and 3.2 in [9] with Theorems 3 we obtain the following significant
result with the Orlicz type criterion.

Theorem 4. Let D be a bounded simply connected domain in C, 6 €L, (D), p>2, with com-
pact support, p: D — C be a measurable function with [(z) <1 a.e, K be locally bounded in D,
K, €L, (D) and, for each point z, € 0D and a neighborhood U, of z,,

[@, (K] (z,2))dm(z) <0, (30)

Uz

where @, :(O, o] — (0, 0] is a convex non-decreasing function such that

J. log®, (t)——+oo for some A(z,) >0. (31)
A(zo)

Then the Beltmmz equation (2) with the source ¢ has a locally Hélder continuous solution ®
in the class WIOC of the Dirichlet problem (1) in D for each continuous function @:0D — R that is
unique up to an additive pure imaginary constant.

Moreover, @=ho f, h:=A+H, where f:C—C is a u—conformal mapping with n ex-
tended by zero outside D, H:D, — C is a generalized analytic function in D, := f (D) with the
source S calculated in (11) and A is a holomorphic function in D, with the Dirichlet condition (14).

Corollary 6. Let D be a bounded simply connected domainin C, ce L, (D), p>2, with com-
pact support, w:D — C be a measurable function with |n(z)|<1 a.e., K, belocally bounded in D,
K, €L, (D) and, for each point z, € 0D, a neighborhood U, of z, and a.(z,)>0,

T
J. K= Zo)dm(z) < o0, (32)
U
20

Then all conclusions of Theorem 4 on solutions for the Dirichlet problem (1) with continuous
data ©:0D — R to the Beltrami equation (2) with the source 6 hold.

Corollary7. Let D be a bounded simply connected domain in C, s €L, (D), p>2, with com-
pact support, p:D — C be a measurable function with |u(z)|<1 a.e., K, be locally bounded in D
and, for a neighborhood U of 0D,

[0 (K, (2))dm(z) <o, (33)
where @ :(0, 0] — (0, 0] is a convex non-decreasing function with, for >0,

Ilog@(t)d—zt:+oo. (34)
t
8
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Then all conclusions of Theorem 4 on solutions for the Dirichlet problem (1) with continuous
data ©:0D — R to the Beltrami equation (2) with the source ¢ hold.

Remark 7. By Theorems 2.5 and 5.1 in [9], condition (34) is not only sufficient but also nec-
essary to have the regular solutions of the Dirichlet problem (1) in D for arbitrary Beltrami
equations with sources (2), satisfying the integral constraints (33), for all continuous functions
¢:0D — R because such solutions have the representation through regular homeomorphic solu-
tions f = f" of the homogeneous Beltrami equation (6) from Proposition 1.

Corollary 8. Let D be a bounded simply connected domainin C, s €L, (D), p>2, with com-
pact support, p: D — C be a measurable function with |u(2)|<1 a.e., K, be locally bounded in D
and, for a neighborhood U of 0D and o.>0,

IeaK”(Z)dm(z) < 0. (35)
U

Then all conclusions of Theorem 4 on solutions for the Dirichlet problem (1) with continuous data
¢@:0D — R to the Beltrami equation (2) with the source ¢ hold.
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ITPO 3AJAYY [OIPIXJIE 1151 PIBHAHD BEJIBTPAMI
3 IPKEPEJIAMM B OJHO3B’SI3AHMX OBJIACTAX

Y miit crarTi MU NpeACTaBIAEMO Halli HEI[OJABHO OTPUMMaHi pesyabraTy Ipo po3B’A3HiCTb 3amaui [ipixite
Rew(z) = @(§) mist z > E, ze€ D,( € 0D, 3 HenepepBHMMY IPaHUYHNMI laHUMK (@ : OD — R 151 BUpomxe-
HUX piBHAHD benbrpami o, =W (z)o, +6(2), [p(z)|<1 M.B, 3 prepenamu G:D — C, 10 HaleXaTh 10 KIacy
L (D), p>2,3KxoMmakTHUMY HOCiAMY B D. Y BUIIa/IKy TOKabHO piBHOMipHOI einTuyHOCTi piBHAHD chopmy-
NLOBaHO y DOBiIbHMX OTHO3B A3aHUX 00acTAX D koMIuteKcHoI wiomuyHy C Hu3ky eeKTUBHUX iHTeTrpaTbHUX
Kputepiis, Tunry BMO, FMO, Kanbpepona-3urmynza, J/lexro ta Opnnya, CMHIYIAPHOCTI piBHAHD Ha I'paHMII [id
icHyBaHHS JIOKaJIbHO HellepepBHMX 3a [enbepoM po3B’s3KiB y Kaci Wltcz( D) 3apadi Jlipixse 3 mpeficTaBIeHHAM
ix yepes Tak 3BaHi y3ara/jpHeHi aHaMITUYHI QYHKLII 3 [PKepeaMiL.

Kntouoei cnosa: sadaua [ipixne, HeoOHopioHi 6upoosceni pisHAHHA Benompami, ysazanvHeni ananimuqi QyHKuii 3
Oxncepenamu, BMO, oomexnceni cepedni konusarns, FMO, ckinuerHi cepeOHi KOMUBAHHS, CUHSYISPHOCI HA ePAHUU.
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