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Îïðåäåëåíèå ïîòîêîðàñïðåäåëåíèÿ
â ñåòÿõ ñ äðåâîâèäíûì ãðàôîì

Ïðåäëîæåí àëãîðèòì RPR_D ðàñ÷åòà ïîòîêîðàñïðåäåëåíèÿ â ðàñïðåäåëèòåëüíûõ ñåòÿõ ñ
ãðàôîì äðåâîâèäíîé ñòðóêòóðû äëÿ ñëó÷àÿ ëèíåéíûõ çàâèñèìîñòåé èçìåíåíèÿ ïîòåí-
öèàëà îò òîêà íà ïðîèçâîëüíîé âåòâè. Àëãîðèòì îñíîâàí íà ïîñëåäîâàòåëüíûõ çàìåíàõ
âèñÿ÷èõ óçëîâ ýêâèâàëåíòíûìè âåòâÿìè, ãäå äëÿ óìåíüøåíèÿ ÷èñëà îïåðàöèé ôîðìè-
ðóåòñÿ ñïåöèàëüíûé âàðèàíò ïîëîæèòåëüíîãî íàïðàâëåíèÿ òîêà â âåòâÿõ. Ïîêàçàíî, ÷òî
àëãîðèòì RPR_D ïðè ïðîèçâîëüíûõ íåíóëåâûõ çíà÷åíèÿõ ñîïðîòèâëåíèé âåòâåé ïîçâî-
ëÿåò ãàðàíòèðîâàííî îïðåäåëÿòü íåèçâåñòíûå òîêè â âåòâÿõ è ïîòåíöèàëû â óçëàõ íåçàâè-
ñèìî îò âàðèàíòîâ ãðàíè÷íûõ óñëîâèé, à åãî âðåìåííàÿ ñëîæíîñòü îöåíèâàåòñÿ âåëè÷èíîé
Î (V), ãäå V — ÷èñëî óçëîâ ãðàôà.

Çàïðîïîíîâàíî àëãîðèòì RPR_D ðîçðàõóíêó ïîòîêîðîçïîä³ëó â ðîçïîä³ëü÷èõ ìåðåæàõ ç
ãðàôîì äåðåâîâèäíî¿ ñòðóêòóðè äëÿ âèïàäêó ë³í³éíèõ çàëåæíîñòåé çì³íè ïîòåíö³àëó â³ä
ñòðóìó íà äîâ³ëüí³é ã³ëö³. Àëãîðèòì áàçîâàíî íà ïîñë³äîâíèõ çàì³íàõ âèñÿ÷èõ âóçë³â
åêâ³âàëåíòíèìè ã³ëêàìè, äå äëÿ çìåíøåííÿ ÷èñëà îïåðàö³é ôîðìóºòüñÿ ñïåö³àëüíèé âà-
ð³àíò äîäàòíîãî íàïðÿìêó ñòðóìó ó ã³ëêàõ. Ïîêàçàíî, ùî àëãîðèòì RPR_D ïðè äîâ³ëüíèõ
äîäàòíèõ çíà÷åííÿõ îïîð³â â³òîê äîçâîëÿº ãàðàíòîâàíî âèçíà÷àòè íåâ³äîì³ ñòðóìè ó â³ò-
êàõ òà ïîòåíö³àëè â âóçëàõ íåçàëåæíî â³ä âàð³àíò³â ãðàíè÷íèõ óìîâ, à éîãî ÷àñîâà ñêëàä-
í³ñòü îö³íþºòüñÿ âåëè÷èíîþ Î (V), äå V — ÷èñëî âóçë³â ãðàôà.

Ê ë þ ÷ å â û å ñ ë î â à: ðàñïðåäåëèòåëüíàÿ ñåòü, ïîòîêîðàñïðåäåëåíèå, ñâåðòêà, àëãîðèòì,
âðåìåííàÿ ñëîæíîñòü.

Ïîñòàíîâêà çàäà÷è. Â íàñòîÿùåå âðåìÿ ðàñ÷åò ïîòîêîðàñïðåäåëåíèÿ â

ðàñïðåäåëèòåëüíûõ ñåòÿõ (ÐÑ) ðàçëè÷íîé ïðèðîäû îñóùåñòâëÿåòñÿ íà îñ-

íîâàíèè ðåøåíèÿ ñèñòåìû íåëèíåéíûõ óðàâíåíèé, ôîðìèðóåìûõ ñîãëàñ-

íî ïåðâîìó èëè âòîðîìó ïîñòóëàòó Êèðõãîôà [1, 2]. Íàèáîëåå ÷àñòî èñ-

ïîëüçóþòñÿ ìåòîäû êîíòóðíûõ òîêîâ è óçëîâûõ ïîòåíöèàëîâ. Â ñëó÷àå

ïðèìåíåíèÿ òàêèõ ìåòîäîâ äëÿ ðàñ÷åòà ïîòîêîðàñïðåäåëåíèÿ â ýëåêòðè-

÷åñêèõ öåïÿõ (ÝÖ) ñèñòåìà óðàâíåíèé ÿâëÿåòñÿ ëèíåéíîé, êîíòóðíûìè

òîêàìè ÿâëÿþòñÿ ñîáñòâåííî òîêè, à óçëîâûìè ïîòåíöèàëàìè — íàïðÿ-
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æåíèÿ. Ïðè ðàñ÷åòàõ ïîòîêîðàñïðåäåëåíèÿ â óñòàíîâèâøèõñÿ ðåæèìàõ

ðàñïðåäåëèòåëüíûõ ýëåêòðîýíåðãåòè÷åñêèõ ñåòåé (ÝÝÑ) êîíòóðíûì òîêîì

ÿâëÿåòñÿ êîìïëåêñ òîêà, à óçëîâûì ïîòåíöèàëîì — êîìïëåêñ íàïðÿæåíèÿ.

Â ñëó÷àå ãèäðàâëè÷åñêèõ ðàñïðåäåëèòåëüíûõ ñåòåé (ÃÐÑ) ñæèìàåìîé è

íåñæèìàåìîé æèäêîñòè êîíòóðíûé òîê — ýòî ìàññîâûé ðàñõîä, à óçëîâîé

ïîòåíöèàë — ïîëíîå äàâëåíèå. Äàëåå äëÿ ïåðåìåííîé, àññîöèèðóåìîé ñ

òîêîì, áóäåì èñïîëüçîâàòü òåðìèí òîê, à äëÿ ïåðåìåííîé, àññîöèèðóåìîé

ñ ïîòåíöèàëîì, — òåðìèí ïîòåíöèàë. Â ðàáîòå [3] òàêèå ïåðåìåííûå

íàçâàíû ñîîòâåòñòâåííî ïîñëåäîâàòåëüíûìè è ïàðàëëåëüíûìè.

Îáùåïðèçíàíî, ÷òî íàèáîëåå ýôôåêòèâíûìè ìåòîäàìè ðåøåíèÿ ñèñ-

òåì íåëèíåéíûõ óðàâíåíèé ïîòîêîðàñïðåäåëåíèÿ ÿâëÿþòñÿ ìåòîäû, îñíî-

âàííûå íà ìåòîäå Íüþòîíà, êîãäà íà êàæäîé èòåðàöèè ñòðîèòñÿ ñèñòåìà

ëèíåéíûõ ñîîòíîøåíèé è ðåøàåòñÿ ÑËÀÓ [3—5]. Êàê ïðàâèëî, çàâèñè-

ìîñòè, îïèñûâàþùèå èçìåíåíèÿ ïîòåíöèàëà íà ïðîèçâîëüíîé âåòâè ñåòè

ÿâëÿþòñÿ ôóíêöèÿìè òîêà â ýòîé âåòâè, à â ñëó÷àå ÃÐÑ ìîãóò áûòü ïðèâå-

äåíû ê íèì [6]. Ïîýòîìó ïîïðàâêè �i k Ek ( )� �1 ê òîêàì â âåòâÿõ, îïðåäåëÿå-

ìûå ñîãëàñíî ìåòîäó Íüþòîíà, ìîæíî íàéòè èç ïîëíîé ñèñòåìû óðàâíåíèé,

ñîñòàâëåííîé íà îñíîâàíèè ïåðâîãî è âòîðîãî ïîñòóëàòîâ Êèðõãîôà. Êîýô-

ôèöèåíòàìè â ëèíåàðèçèðîâàííûõ ñîîòíîøåíèÿõ ÿâëÿþòñÿ ïðîèçâîäíûå îò

ôóíêöèè èçìåíåíèÿ ïîòåíöèàëà â êàæäîé èç âåòâåé ñåòè ïî òîêó â íåé.

Ïîëíóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé ìîæíî ïðèâåñòè ê ÑËÀÓ,

ôîðìèðóåìîé ñîãëàñíî ìåòîäó óçëîâûõ ïîòåíöèàëîâ. Ïîëó÷àåìàÿ ïðè

ýòîì ìàòðèöà Ìàêñâåëëà èìååò ïðîñòóþ ñòðóêòóðó, îïðåäåëÿåìóþ ìàòðè-

öåé ñìåæíîñòè ãðàôà ÐÑ, è ÿâëÿåòñÿ ðàçðåæåííîé. Ñóùåñòâóþò ýôôåêòèâ-

íûå ìåòîäû ðåøåíèÿ òàêîé ÑËÀÓ [7]. Èçâåñòíî, ÷òî ìåòîäû êîíòóðíûõ òî-

êîâ îáåñïå÷èâàþò áîëåå âûñîêóþ òî÷íîñòü ðåøåíèÿ, õîòÿ ìàòðèöà ÑËÀÓ íå

âñåãäà îêàçûâàåòñÿ ðàçðåæåííîé. Åñëè ÑËÀÓ ôîðìèðóåòñÿ ñîãëàñíî ìåòîäó

êîíòóðíûõ òîêîâ, òî ïðè åå ôîðìàëèçîâàííîì ïîñòðîåíèè ãðàô ÐÑ ïðåîáðà-

çóþò ê öèêëè÷åñêîìó [3].

Ðåøåíèå ñèñòåìû íåëèíåéíûõ óðàâíåíèé ïîòîêîðàñïðåäåëåíèÿ ìî-

æåò áûòü íàéäåíî ñ ïîìîùüþ ñòðóêòóðíî-äåêîìïîçèöèîííûõ ìåòîäîâ [8],

íî ÷àùå äëÿ ýòîãî ïðèìåíÿåòñÿ äâóõóðîâíåâûé èòåðàöèîííûé àëãîðèòì,

íà âåðõíåì óðîâíå êîòîðîãî ôîðìèðóåòñÿ ÑËÀÓ, à íà íèæíåì — åå

ðåøåíèå. Â ñëó÷àå ïðèìåíåíèÿ òðàäèöèîííûõ ìåòîäîâ ðåøåíèÿ ñèñòåìû

óðàâíåíèé (íàïðèìåð, ìåòîäà Ãàóññà), áîëüøóþ ÷àñòü âðåìåíè çàíèìàåò

ïðîöåññ ðåøåíèÿ ÑËÀÓ, îñíîâíóþ ÷àñòü îïåðàòèâíîé ïàìÿòè çàíèìàåò

ìàòðèöà êîýôôèöèåíòîâ ÑËÀÓ. Îäíàêî òðåáóåìàÿ ïàìÿòü ÝÂÌ è âðåìÿ

ðåøåíèÿ íå âñåãäà äîïóñòèìû ïðè ïðàêòè÷åñêèõ ðàñ÷åòàõ, îñîáåííî äëÿ

ñèñòåì áîëüøîé ðàçìåðíîñòè. Ïîýòîìó îïðåäåëåíèþ òîêîâ è ïîòåíöèàëîâ

ïðè ëèíåàðèçèðîâàííûõ çàâèñèìîñòÿõ óäåëÿåòñÿ áîëüøîå âíèìàíèå.
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Èñïîëüçóÿ ðåçóëüòàòû ðàáîò [9—15], ìîæíî ñóùåñòâåííî óìåíüøèòü

÷èñëî íåèçâåñòíûõ ÑËÀÓ èëè îïðåäåëèòü íåèçâåñòíûå áåç ôîðìèðîâàíèÿ

ÑËÀÓ è åå ðåøåíèÿ. Èäåÿ èñêëþ÷åíèÿ óçëîâ èç ñèñòåìû óçëîâûõ óðàâíå-

íèé íà îñíîâàíèè ýêâèâàëåíòèðîâàíèÿ (â òîì ÷èñëå è ïðèáëèæåííîãî)

óçëîâ ñõåìû ÝÝÑ ðåàëèçîâàíà â ðàáîòå [16], ãäå ïðè ñâåðòêå ñõåìû èñ-

ïîëüçóþòñÿ ñëåäóþùèå ïðåîáðàçîâàíèÿ:

çàìåíà ïàðàëëåëüíûõ âåòâåé îäíîé ýêâèâàëåíòíîé âåòâüþ;

îáúåäèíåíèå óçëîâ âåòâè ñ íóëåâûì ñîïðîòèâëåíèåì (âîçìîæíî è

îáû÷íîå çàìåùåíèå âåòâè âûêëþ÷àòåëÿ äîñòàòî÷íî ìàëûì è áîëüøèì

ñîïðîòèâëåíèÿìè âî âêëþ÷åííîì è îòêëþ÷åííîì ñîñòîÿíèÿõ);

èñêëþ÷åíèå óçëà ñ ïîìîùüþ ïðåîáðàçîâàíèÿ àêòèâíîé ìíîãîëó÷åâîé

çâåçäû â ýêâèâàëåíòíûé ìíîãîóãîëüíèê.

Â ñëó÷àå ïðîèçâîëüíîé ñåòè ñ ëèíåàðèçèðîâàííûìè çàâèñèìîñòÿìè

èçìåíåíèÿ ïîòåíöèàëà íà âåòâÿõ ÝÝÑ â ðàáîòå [16] íåèçâåñòíûå çíà÷åíèÿ

ïîòåíöèàëîâ îïðåäåëÿþòñÿ â èòåðàöèÿõ, íà êàæäîé èç êîòîðûõ óòî÷íÿþò-

ñÿ êîýôôèöèåíòû, ôîðìèðóåìûå ïðè ïðèáëèæåííîì ýêâèâàëåíòèðîâàíèè

óçëîâ.

Â ñëó÷àå ÃÐÑ èçìåíåíèå ïîòåíöèàëà â çàâèñèìîñòè îò òîêà â ïðîèç-

âîëüíîé âåòâè ãðàôà íà øàãå ìåòîäà Íüþòîíà çàïèøåì â âèäå

�U i U v U v a r ik k k k k k k( ) ( ) ( ), ,� � � �1 2 (k E� �1 ), (1)

ãäå ak (k E� �1 ) — íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî; rk > 0 (k E� �1 ) — ýêâè-

âàëåíò ñîïðîòèâëåíèÿ â ýëåêòðè÷åñêèõ öåïÿõ; ik — òîê â âåòâè k; vk,1( ),vk 2

( )k E� �1 — óçåë íà÷àëà (êîíöà) âåòâè k; U v U vk k( ) ( ( )), ,1 2 (k E� �1 ) —

çíà÷åíèå ïîòåíöèàëà â óçëå íà÷àëà (êîíöà) âåòâè k.

Ïðè âûïîëíåíèè ñîîòíîøåíèé (1), êîãäà ak 	 0 (k E� �1 ), íå óäàåòñÿ

âîñïîëüçîâàòüñÿ çàìåíîé ïàðàëëåëüíûõ âåòâåé îäíîé ýêâèâàëåíòíîé

âåòâüþ è èñêëþ÷åíèåì óçëà ñ ïîìîùüþ ïðåîáðàçîâàíèÿ àêòèâíîé ìíîãî-

ëó÷åâîé çâåçäû â ýêâèâàëåíòíûé ìíîãîóãîëüíèê. Íî è â ýòîì ñëó÷àå ïðè

äðåâîâèäíîé ñòðóêòóðå ãðàôà ñåòè íåèçâåñòíûå òîêè ìîæíî îïðåäåëèòü çà

âðåìÿ, ëèíåéíîå ÷èñëó óçëîâ [17].

Ïðè èçâåñòíûõ ñîïðîòèâëåíèÿõ âåòâåé ðàñïðåäåëèòåëüíîé ÷àñòè ÝÝÑ

ñ ãðàôîì äðåâîâèäíîé ñòðóêòóðû è îäíèì ââîäîì òîêè â âåòâÿõ ãðàôà ÝÝÑ

ìîãóò áûòü îïðåäåëåíû íà îñíîâàíèè ñâåðòêè ñõåìû ïîñðåäñòâîì ïîñëå-

äîâàòåëüíîãî ýêâèâàëåíòèðîâàíèÿ âèñÿ÷èõ óçëîâ îäíîé âåòâüþ [18].

Àëãîðèòìû ðàñ÷åòà ïîòîêîðàñïðåäåëåíèÿ â ÐÑ ñ äðåâîâèäíîé

ñòðóêòóðîé ãðàôà ïî ìåòîäó ñâåðòêè. Ïóñòü çàäàí ãðàô ðàñïðåäåëèòåëü-

íîé ñåòè G (V, E). Ðàññìîòðèì ïîñëåäîâàòåëüíî ýêâèâàëåíòèðîâàíèå âèñÿ÷å-

ãî óçëà ïðè ðàñ÷åòàõ òîêîâ è îïðåäåëåíèå òîêîâ â ÐÑ ñ ãðàôîì, ÿâëÿþùèì-

ñÿ äåðåâîì.

