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Àíàëèç ñàìîïîäîáèÿ ìíîãîìåðíûõ âðåìåííûõ ðÿäîâ
íà îñíîâå ìåòîäîâ èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ

Ïðåäëîæåíû ìåòîäû âû÷èñëåíèÿ ïîêàçàòåëÿ Õåðñòà äëÿ îäíîìåðíîãî è ìíîãîìåðíîãî
âðåìåííûõ ðÿäîâ (ÂÐ) íà îñíîâå ãëàâíûõ äèàãîíàëåé òåíçîðíûõ ìîäåëåé ÂÐ. Ïîêàçàíî,
÷òî ñëîæíîñòü ïðîáëåìû îáóñëîâëèâàåò ñîâìåñòíîå ïðèìåíåíèå íåñêîëüêèõ ìàòåìàòè-
÷åñêèõ òåîðèé, â ÷àñòíîñòè òåíçîðíûé è ìíîãîìåðíûé ìàòðè÷íûé àíàëèç. Ïðèâåäåíû
ïðèìåðû ïðèìåíåíèÿ ïðåäëîæåííûõ ìåòîäîâ.

Ê ë þ ÷ å â û å ñ ë î â à: òåíçîð, ìíîãîìåðíûé âðåìåííîé ðÿä, èíòåëëåêòóàëüíûé àíàëèç
äàííûõ, 3D ìàòðèöà, ìàòðè÷íàÿ ðàçâåðòêà, ñàìîïîäîáèå, ïàðàìåòð Õåðñòà.

Çàïðîïîíîâàíî ìåòîäè îá÷èñëåííÿ ïîêàçíèêà Õåðñòà äëÿ îäíîâèì³ðíîãî òà áàãàòîâèì³ð-
íîãî ÷àñîâèõ ðÿä³â (×Ð) íà îñíîâ³ ãîëîâíèõ ä³àãîíàëåé òåíçîðíèõ ìîäåëåé ×Ð. Ïîêàçàíî,
ùî ñêëàäí³ñòü ïðîáëåìè çóìîâëþº çàñòîñóâàííÿ äåê³ëüêîõ ìàòåìàòè÷íèõ ìîäåëåé, çîêðå-
ìà òåíçîðíèé ³ áàãàòîâèì³ðíèé ìàòðè÷íèé àíàë³ç. Íàâåäåíî ïðèêëàäè âèêîðèñòàííÿ çà-
ïðîïîíîâàíèõ ìåòîä³â.

Ê ë þ ÷ î â ³ ñ ë î â à: òåíçîð, áàãàòîâèì³ðíèé ÷àñîâèé ðÿä, ³íòåëåêòóàëüíèé àíàë³ç äàíèõ,
3D ìàòðèöÿ, ìàòðè÷íà ðîçâåðòêà, ñàìîïîä³áí³ñòü, ïàðàìåòð Õåðñòà.

Ñðåäè âñåõ âðåìåííûõ ðÿäîâ (ÂÐ) [1] ìíîãîìåðíûå (ìíîãîêîìïîíåíòíûå,
ò.å. êîìïîíåíòû íå ñâÿçàíû óñëîâèåì îðòîãîíàëüíîñòè) âðåìåííûå ðÿäû
(ÌÂÐ) íàèìåíåå èçó÷åíû. Îäíàêî ïîÿâëåíèå íîâûõ çàäà÷ çàñòàâëÿåò îáðà-
ùàòüñÿ ê ïîèñêó íîâûõ ìåòîäîâ è ìîäåëåé äëÿ èõ ðåøåíèÿ. Àíàëèç ÌÂÐ
èìååò ðÿä îñîáåííîñòåé, êîòîðûå îòëè÷àþò åãî îò àíàëèçà ÷èñëîâûõ ïî-
ñëåäîâàòåëüíîñòåé. Îñíîâíûå èç íèõ ñëåäóþùèå:

ìíîãîìåðíûé è ìíîãîêîìïîíåíòíûé ÂÐ èìåþò îïðåäåëåííûå îòëè÷èÿ,
òàê êàê ïîíÿòèå ìåðíîñòè ïðåäïîëàãàåò îðòîãîíàëüíûé áàçèñ êîìïîíåíò, ïðè
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ýòîì ìíîãîêîìïîíåíòíîñòü òàêîãî îãðàíè÷åíèÿ íå ïðåäïîëàãàåòñÿ, ò.å. ìî-
æåò áûòü íåîðòîãîíàëüíûé áàçèñ (â ÷àñòíîñòè, êîñîóãîëüíûé);

ìíîãîìåðíûå ÂÐ îòíîñÿòñÿ ê îáúåêòàì, èìåþùèì ñâåðõáîëüøèå

îáúåìû, ÷òî îáóñëîâëèâàåò ïðèìåíåíèå òåíçîðíûõ äåêîìïîçèöèé, êîòî-

ðûå íå òîëüêî àïïðîêñèìèðóþòñÿ òåíçîðàìè íèçêèõ ïîðÿäêîâ (ñîêðàùå-

íèå ðàçìåðíîñòè), íî è ÿâëÿþòñÿ èñòî÷íèêàìè ñêðûòûõ çíàíèé.

