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The strength of a transversally isotropic cylinder with a system of healed torsional cracks is investigated in this paper.
Degradation of service characteristics of the reinforced-concrete materials in APP structures, mine shafts, collectors,
and hydraulic works delved into the necessity of serviceability renewal, repair, and the restoration of carrying ability
in such structural elements. A mathematical model has been developed to evaluate the effect of cylinder strengthening
using injection technologies for healing defects. The calculations are based on the concepts of fracture mechanics and
linear theory of elasticity. The model of thin elastic inclusions and the theory of harmonic functions are applied, which
enables reduction to the problem of solving a system of integral equations. The parameters that affect the efficiency
of crack healing are identified. Analytical solutions for particular cases were obtained, which allowed for optimizing
the choice of injection material. It is shown that the correct selection of the injection material stiffness can ensure the
complete restoration of the strength of a cracked cylinder.
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Technologies for injecting defective zones in long-term structures as a restoring method of their
load-bearing capacity are widely used in practice [1, 2]. To optimize such technologies and pre-
dict the service life of the restored elements of structures, calculation models and methods for
assessing their performance are needed. It is proposed to base such approaches on the concepts
of fracture mechanics, the science of the strength of materials and structures with defects such as
cracks, especially those filled with another material. Problems on the limit equilibrium of bodies
with filled cracks form a separate class of boundary value problems of the elastic continuum. Un-
like cracks whose surfaces are free of stresses or whose stresses are known in advance, for filled
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defects, additional conditions are necessary for the interaction of the filler material with the base
material. This interaction, as the transfer of a part of the load carried by the body with the crack
and the optimal choice of the filler material, is the essence of the idea of “healing” structural dam-
age using injection technology. Several studies have been performed previously in this direction
[3—5]. A mathematical model is proposed below to calculate the effect of injection strengthening
of a transversally isotropic circular cylinder containing a system of parallel cracks on the isotropy
axis under torsional load.

Relations of the theory of elasticity of transversally isotropic bodies. The solution of
boundary value problems of the linear theory of elasticity of transversally isotropic bodies in the
absence of bulk forces is reduced to the establishment of three functions @; (j=1,2, 3) satisfying
the following equation [6]
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The cylindrical coordinate system r, 6, z is chosen so that the z-axis coincides with the isot-
ropy axis of the elastic properties. Here, n, and n, are the roots of the equation:

ApAgn® +[A (A +24,,) - A Ay ln+ Ay A =0 (2)
and
2A
ny = “_
A A,
A, A,y A, — elastic constants of a transversally isotropic body.

The components of the displacement vector are determined on the basis of the following
relations:
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and the components of the stress tensor in the plane z = const
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The equilibrium equations are automatically satisfied, and the harmonic functions ((b 0, z) in
different coordinate systems are determined from the boundary conditions.

In the torsional theory of transversally isotropic bodies of revolution with the axis of isotropy
coinciding with the axis of rotation, it is assumed that the cross-sections are not distorted and
there are no displacements in the radial directions, i. e.

u,=u,=0; uy=u.(r,z). (5)

Then it is obvious that
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Problem statement. Consider a body
in the form of a circular cylinder of radius
R containing a system of N parallel circular
cracks with radiia, i = 1, ..., N on the axis of
rotation (Figure). The material of the cylin-
der is assumed to be transversally isotropic,
with the isotropy axis aligned with the cyl-
inder’s longitudinal (z) axis. The cylindri-
cal coordinate system (p, ¢, z) is defined in
such a way that the O, axis coincides with the
isotropy axis of the elastic properties of the
body. As a result of the injection hardening
technology, the cracks are filled with a liquid
material that can form strong adhesive bonds
after hardening. The cylinder is subject to a
torsional load with moment M applied to the
ends. This problem is solved by dividing it
into two sub-problems.

Geometry of the cylinder with cracks and torsional load M
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These problems assume that the crack sizes are small compared to the diameter of the cylin-
der,i.e, R >>a.

Not$/2that the function ¢, in relation (6) is harmonic in the coordinate system (r, 6, z,),
Zy =2n,

This aspect makes it possible to write the function ¢, in the form of the Hankel integral rep-
resentation

03(r, 23) = [A(©)E ™ exp(—Ez;)], (rE)dE , (7)
0

J,(r€) is a Bessel function of the first kind; A(§) is an unknown function that is determined from
the boundary conditions.