Îïðåäåëåíèå ïîòîêîðàñïðåäåëåíèÿ â ñåòÿõ ñ äðåâîâèäíûì ãðàôîì
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Ýêâèâàëåíòèðîâàíèå âèñÿ÷åãî óçëà ïðè ðàñ÷åòàõ òîêîâ â ñëó÷àå

äåéñòâèòåëüíûõ çíà÷åíèé ñîïðîòèâëåíèé âåòâåé, òîêîâ è ïîòåíöèà-

ëîâ. Ïîäãðàô ñåòè, ñîäåðæàùåé âèñÿ÷èé óçåë, ñõåìàòè÷åñêè ïðåäñòàâëåí
íà ðèñ. 1. Äëÿ âèñÿ÷åãî óçëà vn+1 ñìåæíûìè ÿâëÿþòñÿ n ãðàíè÷íûõ óçëîâ
v1 — vn è óçåë ñåòè vn+2, êîòîðûé, êàê ïðàâèëî, íå ÿâëÿåòñÿ ãðàíè÷íûì.
Êàæäàÿ èç âåòâåé ek (k = 1 � n) èíöèäåíòíà óçëàì vn+1 è vk. Çíà÷åíèå ïîòåí-
öèàëà â óçëå vk ðàâíî Uk (k = 1 � n + 2). Çíà÷åíèå òîêà â âåòâè ek ðàâíî ik (k =
= 1 � n + 1). Èçìåíåíèÿ ïîòåíöèàëà íà ïðîèçâîëüíîé âåòâè ek (k = 1 � n + 1) îïè-
ñûâàåòñÿ çàâèñèìîñòüþ (1). Çíà÷åíèÿ ïîòåíöèàëà â ãðàíè÷íûõ óçëàõ ÿâ-
ëÿþòñÿ èçâåñòíûìè êîíñòàíòàìè.

Ïîä ýêâèâàëåíòèðîâàíèåì âèñÿ÷åãî óçëà ïðè ðàñ÷åòàõ òîêîâ áóäåì

ïîíèìàòü òàêóþ çàìåíó âåòâåé è óçëîâ ïîäãðàôà, ñîäåðæàùåãî âñå ñìåæ-

íûå âèñÿ÷åìó óçëó âåòâè è óçëû îäíîé âåòâüþ, ïðè êîòîðîé çíà÷åíèå

ïîòåíöèàëà 
 �U n 1 â óçëå 
 �vn 1 íå çàâèñèò îò çíà÷åíèÿ ïîòåíöèàëà Un+2 è

çíà÷åíèÿ òîêà in+1 â âåòâÿõ e v vn n n� � ��1 2 1( , ) è 
 � 
� � �e v vn n n1 2 1( , ) ñîâïàäàþò

ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ ïîòåíöèàëà Un+2.

Áóäåì òàêæå ïîëàãàòü, ÷òî â çàâèñèìîñòÿõ

�U U U a r in n n n n n� � � � � �� � � �1 2 1 1 1 1, � 
 � � 
 � 
 � 
� � � � � �U U U a r in n n n n n1 2 1 1 1 1

ñîâïàäàþò êîýôôèöèåíòû an�1 è 
 �an 1. Òîãäà íåèçâåñòíûå 
�rn 1 è 
 �U n 1 îïðå-

äåëÿåì èç ñîîòíîøåíèé

i in

k

n

k�
�

� �1

1

,

�U U U a r ik n k k k k� � � ��1 ( )k n� �1 , (2)

i U U a rk n k k k� � ��( ) /1 ( )k n� �1 ,

i U U a r U U a rn n n n n n n n n� � � � � � � � �� � 
 � 
 
 � � �1 2 1 1 1 2 1 1( ) / ( ) / 1.
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Ðèñ. 1. Ñõåìàòè÷åñêîå ïðåäñòàâëåíèå âèñÿ÷åãî óçëà (à) è ýêâèâàëåíòíîé åìó âåòâè (á)



Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðîì çíà÷åíèè ïîòåíöèàëà 
 �U n 1 òîê in�1 â

âåòâè n + 1 ðàâåí íóëþ. Òîãäà

i i g U U a U gn

k

n

k

k

n

k n k k n

k

n

k

k

�
� �

� �
� �

� � 
 � � � 
 �� � �1

1 1

1 1

1 1

( )
n

k k kg U a� � �( ) 0,

îòêóäà ëåãêî îïðåäåëèòü çíà÷åíèå ïîòåíöèàëà 
 �U n 1:


 � ��
� �

� �U g U a gn

k

n

k k k

k

n

k1

1 1

( ) . (3)

Êîýôôèöèåíòû ëèíåéíûõ çàâèñèìîñòåé äëÿ òîêîâ ik ( )k n� �1 îò in+1

îïðåäåëÿåì èç ñîîòíîøåíèÿ

i U U a g U U g U U a gk n k k k n n k n k k k� � � � � 
 � 
 � � �� � � �( ) ( ) ( )1 1 1 1

� � 
 � � � 

�

� � � �
� �

� �( ) ( ),U U g i U U g g gn n k k n n

k

n

k k

k

n

k1 1 0 1 1

1 1

��

�

�
�� � �ik, 0

�
�



��

�

�
�� � � ��

�
��i g g i i c in k

k

n

k k n k k1

1

0 1 0, , ( )k n� �1 . (4)

Ïðè èçìåíåíèè ïîòåíöèàëà â óçëå �n+1 áóäåò ìåíÿòüñÿ åãî çíà÷åíèå â óçëå

�n+2:

U U a r i U U U r in n n n n n n n n n� � � � � � � � � �� � � � � 
 � 
 �2 1 1 1 1 1 1 1 1( ) 1 1� ��an

� � 

�



��

�

�
�� � 
 �� �

� �
� � �� �( )U U g g U r in n

k

n

k

k

n

k n n n1 1

1 1

1 11 1 1� ��an

�
�



��

�

�
�� � 
 � � �

�
� � � � ��1

1

1 1 1 1 1

k

n

k n n n n ng i U r i a

� 
 � � �
�



��

�

�
�� � 
 � � 
� �

�
� � � ��U a g r i U an n

k

n

k n n n n1 1

1

1 1 1 11 r in n� �1 1,

ò.å. èçìåíåíèå ðàçíîñòè ïîòåíöèàëîâ â ýêâèâàëåíòíîé âåòâè îïèñûâàåòñÿ

çàâèñèìîñòüþ

U U U g U a g a gn n n

k

n

k k k

k

n

k n

k

n

� � �
� �

�
�

� 
 � � � � �� � �2 1 2

1 1

1

1

1( ) k n nr i�
�



��

�

�
��� �1 1,

ãäå çíà÷åíèå ïîòåíöèàëà â ãðàíè÷íîì óçëå 
 �vn 1 è êîýôôèöèåíò ñîïðî-

òèâëåíèÿ âåòâè 
 �en 1 îïðåäåëÿþòñÿ ÷åðåç ïîñòîÿííûå çíà÷åíèÿ ïîòåí-
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öèàëîâ â ãðàíè÷íûõ óçëàõ vk ( )k n� �1 , íå çàâèñÿò îò çíà÷åíèÿ ïîòåíöèàëà â

óçëå vn+2 è ðàâíû êîíñòàíòàì:


 � � � ��
� � �

� � �U g U a g c U an

k

n

k k k

k

n

k

k

n

k k k1

1 1 1

( ) ( ),


 � ��
�

��r g rn

k

n

k n1

1

11 .

Îïðåäåëåíèå òîêîâ â ÐÑ ñ äðåâîâèäíûì ãðàôîì. Ïóñòü ãðàô ÐÑ

ÿâëÿåòñÿ äåðåâîì, èçâåñòíû ñîïðîòèâëåíèÿ âñåõ âåòâåé è ãðàíè÷íûå çíà-

÷åíèÿ ïîòåíöèàëîâ âî âñåõ ãðàíè÷íûõ óçëàõ, ÿâëÿþùèåñÿ äåéñòâèòåëü-

íûìè ÷èñëàìè. Äàííûå î âåòâÿõ è óçëàõ îðèåíòèðîâàííîãî ãðàôà çàäàíû

ñïèñêîì èíöèäåíöèé, ÷åì îïðåäåëåíî ïîëîæèòåëüíîå íàïðàâëåíèå òîêà

äëÿ êàæäîé èç âåòâåé. Ðàññìàòðèâàÿ ãðàô ðàñïðåäåëèòåëüíîé ñåòè êàê

íåîðèåíòèðîâàííûé, ïî ñïèñêó èíöèäåíöèé ìîæíî ïîñòðîèòü ñïèñîê

ñìåæíîñòè è ñ åãî ïîìîùüþ ïîñòðîèòü êîðíåâîå äåðåâî ìåòîäîì ïîèñêà â

øèðèíó, ãäå êîðíåì ÿâëÿåòñÿ íåêîòîðûé ãðàíè÷íûé óçåë. Äëÿ êàæäîãî èç

óçëîâ îïðåäåëèì â êîðíåâîì äåðåâå åãî âåòâü-ïðåäîê è óçåë-ïðåäîê.