Â íåêîòîðûõ ðàáîòàõ [2] óòâåðæäàåòñÿ, ÷òî âûñîêîïîðÿäêîâûå òåíçî-

ðû (ïîä êîòîðûìè ïîíèìàþò ìóëüòèìåðíûå ìàññèâû) ïîçâîëÿþò ðåàëèçî-

âàòü ôóíäàìåíòàëüíûé ñäâèã ïàðàäèãìû èññëåäîâàíèÿ ê ìîäåëÿì, ïî ñó-

ùåñòâó ïîëèíîìèàëüíûì, ÷üÿ èñêëþ÷èòåëüíîñòü, â îòëè÷èå îò ìàòðè÷íûõ

ìåòîäîâ, ãàðàíòèðîâàíà åñòåñòâåííûìè óñëîâèÿìè.

Îáùàÿ òåíäåíöèÿ èññëåäîâàòåëåé ìíîãîìåðíûõ âûñîêîîáúåìíûõ, íå-

ðåäêî âåñüìà çàøóìëåííûõ, äàííûõ òàêàÿ: îò ìàòðèöû ê òåíçîðàì. Ðàííèå

ìåòîäû ìíîãîìåðíîãî àíàëèçà äàííûõ îñíîâàíû íà ïåðåôîðìàòèðîâàíèè

òåíçîðà äàííûõ (ìíîãîìåðíîãî ìàññèâà) â ìàòðèöó è èñïîëüçîâàíèè ìå-

òîäîâ, ðàçðàáîòàííûõ äëÿ êëàññè÷åñêîãî 2D àíàëèçà. Òàêîé «âûðàâíèâàþ-

ùèé» ïîäõîä ê äàííûì è æåñòêèå îãðàíè÷åíèÿ, ïðèñóùèå 2D àíàëèçó, íå

âñåãäà óäîâëåòâîðÿþò òðåáîâàíèÿì àíàëèçà ìóëüòèìåðíûõ ñâåðõáîëüøèõ

äàííûõ, îäíàêî äëÿ áîëüøèíñòâà ðåàëüíûõ ïðèêëàäíûõ çàäà÷, îñîáåííî

äëÿ òåõ, ãäå òðåáóåòñÿ êà÷åñòâåííàÿ îöåíêà, âïîëíå ïðèìåíèìû. Â ðàáîòå

[2] ïîêàçàíî, ÷òî òåíçîðíûå äåêîìïîçèöèè — ýòî íå òîëüêî è íå ñòîëüêî

òî÷íûå ìàòðè÷íûå ðàçëîæåíèÿ íà ìíîæèòåëè ñ äîïîëíèòåëüíûìè ïðèëî-

æåíèÿìè — ìóëüòèëèíåéíàÿ àëãåáðà çíà÷èòåëüíî áîëåå áîãàòà ñòðóêòóð-

íî, ÷åì ëèíåéíàÿ àëãåáðà.