Based on the principle of superposition in the linear theory of elasticity, the problem is di-
vided into two sub-problems: torsion by a moment M of a cylinder without cracks and a cylinder
with cracks, to the surfaces of which forces are applied

2Mr  [uy, (r)]G
y L) = + >
Gze(r Zl) TcR4 zhl(r)

c,.(r,z;)=0,(r,z;)=0, 0<r<a, i=1,..,N. (8)

Here, thin layers formed as a result of the hardening of the injected material in the cracks, mod-
eled according to the Winkler shear model [2]; G is the shear modulus of the injected material af-
ter hardening; u,, is the displacement of the points of the layer surface, which is taken as the sum
of ug; =tg; +ug; ; g, is the displacement of the surfaces of the i-th mathematical section under
2Mrh,(r) .
———L 25 2h(r) is the
4 i

X X 44T
thickness of the i-th layer; [ug;(r)] means the jump of the function ug,(r); z, is the coordinates of
the center of the i-th crack along the Oz axis.

The solution to the first problem is trivial and is not related to the crack. To solve the sec-
ond problem, based on the principle of superposition, we represent the stress state in the body
as a sum [7].

N
o= Zci . 9)
i=1

the action of the forces specified by the boundary conditions (8); ugl.(z) =

Here o, is the stress tensor in a cylinder with one i-th crack. The boundary conditions for such
cylinders with cracks are as follows:

. N
2M4r . [g;(N]G 3 6,(rz), i=L..,N. (10)
nR* - 2h(r) A
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Note that the boundary conditions for the stress tensor components 6, and o_, are automati-
cally satisfied, as follows from Eqgs (4) and (7). Taking into account the symmetry of the problems,
they can be reduced to boundary value problems for half-spaces z > z.. To do this, the condition
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that the displacements u, (r, z,) outside the crack are zero should be added to the boundary condi-
tion (10)

Ug;(r,2;)=0, a,<r< oo (11)

From the boundary conditions (10) and (11) and relations (6) and (7), we obtain the systems
of dual integral equations

[A@©1(ende=0, a<r<e,
0

K 2Mr(l-g) G
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-y (12)
j=1(=1)
0<r<a, i=1..,N.

W, [ are the shear modules in the plane of isotropy and in the transverse direction; e = G/A .
To solve the systems of dual integral equations (12), the functions A (§) are represented in the
form of a finite Fourier transform

A(8) =J.i ¥ (t)cosétdt, (13)
0

where W (f) are continuous functions with derivatives in the interval [0, a,]. Then, the first equa-
tion (12) is satisfied if the condition with the requirement that

Ji\I’l.(t)dt =0. (14)
0

From the second equation (12), taking into account (13) and (14), after some transformations,
we obtain a system of integral equations for determining the unknown functions ‘¥ (t)
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1 - x) a; + x)\n
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If a solution to the system of integral equations (15) is obtained by one of the methods, then
the asymptotic expression for the stresses in the vicinity of the crack at r > 4, is as follows:

—-A,,VY.(a)a.
Gy, =44—l(al)at+o(1) . (16)
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The stress intensity factors calculated by the formula Ky, = hm \27(r —a;)c 4, (r) are deter-
mined from the expression =
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The limit torsional load M., of the cylinder with healed cracks is set based on the force cri-
terion, according to which fracture will begin in the vicinity of the crack with the highest stress
intensity factor, provided that max(K;;,) = Ky;..

Given the relation (17), a cylinder with N healed cracks will be able to withstand a maximum
torsion with a moment equal to

KHIC na; R*
2ufiy(a)

where the index “i” corresponds to the crack with the maximum stress intensity factor.
In the case of a single crack in a cylinder, the system of integral equations is reduced to a single

M. = (18)

. . c 2 2 .
equation, which, when h(r) =—+a” —r” , has an exact solution
a

12M(1—&)(t* —a*/3)
nR* \/u_ﬁ(3n +4ga/c) .