Íà ðèñ. 2 ïðåäñòàâëåí ïðèìåð îðèåíòèðîâàííîãî ãðàôà äðåâîâèäíîé

ñòðóêòóðû, àññîöèèðîâàííûé ñ íèì íåîðèåíòèðîâàííûé ãðàô è êîðíåâîå

îðèåíòèðîâàííîå äåðåâî, ñ êîðíåì â óçëå 8. Êàê âèäíî èç ðèñ 3, â, ïîñëå

çàìåíû âèñÿ÷åãî óçëà 10 ýêâèâàëåíòíîé âåòâüþ èñ÷åçàåò óðîâåíü 5, ãäå

âìåñòî âèñÿ÷åãî óçëà 10 ôîðìèðóåòñÿ ãðàíè÷íûé óçåë 10
. Ïðè ýòîì èçìå-

íåííûé ãðàô îñòàíåòñÿ äåðåâîì. Ïîñëå çàìåíû âèñÿ÷èõ óçëîâ 1 è 6 ñîîò-
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Ðèñ. 2. Îðèåíòèðîâàííûé ãðàô äðåâîâèäíîé ñòðóêòóðû (à), àññîöèèðîâàííûé ñ íèì
íåîðèåíòèðîâàííûé ãðàô (á) è êîðíåâîå äåðåâî ñ êîðíåì â óçëå 8 (â): 0—5—óðîâíè
êîðíåâîãî äåðåâà



âåòñòâóþùèìè èì ýêâèâàëåíòíûìè âåòâÿìè èñ÷åçíåò óðîâåíü 4, à âìåñòî

âèñÿ÷èõ óçëîâ 1 è 6 ñôîðìèðóþòñÿ ãðàíè÷íûå óçëû 
1 è 
6 . Ïîñëå çàìåíû

âèñÿ÷èõ óçëîâ 4 è 5 äåðåâî ïðåâðàòèòñÿ â ãðàô, ñîäåðæàùèé âñåãî îäíó

âåòâü (ðèñ. 3).

Ìåòîäîì ïîèñêà â øèðèíó ìîæíî ñôîðìèðîâàòü î÷åðåäü óçëîâ, â

êîòîðîé óçëû áîëåå âûñîêîãî óðîâíÿ ñëåäóþò çà óçëàìè áîëåå íèçêîãî

óðîâíÿ. Åñëè ïîëàãàòü ÷òî â ñïèñêå ñìåæíîñòè äëÿ êàæäîãî èç óçëîâ

ñìåæíûå åìó óçëû ðàñïîëàãàþòñÿ â ïîðÿäêå âîçðàñòàíèÿ íîìåðîâ, òî ïðè

ôîðìèðîâàíèè êîðíåâîãî äåðåâà äëÿ ãðàôà, ïðåäñòàâëåííîãî íà ðèñ. 2, â,

áóäåò ñôîðìèðîâàíà ñëåäóþùàÿ î÷åðåäü óçëîâ (â ñêîáêàõ óêàçàí óðîâåíü

óçëà): 8 (0), 5 (1), 4 (2), 9 (2), 1 (3), 6 (3), 2 (4), 3 (4), 7 (4), 10 (4), 11 (5), 12 (5).

Åñëè èç ýòîãî ñïèñêà èñêëþ÷èòü ãðàíè÷íûå óçëû, òî ïîëó÷èì ïîñëåäîâà-

òåëüíîñòü

5 (1), 4 (2), 1 (3), 6 (3), 10 (4), (5)

â êîòîðîé ïîñëåäíèé â î÷åðåäè óçåë áóäåò âèñÿ÷èì. Âèñÿ÷èì áóäåò è

êàæäûé èç óçëîâ ñïèñêà (5) ïîñëå çàìåíû ýêâèâàëåíòíîé âåòâüþ âñåõ

óçëîâ, ñëåäóþùèõ çà íèì. Äëÿ ïðîèçâîëüíîãî äðåâîâèäíîãî ãðàôà òàêîå

ñâîéñòâî âûòåêàåò èç òîãî, ÷òî â î÷åðåäè óçëîâ, ôîðìèðóåìîé ñ ïîìîùüþ

Îïðåäåëåíèå ïîòîêîðàñïðåäåëåíèÿ â ñåòÿõ ñ äðåâîâèäíûì ãðàôîì

ISSN 0204–3572. Ýëåêòðîí. ìîäåëèðîâàíèå. 2016. Ò. 38. ¹ 4 71

Ðèñ. 3. Èçìåíåíèå ÷èñëà óðîâíåé êîðíåâîãî äåðåâà (à) ïîñëå çàìåíû ýêâèâàëåíòíîé
âåòâüþ âèñÿ÷èõ óçëîâ óðîâíÿ 4 (á), óðîâíÿ 3 (â), óðîâíÿ 2 (ã) è óðîâíÿ 1 (ä): 0 — 5 —
óðîâíè êîðíåâîãî äåðåâà



ìåòîäà ïîèñêà â øèðèíó, äëÿ ïîñëåäíåãî èç âíóòðåííèõ óçëîâ ñðåäè

ñìåæíûõ åìó óçëîâ — íå áîëåå îäíîãî âíóòðåííåãî óçëà.

Ïðè àíàëèçå ïîñëåäîâàòåëüíîñòè çàìåí âèñÿ÷èõ óçëîâ ýêâèâàëåíò-

íûìè èì âåòâÿìè (ñì. ðèñ. 3) ëåãêî çàìåòèòü, ÷òî èíôîðìàöèÿ îá ýêâèâà-

ëåíòíîé âåòâè èñïîëüçóåòñÿ ïðè ýêâèâàëåíòèðîâàíèè âèñÿ÷åãî óçëà íà

åäèíèöó ìåíüøåãî óðîâíÿ. Ïîýòîìó ïðè ðàñ÷åòå òîêîâ â âåòâÿõ ðàñïðå-

äåëèòåëüíîé ñåòè ñ äðåâîâèäíûì ãðàôîì ñëåäóåò ñîõðàíÿòü èíôîðìàöèþ

î êîýôôèöèåíòàõ a è r â ñîîòíîøåíèÿõ (1) äëÿ êàæäîé èç âåòâåé, î ïîñòîÿí-

íûõ çíà÷åíèÿõ ïîòåíöèàëîâ â ãðàíè÷íûõ óçëàõ, à òàêæå ðåçóëüòàòû îáðà-

áîòêè äàííûõ î ãðàôå ðàñïðåäåëèòåëüíîé ñåòè. Ïóñòü äëÿ îïðåäåëåííîñòè

ýòè äàííûå õðàíÿòñÿ â ìàññèâàõ:

êîýôôèöèåíòû ak (k E� �1 ) â (1) — â ìàññèâå MA;

êîýôôèöèåíòû rk (k E� �1 ) â (1) — â ìàññèâå MR;

ïðîâîäèìîñòè âåòâåé gk = 1/rk (k E� �1 ) — â ìàññèâå MG;

çíà÷åíèÿ ïîòåíöèàëîâ â óçëàõ — â ìàññèâå PU;

íîìåð óçëà-ïðåäêà — â ìàññèâå P(u);

íîìåð âåòâè-ïðåäêà v(u), ñâÿçûâàþùåé óçåë u ñ óçëîì-ïðåäêîì, — â

ìàññèâå VP;

ñïèñêè ñìåæíîñòè: äëÿ êàæäîãî èç óçëîâ äàííûå î ñìåæíûõ óçëàõ è

âåòâÿõ, ôîðìèðóåìûõ ïî ñïèñêó èíöèäåíöèé àññîöèèðîâàííîãî íåîðèåí-

òèðîâàííîãî ãðàôà;

íîìåðà óçëà-ïðåäêà (â ìàññèâå P (u)) è âåòâè-ïðåäêà v (u), ñâÿçûâàþ-

ùåé óçåë u ñ óçëîì-ïðåäêîì (â ìàññèâå VP), îïðåäåëÿåìûå àëãîðèòìîì

ìåòîäà ïîèñêà â øèðèíó ïî ñïèñêàì ñìåæíîñòè.

Êðîìå òîãî, íåîáõîäèìî õðàíèòü ñëåäóþùèå äàííûå, ïîëó÷àåìûå â

õîäå ýêâèâàëåíòèðîâàíèÿ âèñÿ÷èõ óçëîâ è äàëüíåéøåãî ðàñ÷åòà òîêîâ:

ãðàíè÷íîå çíà÷åíèå ïîòåíöèàëà â óçëå — â ìàññèâå H;

çíà÷åíèå ñóììàðíîãî ñîïðîòèâëåíèÿ (â ìàññèâå RE) è ïðîâîäèìîñòè

(â ìàññèâå GE) ýêâèâàëåíòíûõ âåòâåé;

çíà÷åíèå òîêà â âåòâÿõ — â ìàññèâå MI;

êîýôôèöèåíòû ck (â ìàññèâå CE) è ik,0 (â ìàññèâå CI) èç (3), íà îñíîâà-

íèè êîòîðûõ ïî òîêó â âåòâè-ïðåäêå îïðåäåëÿþòñÿ òîêè âî âñåõ ãðàíè÷íûõ

âåòâÿõ, ñìåæíûõ âèñÿ÷åìó óçëó.