Ñîâðåìåííûå íîòàöèè è ñîãëàøåíèÿ îñíîâàíû íà òîì, ÷òî òåíçîð ïî-

ðÿäêà N îáîçíà÷àåòñÿ A� � � �
�

l l lN1 2 ...
, à äàííûå — ai i iN1 2, , ..., .Òîãäà âåêòîð

N �1 ÿâëÿåòñÿ òåíçîðîì ïåðâîãî ïîðÿäêà, à N M� — ìàòðèöåé-òåíçîðîì

âòîðîãî ïîðÿäêà. Ïîäòåíçîðû — ÷àñòè èñõîäíîãî òåíçîðà ñîçäàíû ñ èñ-

ïîëüçîâàíèåì òîëüêî ôèêñèðîâàííîãî ïîäìíîæåñòâà èíäåêñîâ. Âåêòîð-

çíà÷íûå ïîäòåíçîðû íàçûâàþòñÿ âîëîêíàìè è îïðåäåëÿþòñÿ ôèêñèðîâà-

íèåì èíäåêñîâ ïî îäíîìó, à ìàòðè÷íî-çíà÷íûå ïîäòåíçîðû íàçûâàþòñÿ

êóñêàìè (ñëàéñàìè) è îïðåäåëÿþòñÿ ôèêñèðîâàíèåì ïî äâà. Ïðè îáðà-

áîòêå òåíçîðà ÷àñòî òðåáóåòñÿ èõ ïåðåôîðìàòèðîâàíèå (âîññòàíîâëåíèå

ôîðìû). Âîññòàíîâëåíèå òåíçîðà â ìàòðèöó íàçûâàåòñÿ ìàòðè÷íûì ðàñ-

êðûòèåì. Â ðàáîòå [2] ïðèâåäåíû îñíîâíûå è âñïîìîãàòåëüíûå íîòàöèè,

êàñàþùèåñÿ òåíçîðîâ è îïåðàöèé íàä íèìè. Êëàññèê òåíçîðíîãî àíàëèçà

Ã. Êðîí óòâåðæäàåò, ÷òî ìåæäó òåíçîðîì è ìàòðèöåé òàêàÿ æå ðàçíèöà, êàê

ìåæäó ëèíèåé è åå ïðîåêöèé: ëèíèÿ îäíà, íî ïðîåêöèé ëèíèè ìíîãî.

Ìíîãîìåðíûå ïðîñòðàíñòâåííûå ìàòðèöû (ÌÏÌ), íàèáîëåå ïîëíîå

îïèñàíèå êîòîðûõ ïîÿâèëîñü â ðóññêîÿçû÷íîé ëèòåðàòóðå åùå â 60-å ãîäû
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19-ãî ñòîëåòèÿ, çàëîæèëè îñíîâó ìíîãîìåðíîãî àíàëèçà äàííûõ. Â ðàáîòå

[3] äàíî îïðåäåëåíèå ñå÷åíèÿ îðèåíòàöèè i êàê ñîâîêóïíîñòè ýëåìåíòîâ

ìàòðèöû ñ ôèêñèðîâàííûì çíà÷åíèåì èíäåêñà. Âñå n ñå÷åíèé îðèåíòàöèè

i â ìàòðèöå ïàðàëëåëüíû äðóã äðóãó è ÿâëÿþòñÿ îáû÷íûìè äâóìåðíûìè

ìàòðèöàìè n-ãî ïîðÿäêà (ðèñ. 1).

Ïðèìåíåíèå ìíîãîìåðíûõ ìàòðèö (ÌÌ) äëÿ àíàëèçà ìíîãîìåðíûõ

äàííûõ ðàññìîòðåíî â ðàáîòàõ [4, 5]. Òàê, â ðàáîòå [5] äîêàçàíî, ÷òî òåí-

çîðû â îáùåì ñëó÷àå ìîãóò áûòü ïðåäñòàâëåíû êàê ÌÌ èëè, íàîáîðîò,

íåêîòîðûå îïåðàöèè äåêàðòîâà è îáùåãî òåíçîðîâ ïðîèçâåäåíèé ìîãóò

áûòü âûïîëíåíû êàê ìíîãîìåðíûå ìàòðè÷íûå îïåðàöèè. Òåì íå ìåíåå,

ìíîãèå àñïåêòû ìíîãîìåðíîé ìàòåìàòè÷åñêîé ìàòðèöû è òåíçîðíîãî

àíàëèçà íå ÿâëÿþòñÿ âçàèìîçàìåíÿåìûìè.

Ñîâðåìåííîå ñîñòîÿíèå èññëåäîâàíèé, îñíîâíûå îïðåäåëåíèÿ è

ìàòåìàòè÷åñêèé àïïàðàò. Â íàñòîÿùåå âðåìÿ àíàëèç ÌÂÐ íàïðàâëåí íà

ðåøåíèå ïðîáëåìû ìíîãîìåðíîñòè ñ èñïîëüçîâàíèåì òåíçîðíîãî ïðåä-

ñòàâëåíèÿ äàííûõ [6], ÌÌ [3] è ïîèñêà ñêðûòûõ çíàíèé íà îñíîâå ìåòîäîâ

èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ (ÈÀÄ), ðåàëèçóåìûõ, â ÷àñòíîñòè, ñ

ïðèìåíåíèåì òåíçîðíûõ äåêîìïîçèöèé [7, 8]. Â ðàáîòàõ [9, 10] ðàññìîò-

ðåíî èñïîëüçîâàíèå èíâàðèàíòîâ òåíçîðîâ äëÿ àíàëèçà ÌÂÐ.