The stress intensity factor, in this case, is

Y(t)=- (19)
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and, accordingly, the limiting value of the moment is
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The tangential stresses that arise at the interface and, according to the model considered in the
injected material, are as follows:

2Mrp. [ 1 4(1-¢)p
ool 4[[[ \/_(3n+488)J0

Under the intensity of external loads

T R4\/— 4(1-¢)p B
M. .M =—28 [ + J , (23)
2.a f \/7(37'54-4[38)

failure of the injection material from the crack contour is possible. Here, T, is the shear strength
of the injected material. In practice, it is important to choose an injection material with a
strength that would ensure that the condition M. > M. is met, i. e, it does not collapse before
the main material. The required shear strength of the injected material is obtained from rela-
tions (20) and (22):

(22)

HIC(3n+4Bs)u*(1 41—¢)p J ”

U ada-enmi (Vi JuGr+4Be)

Conclusions. The mathematical model of restoring the strength of a cylinder containing a
system of parallel circular cracks using injection technologies for healing defects has been con-
structed. The cylinder material is assumed to be transversally isotropic. Based on the Winkler
model of thin elastic layers and the theory of harmonic functions, the problem is reduced to solv-
ing a system of integral equations. For the case of a single defect, an exact analytical solution of the
corresponding equation is given. The parameters on which the efficiency of crack healing depends
are determined. From the obtained results, it follows that by selecting the stiffness of the injection
material, it is possible to achieve a complete restoration of the strength of the damaged cylinder.

This work is supported by the National Research Foundation of Ukraine under grant
No. 2023.04/0132.
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MIIHICTD 3A KPYYEHHA TPAHCBEPCAJIbBHO-I3OTPOITHOI'O UMJITH]IPA,
IO MICTUTD CUCTEMY “3AJIIKOBAHMX” TPIIIVH

JocnimkeHo MIIIHICTh TPaHCBEPCANTbHO-I30TPOIIHOTO IVJIHAPA 3 CUCTEMOI0 “3a/TIKOBAHUX KPYTUIbHUX TPIillH.
IMoripiieHHsT eKCIUTyaTal[illHUX XapaKTePUCTUK 3a/mi300eTOHHUX MarepialiB y KoHCTpykiisix AEC, maxtHux
CTBOJIB, KOJIEKTOPIB Ta TiIpOTeXHIYHUX CIIOPY/, 3yMOBIMIO HEOOXITHICTD BiTHOB/IEHHS IIpalle3daTHOCTI, PEMOHTY
Ta BiJ[HOBJIEHHsI HECYYOI 3JaTHOCTI TAKMX eJIeMeHTIB KOHCTPYKIill. Po3po6/ieHo MaTeMaTHIHy MOJE/b A/IsI BI3HA-
4yeHHs epeKTy 3MilJHeHHS IVIHAPIB i3 3aCTOCYBaHHAM iH €KILITHIX TEXHOJOTIN /s “3aMiKOBYBaHH: HedeKTiB.
Po3spaxyHKM IPYHTYIOTbCA Ha KOHLENIiAX MEXaHIKM PyiiHyBaHHA Ta JIiHIiIHOI Teopii NMPy>XHOCTi. 3aCTOCOBAHO
MOJie/Ib TOHKUX MPY>KHUX BKIIOYEHb 1 TeOpilo rapMOHIYHMX (YHKIIIN, 110 Ja€ MOXX/IMBICTb 3BeCTH 3ajady O
PO3B’sI3aHH CUCTeMU iHTerpalIbHIUX PiBHSAHD. BusHaueHO mapaMeTpy, siKi BIVIMBAIOTh HA epeKTUBHICTD “3a/IiKO-
ByBaHHA TpimuH. OTpUMMaHO aHATITUYHI PO3B’A3KM JUIA OKPEMIUX BUIAJIKIB, IO /Ja/I0 3MOTY ONTHUMI3yBaTH BU-
6ip marepiany s i exuii. ITokasaHo, 1110 IpaBWIBHUI Mif0ip >KOPCTKOCTI iH €KIIITHOTO MaTepiay MoxXe 3abe3-
IIeYUTY TIOBHE BiJHOBJ/IEHH MIiLIHOCTI IWIiH/pa 3 TPILMHOI.

Knrouosi cnosa: mparceepcanvHo-isomponte mino, mpiujuna, “3aniko8y8aHHs” mpiugutu, MiyHicmo.
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