Àëãîðèòì RPR_D îïðåäåëåíèÿ òîêîâ â âåòâÿõ ÐÑ ñ äðåâîâèäíûì

ãðàôîì. Ðàñ÷åò ïîòîêîðàñïðåäåëåíèÿ.

1. Àíàëèç ãðàíè÷íûõ óñëîâèé (ÃÓ). Âî âñåõ âåòâÿõ, â êîòîðûõ òîê
íåèçâåñòåí, ïðèíÿòü â êà÷åñòâå íà÷àëüíîãî çíà÷åíèå òîêà, ðàâíîå íóëþ.
Ïðè íàëè÷èè ñðåäè ÃÓ èçâåñòíûõ çíà÷åíèé òîêîâ ñôîðìèðîâàòü ñáàëàíñè-
ðîâàííîå â óçëàõ íà÷àëüíîå ïðèáëèæåíèå òîêîâ. Èñêëþ÷èòü èç äàëüíåé-
øåãî àíàëèçà òå âåòâè, â êîòîðûõ òîê èçâåñòåí, è îïðåäåëÿòü ïðèðàùåíèÿ
òîêîâ â îñòàëüíûõ âåòâÿõ.
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2. Âûáîð íà÷àëüíîãî ãðàíè÷íîãî óçëà, ò.å. êîðíÿ äåðåâà, è ôîðìè-

ðîâàíèå î÷åðåäè (ìàññèâ MC) âíóòðåííèõ óçëîâ (÷èñëî êîòîðûõ ïóñòü

ðàâíî m) ìåòîäîì ïîèñêà â øèðèíó ñîãëàñíî ñïèñêó ñìåæíîñòè, à òàêæå

ôîðìèðîâàíèå ìàññèâîâ P è VP. Âðåìåííî (äëÿ óäîáñòâà âû÷èñëåíèé)

ïîëàãàåì, ÷òî ïîëîæèòåëüíîå íàïðàâëåíèå òîêîâ ñîîòâåòñòâóåò íàïðàâëå-

íèþ îò óçëà ñ ìåíüøèì íîìåðîì óðîâíÿ â êîðíåâîì äåðåâå ê óçëó ñ

áîëüøèì íîìåðîì. Êîððåêòèðîâêà çíàêà â (1) ñ ó÷åòîì ñôîðìèðîâàííîãî

ïîëîæèòåëüíîãî íàïðàâëåíèÿ òîêîâ è íà÷àëüíûå ïðèñâîåíèÿ: RE = MR;

GE = MG; H = PU; CE = 0; CI = 0.

3. n = m.

4. Îïðåäåëåíèå íîìåðà âèñÿ÷åãî óçëà u = MC [n], óçëà-ïðåäêà u1 = P [u]

è âåòâè-ïðåäêà e = VP [u].

5. Çàìåíà âèñÿ÷åãî óçëà u ýêâèâàëåíòíîé âåòâüþ ñ èñïîëüçîâàíèåì

äàííûõ ìàññèâîâ RE, GE, H:

5.1. îïðåäåëåíèå ñîãëàñíî (4) çíà÷åíèé ãðàíè÷íîãî ïîòåíöèàëà H u( ) �
� 
U u , ñîïðîòèâëåíèÿ RE e rk[ ]� 
 ïðîâîäèìîñòè GE e re[ ] /� 
1 ;

5.2. îïðåäåëåíèå êîýôôèöèåíòîâ ck (CE (k) = ck) è ik,0 (CI (k) = ik,0)

ñîãëàñíî (4).

6. n = n – 1.

7. Ïðè n > 0 ïåðåéòè ê øàãó 4. Èíà÷å — ýòàï ñâåðòûâàíèÿ ñõåìû ñåòè

çàâåðøåí è ïåðåéòè ê îïðåäåëåíèþ òîêîâ.

8. u = MC [1], u1 = P [u], e = VP [u]. Îïðåäåëåíèå òîêà â âåòâè e:

MI e i H u H u MA e RE ee( ) ( ( ) ( ) ( )) / ( )� � � �1 . (6)

9. n = n + 1;

10. u = MC [n], u1 = P [u], e = VP [u].

11. Îïðåäåëåíèå òîêîâ â âåòâÿõ ej (j = 1 � k (u)), ñìåæíûõ óçëó u è íå

ñîâïàäàþùèõ ñ âåòâüþ-ïðåäêîì e, ïî çíà÷åíèþ òîêà â âåòâè e, à òàêæå

çíà÷åíèé ïîòåíöèàëà â óçëå u:

MI e MI e CE e CI ej j j( ) ( ) ( ) ( )� � ( ( ))j k u� �1

H u H u MA e MI e MR e( ) ( ) ( ) ( ) ( )� � �1 . (7)

12. Ïðè n � m ïåðåéòè ê øàãó 8, à èíà÷å — ê øàãó 12.

13. Îïðåäåëåíèå çíàêà äëÿ òîêîâ â âåòâÿõ: åñëè äëÿ âåòâè e â ñïèñêå

èíöèäåíöèé óçëîì íà÷àëà âåòâè ÿâëÿåòñÿ u1(e), åå êîíöîì — óçåë u2 (e), à

z H u e MA e� �( ( )) ( ))1 , òî çíàê òîêà ìåíÿåòñÿ íà ïðîòèâîïîëîæíûé â ñëó-

÷àÿõ, êîãäà z H u e� ( ( ))2 è ie < 0, ëèáî z H u e� ( ( ))2 è ie > 0.

14. Îïðåäåëåíèå çíà÷åíèé ïîòåíöèàëîâ â ãðàíè÷íûõ óçëàõ, èíöèäåíò-

íûõ âåòâÿì ñ èçâåñòíûì çíà÷åíèåì òîêà.
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Îöåíêà âðåìåííîé ñëîæíîñòè. Äëÿ ïðîèçâîëüíîãî äåðåâà ÷èñëî âåò-

âåé íà åäèíèöó ìåíüøå ÷èñëà óçëîâ. Ïîýòîìó àñèìïòîòè÷åñêóþ îöåíêó

âðåìåííîé ñëîæíîñòè ïðåäñòàâèì ñ èñïîëüçîâàíèåì ÷èñëà óçëîâ ãðàôà.

Ïðåäïîëàãàÿ, ÷òî ïðè ðàñ÷åòå òîêîâ àëãîðèòì RPR_D ìîæíî èñïîëü-

çîâàòü ìíîãîêðàòíî, îòäåëüíî îöåíèì âðåìåííóþ ñëîæíîñòü øàãîâ 2, 13 è

3—12. Íà íà÷àëüíîì ýòàïå ðàñ÷åòà, êîãäà ïî ñïèñêó èíöèäåíöèé ôîðìè-

ðóþòñÿ ñïèñêè ñìåæíîñòè, ñóììàðíîå ÷èñëî îïåðàöèé ÿâëÿåòñÿ âåëè÷è-

íîé ïîðÿäêà Î (V). Âåëè÷èíîé òàêîãî æå ïîðÿäêà õàðàêòåðèçóåòñÿ ÷èñëî

îïåðàöèé â àëãîðèòìå ìåòîäà ïîèñêà â øèðèíó, âêëþ÷àÿ îïðåäåëåíèå óçëîâ-

ïðåäêîâ è âåòâåé-ïðåäêîâ. Ïðè âûïîëíåíèè øàãà 13 àëãîðèòìà â öèêëå ïî

÷èñëó âåòâåé äëÿ êàæäîé èç íèõ âû÷èñëÿåòñÿ ðàçíîñòü z H u e MA e� �( ( )) ( ))1

è ñðàâíèâàþòñÿ âåëè÷èíà z ñ H (u2 (e)) è âåëè÷èíà òîêà MI (e) ñ íóëåì.

×èñëî îïåðàöèé â ñóììå ìåíüøå 3V. Ïîýòîìó îáùåå ÷èñëî îïåðàöèé íà

øàãàõ 2 è 13 ÿâëÿåòñÿ âåëè÷èíîé ïîðÿäêà Î(V).