Â ðàáîòàõ [11, 12] òåíçîð ðàññìàòðèâàåòñÿ êàê ñóïåðìàòðèöà â îïðåäå-

ëåííîé êîîðäèíàòíîé ñèñòåìå. Äîïóñòèì, çàäàí îäíîìåðíûé ÂÐ X ( )t �
�{ ( )}x ti , i N�1, , è ïîñëåäîâàòåëüíîñòü åãî ôðàãìåíòîâ { ( )}( )

X j
t

it , i I�1, ,

j f�1, . Êàæäûé ôðàãìåíò ñîñòîèò èç îêîí x ti( ), i I x�1, (ñì. ðèñ. 1). Ñ ïî-

ìîùüþ ïðîöåäóðû ìàòðèöèçàöèè îêíî ÂÐ ïðåäñòàâëåíî â âèäå òåíçîðà

âòîðîãî ïîðÿäêà (ìàòðèöåé) m n� , ò.å. x t T x t m ni x i( ) ( ), ,� � reshape ( ),

m n I x� � . Â îáùåì ñëó÷àå m n� , îäíàêî m = n ïðåäïî÷òèòåëüíî ñ òî÷êè

çðåíèÿ âû÷èñëèòåëüíîé ñëîæíîñòè. Ðàññìàòðèâàåòñÿ ìíîæåñòâî âõîäíûõ

äàííûõ — âåêòîðû X x xn�{ , ..., }1 , êîòîðûå ìîãóò áûòü òàêæå 2D òåí-

Àíàëèç ñàìîïîäîáèÿ ìíîãîìåðíûõ âðåìåííûõ ðÿäîâ íà îñíîâå ìåòîäîâ
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Ðèñ. 1. Ãðàôè÷åñêîå èçîáðàæåíèå ïîíÿòèÿ «ñå÷åíèå îðèåíòàöèè» [3]



çîðàìè X ( ) { } ,t X ij i j
mn� � �1 1, â ÷àñòíîñòè, îíè ìîãóò áûòü ïðåäñòàâëåíû 3D

ìàòðèöåé ïðè èñïîëüçîâàíèè ïðîöåäóðû reshape().

Â [11] ðàçðàáîòàíû îñíîâíûå êîíöåïöèè îáîáùåíííûõ ÌÌ è îáîá-

ùåííûõ ìàòðè÷íûõ îïåðàöèé, ãäå ýëåìåíòàðíàÿ ìàòðèöà ÿâëÿåòñÿ ìèíè-

ìàëüíîé, èìåþùåé îäíî èëè äâà èçìåðåíèÿ (ñòðîêè è ñòîëáöû).

Íîòàöèè è îñíîâíûå îïåðàöèè â ÌÌ. Îáîçíà÷èì À d-ìåðíóþ ìàò-

ðèöó, ÷èñëî ýëåìåíòîâ êîòîðîé ðàâíî mk , k = 1, 2, ..., d. Òîãäà ÌÌ À èìååò

ïîðÿäîê m m md1 2� � �... . Ïóñòü a a ai i id1 2
, , ..., — { , , ..., }i i id1 2 -é ýëåìåíò

d-ìåðíîé ìàòðèöû À. Äëÿ ïðîñòîòû îáðàáîòêè ðåçóëüòàòîâ äîïóñòèì, ÷òî

ìàòðèöà À ïîðÿäêà m m m1 2 3� � — ýòî ìàññèâ m m m1 2 3� � ñêàëÿðîâ, ðàç-

ìåùåííûõ â m1 ñòîëáöîâ, m2 ñòðîê è m3 ñëîåâ. Òàêèì îáðàçîì, 3D ìàòðèöà

ðàçìåðíîñòè m m m1 2 3� � ñîñòîèò èç 2D ìàòðèö ðàçìåðíîñòè m m1 2� , ðàçìå-

ùåííûõ â ìàññèâå ðàçìåðíîñòüþ m3. Ñëåäîâàòåëüíî, ìàòðèöó À ìîæíî

ïðåäcòàâëÿòü, èñïîëüçóÿ íîòàöèþ Ìàòëàá, â ôîðìå ìàññèâà ìàòðèö A (:, :, i3)
ðàçìåðíîñòüþ m m1 2� è ýëåìåíòîâ A (:, :, i3) â ñëåäóþùåì âèäå:

A (:,:, )i

a a a

a a a

a

i i m i

i i m i

m

3

11 12 1

21 22 2

3 3 2 3

3 3 2 3�

�

�

� � � �

1 3 1 3 1 2 31 2i m i m m ia a�

	




�
�
�
�

�




�
�
�
�

, i m3 31 2� , , ..., .

Áàçîâûå îïåðàöèè íà ÌÌ â ñîâðåìåííîé íîòàöèè íàèáîëåå ïîëíî èç-

ëîæåíû â ðàáîòàõ [3, 4, 11].

Òåíçîð-ìíîãîìåðíûé ìàññèâ. Â ðàáîòå [12] èñïîëüçîâàíà îáùåïðè-

íÿòàÿ â òåíçîðíîì àíàëèçå íîòàöèÿ, ãäå òåíçîð p-ãî ïîðÿäêà ñ èíäåêñàìè p
ìîæåò áûòü ïðåäñòàâëåí êàê ìíîãîìåðíûé ìàññèâ äàíûõ [13—15] è çàïè-

ñàí â âèäå A � � � �
( ), ,ai i i

n n n
1 1 3

1 2 3� , ìàòðèöà ñ÷èòàåòñÿ òåíçîðîì âòîðîãî ïî-

ðÿäêà, à âåêòîð — òåíçîðîì ïåðâîãî ïîðÿäêà. Òåíçîð òðåòüåãî ïîðÿäêà ìî-

æåò áûòü èçîáðàæåí êàê «êóá» äàííûõ. Îðèåíòàöèÿ òåíçîðà âûñøåãî ïî-

ðÿäêà íå óíèêàëüíà, îäíàêî îíà óäîáíà, ÷òîáû ññûëàòüñÿ íà «ñëàéñ»-òåí-

çîð êàê íà òåíçîð, ñôîðìèðîâàííûé ïîñðåäñòâîì ñîõðàíåíèÿ ïîñëåäíåé

èíäåêñíîé êîíñòàíòû. Íàïðèìåð, åñëè A � ( ), ,ai i i1 2 3
— òåíçîð òðåòüåãî ïî-

ðÿäêà, k-é ñëàéñ â íîòàöèè Ìàòëàá èìååò âèä A (:, :, k) ( ðèñ. 2) [13—16].

Âûñîêîïîðÿäêîâàÿ ñèíãóëÿðíàÿ äåêîìïîçèöèÿ (HOSVD) òåíçîðà

A� � �
�

n nd1 ... âêëþ÷àåò îáðàáîòêó ìàòðèöû ïðîöåäóðîé SVD íà óðîâíå

ñâîèõ ìîäàëüíûõ ðàñêðûòèé A (1), ..., A (d). Ðåçóëüòàò — ïðåäñòàâëåíèå A â

âèäå ñóììû rank�1 òåíçîðîâ. 3D ìàññèâ ìîæåò áûòü ïðåäñòàâëåí âûðåçêàìè

(ñëàéñàìè), êàæäûé ñëàéñ — ìàòðèöà (2D ìàññèâ), êàæäàÿ ìàòðèöà — ìíî-

æåñòâî äàííûõ.
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Îáîáùåííûé àëãîðèòì âû÷èñëåíèÿ ãëàâíîé äèàãîíàëè (ñëåäà)
ôðàãìåíòà ÌÂÐ. Äëÿ îïðåäåëåíèÿ äèàãîíàëè 3D òåíçîðà, ìîäåëèðóþ-
ùåãî ÌÂÐ èñïîëüçóåì äâà ïîäõîäà: ïîêîìïîíåíòíóþ ïðîöåäóðó è ó÷åò
âñåõ êîìïîíåíò ÌÂÐ:

1. Ïðåäñòàâëåíèå îòäåëüíîé êîìïîíåíòû îêíà ÌÂÐ â âèäå 2D òåíçî-

ðà, ðàññìàòðèâàåìîãî êàê ôðîíòàëüíûé ñëàéñ — x (:, :, j), j = 1, J; ôîðìè-

ðîâàíèå 3D òåíçîðà îêíà� ( ) { (:,:, | ... | (:,:, ), , }f x x J f F� �1 1 , F — ÷èñëî òåí-

çîð-îêîí ôðàãìåíòà ÌÂÐ; âû÷èñëåíèå äèàãîíàëè òåíçîð-îêíà (� ( )f ).

2. Íà îñíîâàíèè òàáëèöû èçìåðåíèé êîìïîíåíò ÌÂÐ ïðè ïîìîùè

îïåðàòîðà reshape èçíà÷àëüíî ôîðìèðóåòñÿ 3D òåíçîð îêíà� ( )f = { x (:, :,

1|…| x (:, :, J), f = 1, F} è âûïîëíÿåòñÿ ïîâòîðåíèå ïîäõîäà 1:

reshape ( , , ) ( ( : )| ( : )| ... | (( ) :b m n b m b m m b n m mn� � � �1 1 2 1 1 )) .

Ñïîñîáû âû÷èñëåíèÿ äèàãîíàëè (ñëåäà) îäíîìåðíîãî ÂÐ.