Øàãè àëãîðèòìà 3—12 äåëÿòñÿ íà äâå ñîñòàâëÿþùèå: ñâîðà÷èâàíèå

ñåòè (øàãè 3—7) è åå ðàçâîðà÷èâàíèå (øàãè 8—12). Íà ýòàïå ñâîðà÷èâàíèÿ

ñåòè âûïîëíÿåòñÿ m çàìåí âèñÿ÷èõ óçëîâ ýêâèâàëåíòíûìè âåòâÿìè, ãäå m —

÷èñëî âíóòðåííèõ óçëîâ äðåâîâèäíîãî ãðàôà. Íà øàãàõ 3, 6 è 7 ðåàëèçîâàí

öèêë îò m äî 1, ò.å. m ðàç âûïîëíÿåòñÿ âû÷èòàíèå åäèíèöû (îïåðàöèÿ n ��)

è m ñðàâíåíèé n ñ íóëåì. Íà øàãå 4 ïðè êàæäîì çíà÷åíèè n âûïîëíÿåòñÿ

òðè ïðèñâîåíèÿ. Íàèáîëåå òðóäîåìêèì ÿâëÿåòñÿ øàã 5, íà êîòîðîì îïðåäå-

ëÿþòñÿ:

ñóììàðíàÿ ïðîâîäèìîñòü
k u

k ug
( )

( )� âåòâåé k (u), ñìåæíûõ âèñÿ÷åìó óç-

ëó, êðîìå âåòâè-ïðåäêà: ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà öèêëà n ÷èñëî

îïåðàöèé ñëîæåíèÿ ðàâíî E – m, à ÷èñëî ïðèñâîåíèé — E – 1;

ñóììà
k u

k u k u k ug U a
( )

( ) ( ) ( )( )� � ïî âåòâÿì k (u), ñìåæíûõ âèñÿ÷åìó óçëó,

êðîìå âåòâè-ïðåäêà: ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà öèêëà n ÷èñëî îïåðà-
öèé óìíîæåíèÿ è ïðèñâîåíèé ðàâíî E – 1, òàê êàê ñîîòâåòñòâóþùèå äàí-
íûå êàæäîé âåòâè èñïîëüçóþòñÿ îäèí ðàç, ÷èñëî îïåðàöèé ñëîæåíèÿ ðàâíî
2E – m – 1;

ãðàíè÷íîå çíà÷åíèå ïîòåíöèàëà: m äåëåíèé è ïðèñâîåíèé ïðè âñåõ
çíà÷åíèÿõ ïàðàìåòðà öèêëà n;

êîýôôèöèåíò ñîïðîòèâëåíèÿ è ïðîâîäèìîñòü ýêâèâàëåíòíîé âåòâè ñ

èñïîëüçîâàíèåì íàéäåííîãî ðàíåå çíà÷åíèÿ
k u

k ug
( )

( )� : ïðè m çíà÷åíèÿõ

ïàðàìåòðà öèêëà n ÷èñëî îïåðàöèé ñëîæåíèÿ ðàâíî m è 2m äåëåíèé è
ïðèñâîåíèé;
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êîýôôèöèåíòû ck(u) è ik(u),0 ñîãëàñíî (3): äëÿ m çíà÷åíèé ïàðàìåòðà

öèêëà n ïðè ðàñ÷åòå ck(u) ÷èñëî äåëåíèé ðàâíî E – 1, à ïðè ðàñ÷åòå ik(u),0

÷èñëî âû÷èòàíèé è ïðèñâîåíèé ðàâíî 2E – 2, ÷èñëî óìíîæåíèé — E – 1.

Íà øàãàõ 9 è 12 ðåàëèçîâàí öèêë îò 1 äî m, ò.å. m ðàç âûïîëíÿåòñÿ

îïåðàöèÿ n++ è m ñðàâíåíèé n ñ m. Íà øàãå 8 âûïîëíÿåòñÿ ÷åòûðå ïðè-

ñâîåíèÿ, äâà âû÷èòàíèÿ è îäíî äåëåíèå, íà øàãå 10 — 3m ïðèñâîåíèé.

Íàèáîëåå òðóäîåìêèì ÿâëÿåòñÿ øàã 11, íà êîòîðîì îïðåäåëÿþòñÿ:

òîêè â âåòâÿõ, ñìåæíûõ âèñÿ÷åìó óçëó, êðîìå âåòâè-ïðåäêà: äëÿ m

çíà÷åíèé ïàðàìåòðà öèêëà n ÷èñëî ñëîæåíèé, óìíîæåíèé è ïðèñâîåíèé

ðàâíî E – 1;
çíà÷åíèå ïîòåíöèàëà â óçëå: äëÿ m çíà÷åíèé ïàðàìåòðà öèêëà n ÷èñëî

ñëîæåíèé, óìíîæåíèé è ïðèñâîåíèé ðàâíî m.
Ñëåäîâàòåëüíî, ñóììàðíîå ÷èñëî îïåðàöèé íà øàãàõ 3—12 íå ïðå-

âûøàåò: ñëîæåíèé è âû÷èòàíèé — 6E + 3m, óìíîæåíèé — 3E + m, äåëå-
íèé — 3m + E, ñðàâíåíèé — 2m, ïðèñâîåíèé — 11m + 5E. Íå âûçûâàåò ñîì-
íåíèé, ÷òî âû÷èñëèòåëüíàÿ ñëîæíîñòü øàãà 1 òàêæå ÿâëÿåòñÿ âåëè÷èíîé
ïîðÿäêà O (V). Ïîñêîëüêó m < V, âðåìåííàÿ ñëîæíîñòü àëãîðèòìà RPR_D
Ò (V) = Î (V).

Êàê óêàçàíî â [11], ïðè ïðåîáðàçîâàíèÿõ ãðàôîâ, ñâÿçàííûõ ñ ïåðåñò-
ðîéêîé ñèñòåìû óçëîâ è âåòâåé, íåîáõîäèìî õðàíèòü èíôîðìàöèþ îá
èñõîäíîé è ïðåîáðàçîâàííîé ñèñòåìå, ÷òî ïðè ìíîæåñòâåííûõ òàêèõ îïå-
ðàöèÿõ ìîæåò ïðèâîäèòü ê õðàíåíèþ áîëüøîãî îáúåìà èíôîðìàöèè, ñðàâ-
íèìîãî ñ êâàäðàòîì ÷èñëà âåòâåé ñèñòåìû. Â òî æå âðåìÿ, ïðè ðàçáèåíèè
ñèñòåìû íà óäà÷íî âûáðàííûå ÷àñòè çíà÷èòåëüíî ñîêðàùàåòñÿ êàê îáúåì
îïåðàòèâíîé ïàìÿòè ÝÂÌ, òàê è âðåìÿ ðåøåíèÿ çàäà÷è. Àíàëèçèðóÿ
àëãîðèòì RPR_D, ëåãêî çàìåòèòü, ÷òî âñëåäñòâèå äóáëèðîâàíèÿ èíôîð-
ìàöèè î êîýôôèöèåíòàõ çàâèñèìîñòåé âèäà (1), ôîðìèðîâàíèÿ êîðíåâîãî
äåðåâà ïî èñõîäíîìó ãðàôó ñ îïðåäåëåíèåì âåòâåé-ïðåäêîâ è óçëîâ-ïðåä-
êîâ è ñïåöèàëüíîé îðãàíèçàöèè ïîñëåäîâàòåëüíîñòè çàìåí âèñÿ÷èõ óçëîâ
ýêâèâàëåíòíûìè âåòâÿìè, ïðè åãî èñïîëüçîâàíèè íå ïîòðåáîâàëîñü äîïîë-
íèòåëüíîé èíôîðìàöèè äëÿ îñóùåñòâëåíèÿ ïðåîáðàçîâàíèé ãðàôà ñåòè.
Èíôîðìàöèÿ î ñïèñêàõ ñìåæíîñòè, î÷åðåäè âèñÿ÷èõ óçëîâ, âåòâÿõ-ïðåä-
êàõ è óçëàõ-ïðåäêàõ äëÿ óçëîâ ãðàôà òðåáóåò äîïîëíèòåëüíîãî îáúåìà
ïàìÿòè, íå ïðåâûøàþùåãî 9V.

Ñëåäóåò çàìåòèòü, ÷òî âðåìåííàÿ ñëîæíîñòü àëãîðèòìà îïðåäåëåíà
äëÿ äåéñòâèòåëüíûõ çíà÷åíèé òîêîâ, ïîòåíöèàëîâ, ñîïðîòèâëåíèé è ïðî-
âîäèìîñòåé. Â ñëó÷àå êîìïëåêñíûõ èõ çíà÷åíèé (íàïðèìåð, äëÿ ñåòåé
ÝÝÑ) ÷èñëî øàãîâ àëãîðèòìà íå èçìåíèòñÿ, íî âîçðàñòåò ñëîæíîñòü âû-
ïîëíåíèÿ àðèôìåòè÷åñêèõ îïåðàöèé íàä êîìïëåêñíûìè ÷èñëàìè.

Ïðè ðàñ÷åòàõ òîêîâ è ïîòåíöèàëîâ äëÿ ÝÝÑ â ëèíèÿõ ñâåðõâûñîêîãî
íàïðÿæåíèÿ, êîãäà òîê â íà÷àëå âåòâè íå ñîâïàäàåò ñ òîêîì â åå êîíöå,
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âìåñòî (1) èñïîëüçóþò ÷åòûðåõïîëþñíèêè, óñòàíàâëèâàþùèå çàâèñèìîñ-
òè ìåæäó òîêàìè è ïîòåíöèàëàìè â íà÷àëå è êîíöå âåòâè. Òîãäà äëÿ
ïðîèçâîëüíîãî âèñÿ÷åãî óçëà (ñì. ðèñ. 1) èçìåíèòñÿ ïåðâàÿ ôîðìóëà â (2).
Ïðîöåäóðà ðàñ÷åòà óñëîæíèòñÿ, íî è â ýòîì ñëó÷àå âðåìåííàÿ ñëîæíîñòü
àëãîðèòìà ñâåðòêè áóäåò ñîñòàâëÿòü âåëè÷èíó ïîðÿäêà O (V).