I ñ ï î ñ î á (á à ç î â û é). Äèàãîíàëü (ñëåä) ÌÂÐ âû÷èñëÿåòñÿ íà

îñíîâàíèè äèàãîíàëè (ñëåäà) îòäåëüíûõ êîìïîíåíò ÌÂÐ. Îäíîìåðíûé

(îäíîêîìïîíåíòíûé) ÂÐ X
( ) { ( )}t

ix t� , i N�1, çàäàí â âèäå ïîñëåäîâàòåëü-

íîñòè åãî ôðàãìåíòîâ { ( )}( )X tj
t

i , i I�1, , j f�1, , ãäå j — íîìåð ôðàãìåíòà;

êàæäûé ôðàãìåíò ñîñòîèò èç îêîí x ti( ), i I x�1, (ðèñ. 3).
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Ðèñ. 2. Ìàòðèöèçàöèÿ òåíçîðà òðåòüåãî ïîðÿäêà â ìàòðèöó èç òðåõ èçìåðåíèé: A1�
� �

�
n m p( ) ,

A2�
� �

�
p n m( ) , A3�

� �
�

m p n( ) — ïåðâûé, âòîðîé è òðåòèé ñïîñîáû ìàòðèöèçàöèè òåí-
çîðà A [12]



À ë ã î ð è ò ì 1.

1. Âûáèðàåì ðàçìåð îêíà x ti( ) ÂÐ. Çäåñü i — ïîðÿäêîâûé íîìåð ýëå-

ìåíòà ÂÐ â îêíå, i I x�1, , ãäå I x — ÷èñëî ýëåìåíòîâ ÂÐ â îêíå, I x = m � n; â

îáùåì ñëó÷àå m � n, äëÿ ïðîçðà÷íîñòè ïðåäïî÷òåíèå îòäàåì m = n.

2. Ïðè ïîìîùè ïðîöåäóðû ìàòðèöèçàöèè îêíî ÂÐ ïðåîáðàçóåì â 2D òåí-

çîð (ìàòðèöà m n� ), ò.å. x ti( ) = [x t( )1 , …, x tI x
( )]�Tx = reshape (x ti( ), m, n).

3. Ôîðìèðóåì ôðàãìåíò ÂÐ, ñîñòîÿùèé èç f îêîí: { ( )}( )X tj
t

i , i I�1, ,

j f�1, .

4. Ôîðìèðóåì ìíîæåñòâî òåíçîð-îêîí ôðàãìåíòà: �X = {(1)Tx,
(2)Tx, ...

..., (f)Tx}.
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Ðèñ. 3. Ïðåäñòàâëåíèå ôðàãìåíòà ÂÐ

Ðèñ. 4. Ãðàôè÷åñêîå ïðåäñòàâëåíèå àëãîðèòìà ïîñòðîåíèÿ ñëåäà (äèàãîíàëè) ÂÐ äëÿ îò-
äåëüíîãî ôðàãìåíòà è ãðóïïû ôðàãìåíòîâ



5. Åñëè (j)Tx � �X, — êâàäðàòíàÿ ìàòðèöà (m m� ), òî âû÷èñëÿåì äèàãî-

íàëü (j)Tx : z(j) = diag ((j)Tx )/m.

II ñ ï î ñ î á. Òåíçîð-îêíà ðàñïîëîæåíû â ïðîñòðàíñòâå, êàê ïîêàçàíî

íà ðèñ. 3 è 4.

Ðàññìàòðèâàåì òåíçîð-îêíà, ïîñòðîåííûå äëÿ m � n ýëåìåíòîâ ÂÐ, ïðè

ýòîì êàæäîå èç íèõ ðàññìàòðèâàåòñÿ êàê ôðîíòàëüíûé ñëàéñ, ò.å. (1)Tx = �X

(:, :, 1), (2)Tx = �X (:, :, 2), ..., (f)Tx, = �X (:, :, f). Åñëè ÷èñëî òåíçîð-îêîí ðàâíî

òðåì, òî òåíçîð-ôðàãìåíò èìååò âèä �X = ��X (:, :, 1) | �X (:, :, 2) | �X (:, :, 3)�
(ñì. ðèñ. 3, 4).

À ë ã î ð è ò ì 2.

1. Ôîðìèðóåòñÿ ìíîæåñòâî òåíçîð-ôðàãìåíòîâ: �X ={(1)
�X�

(2)
�X , …

..., (F)
�X}.

2. Ïî ïðàâèëàì âûïîëíåíèÿ îïåðàöèé ÌÌ âû÷èñëÿåòñÿ äèàãîíàëü 3D
ìàòðèöû (j)

�X : z(j )= diag((1)
�X).

Â àëãîðèòìå 2 èñïîëüçóþòñÿ òåíçîð-îêíà, ïîñòðîåííûå äëÿ m�n ýëå-

ìåíòîâ ÂÐ. Êàæäîå òåíçîð-îêíî ðàññìàòðèâàåòñÿ êàê ôðîíòàëüíûé ñëàéñ,

ò.å. (1)Tx = �X (:, :, 1), (2)Tx = �X (:, :, 2), … , (f)Tx = �X (:, :, f). Åñëè, íàïðèìåð,

÷èñëî òåíçîð-îêîí ðàâíî òðåì, òî òåíçîð-ôðàãìåíò èìååò âèä �X = ��X (:,

:, 1) |�X (:, :, 2) | �X (:, :, 3)� (ðèñ. 5).

Ìíîãîìåðíûé ÂÐ, êàê ïðàâèëî, ïðåäñòàâëÿåòñÿ â âèäå òàáëèöû. Ñòè-

ëèçîâàííîå ãðàôè÷åñêîå ïðåäñòàâëåíèå àëãîðèòìà äëÿ ìíîãîìåðíîãî ÂÐ,

çàäàííîãî òàáëè÷íî, ïîêàçàíî íà ðèñ. 5.

À ë ã î ð è ò ì 3.

1. Ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïîêîìïîíåíòíîãî àíàëèçà ÂÐ è èí-

òåãðàëüíîãî ó÷åòà âñåõ êîìïîíåíò.

2. Ôîðìèðîâàíèå òåíçîð-îêîí. Â ñëó÷àå ÌÂÐ — ýòî 3D ìàòðèöû.

Êàæäàÿ 3D ìàòðèöà â ñîîòâåòñòâèè ñ [3, 6] ïðåäñòàâëÿåòñÿ â âèäå cèñòåìû

2D ìàòðèö, êîòîðàÿ, â ñâîþ î÷åðåäü, èñïîëüçóåòñÿ äëÿ âû÷èñëåíèÿ èíâàðèàí-

òîâ 2D ìàòðèö, ìîäåëèðóþùèõ èñõîäíûå 3D ìàòðèöû òåíçîð-îêîí ÂÐ.

3. Âû÷èñëåíèå èíâàðèàíòîâ 2D ìàòðèö, ìîäåëèðóþùèõ èñõîäíûå 3D
ìàòðèöû òåíçîð-îêîí [ 3, 13]. Ïîñòðîåíèå äèàãîíàëè, âû÷èñëåíèå ñëåäà.

Âû÷èñëåíèå ñëåäà (äèàãîíàëè) ÌÂÐ ìîæíî âûïîëíèòü äâóìÿ ñïîñîáàìè:

1) ñôîðìèðîâàòü òåíçîð-îêíà äëÿ êàæäîé êîìïîíåíòû ÌÂÐ, èç îäíî-

èìåííûõ òåíçîð-îêîí êîìïîíåíò, ðàññìàòðèâàåìûõ êàê ôðîíòàëüíûå ñëàé-

ñû, ñôîðìèðîâàòü 3D òåíçîð. Íà îñíîâàíèè ïîëó÷åííîé ñîâîêóïíîñòè 3D
òåíçîðîâ, îáðàçóþùèõ ôðàãìåíò, âû÷èñëèòü ñëåäû 3D òåíçîðîâ, ìîäåëè-

ðóþùèõ îäíîèìåííûå ìíîãîìåðíûå òåíçîð-îêíà;
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2) òàáëèöó ÌÂÐ (ãäå ñòðîêè — êîìïîíåíòû ÂÐ, ñòîëáöû — ïîñëåäî-

âàòåëüíûå ýëåìåíòû îäíîé êîìïîíåíòû) ïðåäñòàâèòü â âèäå òåíçîðà âòî-

ðîãî ðàíãà ñ ðàçìåðíîñòüþ k � f (ðèñ. 6).

Òåíçîð-îêíî, íàïðèìåð ¹ 1 (ðàññìàòðèâàåìîå çäåñü êàê ôðàãìåíò),

ïðåîáðàçóåì â 3D òåíçîð ïðè ïîìîùè ïðîöåäóðû reshape(d (:,1: f), i1, i2, i3),

i i i k f1 2 3� � � � . Íà îñíîâàíèè ïîëó÷åííîé ñîâîêóïíîñòè 3D òåíçîðîâ, âêëþ-

÷àþùåé ýëåìåíòû ÌÂÐ (1 — 1 : f ; 2 — 2f : 3f ; k — f (k – 1) : fk), îáðà-

çóþùèõ îêíî-ôðàãìåíò, âû÷èñëÿåì ñëåäû 3D òåíçîðîâ, ìîäåëèðóþùèõ

îäíîèìåííûå ìíîãîìåðíûå òåíçîð-îêíà. Äëÿ ïîëó÷åííîé ñîâîêóïíîñòè

ñëåäîâ âû÷èñëÿþò òðåíä.
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Ðèñ. 5. Ñòèëèçîâàííîå ïðåäñòàâëåíèå ìíîãîêîìïîíåíòíîãî (à) è ìíîãîìåðíîãî (á) ÂÐ



Ïðèìåð. Ôðàãìåíò ÌÂÐ, ïðåäñòàâëåííîãî ïîêîìïîíåíòíî

¹ x1 x2 x3 x4 x5

1 0.6895 0.7631 0.8598 0.3423 0.9920

2 0.9231 0.9751 0.1732 0.2338 0.6338

3 0.5832 0.4397 0.7653 0.6545 0.0168

4 0.9875 0.3303 0.9185 0.2614 0.5155

5 0.5070 0.3012 0.4902 0.4496 0.4052
.
.
.