Ãàðàíòèðîâàííîñòü îïðåäåëåíèÿ òîêîâ ñ ïîìîùüþ àëãîðèòìà

RPR_D. Ïóñòü â êàæäîì èç ãðàíè÷íûõ óçëîâ çàäàíî ÃÓ, ÿâëÿþùååñÿ

çíà÷åíèåì òîêà èëè ïîòåíöèàëà. Ñîãëàñíî øàãó 1 àëãîðèòìà RPR_D âåòâè

ñ èçâåñòíûìè çíà÷åíèÿìè òîêà ìîæíî èñêëþ÷èòü èç ðàññìîòðåíèÿ íà

ýòàïå îïðåäåëåíèÿ òîêîâ â îñòàëüíûõ âåòâÿõ. Â ýòîì ñëó÷àå ãðàô ÐÑ îñòà-

íåòñÿ äåðåâîì, äëÿ êîòîðîãî âî âñåõ ãðàíè÷íûõ óçëàõ ÃÓ ÿâëÿåòñÿ çíà÷å-

íèåì ïîòåíöèàëà.

Ñ èñïîëüçîâàíèåì àëãîðèòìà RPR_D ðåàëèçóåì ñâîðà÷èâàíèå è ðàçâî-

ðà÷èâàíèå ñõåìû ÐÑ. Äëÿ ýòîãî ìåòîäîì ïîèñêà â øèðèíó ïî âûáðàííîìó

ãðàíè÷íîìó óçëó îäíîçíà÷íî ñòðîèì êîðíåâîå äåðåâî è îïðåäåëÿåì ïî-

ñëåäîâàòåëüíîñòü âèñÿ÷èõ óçëîâ. Òàêàÿ ïðîöåäóðà ãàðàíòèðîâàííî ìîæåò

áûòü ðåàëèçîâàíà äëÿ ïðîèçâîëüíîãî äðåâîâèäíîãî ãðàôà.

Íà ýòàïå ñâåðòêè â ñòðîãîé ïîñëåäîâàòåëüíîñòè ðåàëèçóåòñÿ ýêâèâà-

ëåíòèðîâàíèå êàæäîãî èç âèñÿ÷èõ óçëîâ ýêâèâàëåíòíîé âåòâüþ. Óñëîâèå

ãàðàíòèðîâàííîñòè âûïîëíåíèÿ ýòàïà ñâîðà÷èâàíèÿ ñõåìû ÐÑ áóäåò âû-

ïîëíåíî, åñëè ãàðàíòèðîâàíî ýêâèâàëåíòèðîâàíèå ïðîèçâîëüíîãî âèñÿ÷å-

ãî óçëà (ñì. ðèñ. 1). Äëÿ åãî ýêâèâàëåíòèðîâàíèÿ íåîáõîäèìî îïðåäåëèòü

ñëåäóþùåå:

1. Êîýôôèöèåíòû ðàñïðåäåëåíèÿ òîêîâ â âåòâÿõ k n� �1 ïî çíà÷åíèþ

òîêà â âåòâè n + 1: c g gk k

m

n

m�
�

�/
1

. .

2. Çíà÷åíèå ïîòåíöèàëà â óçëå vn+1, ïðè êîòîðîì ñóììàðíûé òîê in+1 â

n +1-é âåòâè ðàâåí íóëþ, ÿâëÿþùååñÿ ãðàíè÷íûì çíà÷åíèåì ïîòåíöèàëà â

óçëå 
 �vn 1: 
 � ��
�

�U c U an

k

n

k k k1

1

( ) .

3. Ñîïðîòèâëåíèå ýêâèâàëåíòíîé âåòâè: 
 � ��
�

��r g rn

k

n

k n1

1

11/ .

4. Çíà÷åíèå òîêà â âåòâè k ïðè in+1 = 0: i U U a gk n k k k, ( )0 1� 
 � �� .

Ãàðàíòèðîâàííîå âûïîëíåíèå îïåðàöèé 1—4 ïðè ïîëîæèòåëüíûõ çíà-

÷åíèÿõ ñîïðîòèâëåíèé è ïðîâîäèìîñòåé ñëåäóåò èç òîãî, ÷òî ïðè âûïîë-

íåíèè îïåðàöèé 1 è 3 çíàìåíàòåëü
k

n

kg
�

�
1

áóäåò áîëüøå íóëÿ. Â ñëó÷àå

êîìïëåêñíûõ çíà÷åíèé ñîïðîòèâëåíèé è ïðîâîäèìîñòåé äëÿ ÐÑ ÝÝÑ

Ñ.Ä. Âèííè÷óê

76 ISSN 0204–3572. Electronic Modeling. 2016. V. 38. ¹ 4



äåéñòâèòåëüíàÿ ÷àñòü ñîïðîòèâëåíèé è ïðîâîäèìîñòåé ÿâëÿþòñÿ ïîëîæè-

òåëüíûìè ÷èñëàìè, à ìíèìàÿ ïðåäñòàâëÿåò ñîáîé îòëè÷íûå îò íóëÿ çíà÷å-

íèÿ. Ïðè ýòîì äëÿ ñîïðîòèâëåíèé âñå îíè ïîëîæèòåëüíûå, à äëÿ ïðîâî-

äèìîñòåé — âñå ìåíüøå èëè ðàâíû íóëþ. Ñëåäîâàòåëüíî, è â ýòîì ñëó÷àå

ìîãóò áûòü âûïîëíåíû âñå âû÷èñëåíèÿ îïåðàöèé 1—4.

Íà øàãå 8 àëãîðèòìà îïðåäåëÿåòñÿ òîê ie â âåòâè å, ýêâèâàëåíòíîé âñåé

ÐÑ, êàê ïðîèçâåäåíèå ðàçíîñòè ïîòåíöèàëîâ â ñìåæíûõ ãðàíè÷íûõ óçëàõ

íà ýêâèâàëåíòíóþ ïðîâîäèìîñòü îáúåäèíÿþùåé èõ âåòâè i U Ue e e� � 
 �(

� a ge e) , ãäå Ue — ïîòåíöèàë â ãðàíè÷íîì êîðíåâîì óçëå; 
U e — ïîñòîÿí-

íîå çíà÷åíèå ïîòåíöèàëà â ñîîòíîøåíèè (1) äëÿ ýêâèâàëåíòíîé âåòâè e;

qe — ïðîâîäèìîñòü ýêâèâàëåíòíîé âåòâè.

Ïîñëå îïðåäåëåíèÿ òîêà â âåòâè e íà øàãàõ 9—12 àëãîðèòìà äëÿ

êàæäîãî âèñÿ÷åãî óçëà îïðåäåëÿþòñÿ òîêè â âåòâÿõ, ñìåæíûõ óçëó u è íå

ñîâïàäàþùèõ ñ âåòâüþ-ïðåäêîì ïî çíà÷åíèþ òîêà â åãî âåòâè-ïðåäêå. Ïðè

ôîðìàëüíîì ïðåäñòàâëåíèè âèñÿ÷åãî óçëà â âèäå, èçîáðàæåííîì íà ðèñ. 1,

áóäóò âûïîëíåíû ñëåäóþùèå îïåðàöèè ïî îïðåäåëåíèþ òîêà: i ik k� �, 0

� �c ik n 1 (k n� �1 ). Âîçìîæíîñòü âûïîëíåíèÿ ýòèõ îïåðàöèé íå âûçûâàåò

ñîìíåíèé, ÷òî ïîçâîëÿåò ñäåëàòü âûâîä î âîçìîæíîñòè ãàðàíòèðîâàííîãî

îïðåäåëåíèÿ òîêîâ â âåòâÿõ ïðîèçâîëüíîé ÐÑ ñ äðåâîâèäíûì ãðàôîì.

Âûâîäû

Ñðåäè ìåòîäîâ ðàñ÷åòà ïîòîêîðàñïðåäåëåíèÿ â ñåòÿõ çíà÷èòåëüíîå ìåñòî

çàíèìàþò ìåòîäû óìåíüøåíèÿ ÷èñëà íåèçâåñòíûõ â ñèñòåìå óðàâíåíèé, îñ-

íîâàííûõ íà ïîñòóëàòàõ Êèðõãîôà. Èõ èñïîëüçîâàíèå ïîçâîëÿåò ôîðìèðî-

âàòü òàêóþ ïîñëåäîâàòåëüíîñòü îïðåäåëåíèÿ íåèçâåñòíûõ, â êîòîðîé íå ïîò-

ðåáóåòñÿ ðåøàòü ÑËÀÓ áîëüøîé ðàçìåðíîñòè íåçàâèñèìî îò ÷èñëà óçëîâ è

âåòâåé ãðàôà ðàñïðåäåëèòåëüíîé ñåòè. Âàæíûì ïðè ýòîì îêàçûâàåòñÿ íàëè-

÷èå ôîðìàëèçîâàííîãî àëãîðèòìà ôîðìèðîâàíèÿ ýòîé ïîñëåäîâàòåëüíîñòè.

Ïðåäëîæåííûé àëãîðèòì îñíîâàí íà ìåòîäå ïîýëåìåíòíîãî íàðàùèâàíèÿ,

ãäå â êà÷åñòâå ýëåìåíòà ðàññìàòðèâàåòñÿ âèñÿ÷èé óçåë ãðàôà äðåâîâèäíîé

ñòðóêòóðû. Äàííûé àëãîðèòì ïîçâîëÿåò ãàðàíòèðîâàííî îïðåäåëÿòü íåèç-

âåñòíûå òîêè â âåòâÿõ è ïîòåíöèàëû â óçëàõ ïðîèçâîëüíîé ðàñïðåäåëèòåëü-

íîé ñåòè ïðè ïîëîæèòåëüíûõ êîýôôèöèåíòàõ ñîïðîòèâëåíèÿ âåòâåé.
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S.D. Vynnychuk

DETERMINATION OF FLOW DISTRIBUTION

IN NETWORKS WITH A TREE GRAPH

An algorithm has been proposed for calculating RPR_D flow distribution in distribution net-
works with a tree structure graph for the case of linear dependence of the potential change of the
current on any arbitrary branch. The algorithm is based on the consecutive replacements of dan-
gles by equivalent branches, where a special variant of the positive direction of current in the
branches is formed in order to reduce the number of operations. It is shown that RPR_D algorithm

Ñ.Ä. Âèííè÷óê
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for arbitrary non-zero values of the resistance of branches allows determining with guarantee the
unknown currents in the branches and potentials in the nodes regardless of the variants of boun-
dary conditions, and its time complexity is estimated to be about O (V), where V is the number of
nodes in the graph.

K e y w o r d s : distribution network, load flow, convolution, algorithm, the time complexity.

REFERENCES

1. Akopyan, S.G. “Electrical theory of hydraulic circuits and methodical bases of modes analy-
sis and optimal design of gas transmission systems”, Abstract of Dr. Sci. (Tech.) disserta-
tion, 05.13.12, 05.15.13, State Engineering University of Armenia, Yerevan, Armenia.

2. Saukh, S.Ye. (1991), “Research of power circuits with the help of numerical operator me-
thods”, Abstract of Dr. Sci. (Tech.) dissertation, 05.13.16., Institute for Modeling in Energy
Engineering of Academy of Sciences of Ukraine, Kyiv, Ukraine.

3. Merenkov, A.P. and Khasilev, V.Ya. (1985), Teoriya gidravlicheskikh tsepey [Theory of
hydraulic circuits], Nauka, Moscow, Russia.

4. Barinov, V.A. and Sovalov, S.A. (1990), Rezhimy energosistem: metody analiza i upravle-
niya [Power systems modes: methods of analysis and control], Energoatomizdat, Moscow,
Russia.

5. Yevdokimov, A.G., Tevyashev, A.D. and Dubrovskiy, V.V. (1990), Modelirovanie i
optimizatsiya potokoraspredeleniya v inzhenernykh setyakh, 2-e izd. pererab. i dop. [Model-
ling and optimization of load flow in engineering networks, 2nd ed., revised. and ext.],
Stroyizdat, Moscow, Russia.

6. Vynnychuk, S.D. (2006), “Methods and algorithms for solving problems of analysis, design
and management of distribution flows in the hydraulic distribution systems”, Abstract of Dr.
Sci. (Tech.) dissertation, 01.05.02., Pukhov Institute for Modeling in Energy Engineering
of National Academy of Sciences of Ukraine, Kyiv, Ukraine.

7. Davis, T.A. (2006), Direct Methods for Sparse Linear Systems (Fundamentals of Algo-
rithms), Society for Industrial and Applied Mathematics.

8. Kondraschenko, V.Ya., Vynnychuk, S.D. and Fedorov, M.Yu. (1990), Modelirovanie gazo-
vykh i zhidkostnykh raspredelitelnykh system [Simulation of gas and fluid distribution sys-
tems], Naukova dumka, Kiev, Ukraine.

9. Bun, R.A., Vasiliev, E.D. and Semotyuk, V.N. (1991), Modelirovanie elektricheskikh
tsepey metodom podskhem, Otv. red. Gritsyk, V.V., AN Ukrainy, Fiziko-mekhanicheskiy in-t.
[Simulation of electrical circuits by subcircuits, Ed. Grytsyk, V.V., Academy of Sciences of
Ukraine, Physical-Mechanical inst.], Naukova dumka, Kiev, Ukraine.

10. Gritsay, M.A. and Zhuravlev, V.G. (1968), “The calculation of flow distribution in the elec-
tric network by the method of determining value”, Elektrichestvo, no. 8, pp. 17-20.

11. Maksimovich, N.G. (1961), Lineinye elektricheskie tsepi i ikh preobrazovaniya [Linear cir-
cuits and their conversion], Gosenergoizdat, Moscow-Leningrad, Russia.

12. Pukhov, G.Ye. (1967), Metody analiza i sinteza kvazi analogovykh elektronnykh tsepey
[Methods of analysis and synthesis of the quasi analog electronic circuits], Naukova dumka,
Kiev, Ukraine.

13. Seshu, S. and Rid, M.B. (1971), Lineinye grafy i elektricheskie tsepi, Per. s angl., pod red.
P.A. Ionkina, Uchebnoe posobie dlya vuzov spetsialnostey radiotekhnika, elektronnaya
tekhnika, elektropriborostroenie i avtomatika [Line graphs and circuits, Transl. from Eng-
lish., Ed. Ionkin, P.A., Textbook for Universities radio engineering specialties, electronic
engineering, electrical instrumentation and automation], Vysshaya shkola, Moscow, Russia.

14. Sigorskiy, V.P. and Petrenko, A.I. (1970), Algoritmy analiza elektronnykh skhem [Algo-
rithms analysis of electronic circuits], Tekhnika, Kiev, Ukraine.

Îïðåäåëåíèå ïîòîêîðàñïðåäåëåíèÿ â ñåòÿõ ñ äðåâîâèäíûì ãðàôîì

ISSN 0204–3572. Ýëåêòðîí. ìîäåëèðîâàíèå. 2016. Ò. 38. ¹ 4 79



15. Shakirov, I.A. (1980), “Universal conversion and diakoptics circuits”, Abstract of Dr. Sci.
(Tech.) dissertation, Leningrad, Russia.

16. Shargin, Yu.M. and Merkuriev, A.G. (2003), “Calculation of electrical modes of the method
of equivalent transformation”, Elektrichestvo, no. 4, pp. 53-55

17. Vynnychuk, S.D. (1997), “Linear convolution method for solving flow distribution calcula-
tion in the tree structure networks”, Metody i sredstva kompyuternogo modelirovaniya (po
materialam ezhegodnoy konferentsii instituta 1996 i 1997 gg.), Sbornik nauchnykh trudov
[Methods and means of computer simulation (based on the annual conference of the Institute
for 1996 and 1997), The collection of scientific works], Kiev, IPME NAN Ukrainy, 1997,
pp. 53-54.

18. Vynnychuk, S.D. and Samoylov, V.D. (2015), “Determination of the currents in the switching
structures of the electrical energy networks with tree graph’s structure”, Elektronnoe mo-
delirovanie, Vol. 37, no. 5, pp. 89-104.

Ïîñòóïèëà 10.05.16

ÂÈÍÍÈ×ÓÊ Ñòåïàí Äìèòðèåâè÷, ä-ð òåõí. íàóê, è.î. çàâ. îòä. Èí-òà ïðîáëåì ìîäåëèðîâàíèÿ

â ýíåðãåòèêå èì. Ã.Å. Ïóõîâà ÍÀÍ Óêðàèíû. Â 1977 ã. îêîí÷èë ×åðíîâèöêèé ãîñóíèâåðñèòåò.

Îáëàñòü íàó÷íûõ èññëåäîâàíèé — ìîäåëè, ìåòîäû è ïðîãðàììíûå ñðåäñòâà äëÿ àíàëèçà

ñèñòåì ñæèìàåìîé è íåñæèìàåìîé æèäêîñòåé, ðåæèìû ýëåêòðîýíåðãåòè÷åñêèõ ñèñòåì,

÷àñòîòíàÿ ïðîòèâîàâàðèéíàÿ àâòîìàòèêà, òåîðèÿ àëãîðèòìîâ.

Ñ.Ä. Âèííè÷óê

80 ISSN 0204–3572. Electronic Modeling. 2016. V. 38. ¹ 4