70 0.1298 0.7048 0.3867 0.9850 0.5638

71 0.6268 0.8461 0.2434 0.4991 0.2998

72 0.4306 0.5863 0.5993 0.4573 0.3479

73 0.9180 0.0469 0.8406 0.5741 0.7940

74 0.9780 0.8439 0.6605 0.9409 0.1266

75 0.2893 0.5868 0.6538 0.2483 0.8559
.
.
.
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Ðèñ. 6. Ôîðìèðîâàíèå òåíçîð-îêîí ìíîãîìåðíîãî ÂÐ (à, á) è ôðàãìåíò (ñîâîêóïíîñòü
îêîí) ÌÂÐ (â)
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��1 1) ( )�

�
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â

Òåíçîð-îêíà —
òåíçîð-ôðàãìåíòû



ÌÂÐ (1:30, 1:5) ïðåäñòàâëÿåòñÿ â âèäå 3D ìàññèâà (òåíçîðà) ôðîíòàëü-

íûìè ñëàéñàìè â âèäå

z y

D D

� reshape (1: 30,1:5) 10,5

òåíçîð òåíçîð2 3

3
� ��� ���

, ,
���

�

�

�
�

�

�

�
�
.

ÌÂÐ X (t), ãäå t ti�{ }, i I t�1, , ðàññìàòðèâàåòñÿ êàê ñîâîêóïíîñòü îêîí

ðàâíîé äëèíû {X tj( ) ( ), j J x�1, , ò.å. îêíà X tk( ) ( ) è X tf( ) ( ) àíàëèçèðóþòñÿ

âî âðåìåííîì èíòåðâàëå tk t�� , t f t�� , ãäå t f t�� , ãäå � t — öåëîå ÷èñëî,

� �
t t�[ , ]1 . Ñ ïîìîùüþ ïðîöåäóðû reshape ( ) îêîííîå ìíîæåñòâî çíà÷åíèé

ÂÐ ïðåîáðàçóåòñÿ â òåíçîð âòîðîãî ïîðÿäêà (ìàòðèöó), ò.å.

X t x t x t tk k
k

k
k k

( )
( )

( ) { ( ),..., ( )}� � �� �
reshape

,

X ( ) { ( )} { }, ,t X tk
k K k k K� �� �	 	1 1� .

Ñëåäóåò çàìåòèòü, ÷òî äëÿ ôðîíòàëüíûõ ñëàéñîâ

� k k k kX X X t� � �{ (:, :, ), (:, :, ), (:, :, )} ( )1 2 3

�{ }� � � � �1 2 3 4 5	 	 	 	 ,

�1 1 1 1 2 1 3� ( (:,:, ) | (:,:, ) | (:,:, ))x x x , � 2 2 1 2 2 2 3� ( (:,:, ) | (:,:, ) | (:,:, ))x x x ,

� 3 3 1 3 2 3 3� ( (:, :, ) | (:, :, ) | (:, :, ))x x x , � 4 4 1 4 2 4 3� ( (:, :, ) | (:, :, ) | (:, :, ))x x x ,

� 5 5 1 5 2 5 3� ( (:,:, ) | (:,:, ) | (:,:, ))x x x .

Ôðàãìåíò îêîííîãî ìíîæåñòâà
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x1 (:, :, 1) x1 (:, :, 2) x1 (:, :, 3)

�1 0.6895 0.1449 0.6045 0.4879 0.1672 0.5079 0.7107 0.9980 0.0589 0.6970 0.6268 0.0870

0.9231 0.9927 0.2358 0.7426 0.5027 0.0576 0.5180 0.2818 0.7858 0.7868 0.4306 0.7917

0.5832 0.7770 0.5819 0.4802 0.5805 0.9425 0.7230 0.6876 0.1320 0.2649 0.9180 0.3560

0.9875 0.9354 0.8581 0.0606 0.4318 0.5271 0.8932 0.3734 0.0710 0.3102 0.9780 0.7086

0.5070 0.1556 0.5169 0.4909 0.4173 0.8845 0.3964 0.1263 0.4616 0.8613 0.2893 0.1283

0.7966 0.7070 0.0291 0.5231 0.3101 0.7336 0.8704 0.5776 0.4490 0.7795 0.7620 0.2279

0.6413 0.3231 0.5137 0.8582 0.3707 0.0866 0.7570 0.4128 0.9223 0.1298 0.9877 0.3926
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Àíàëèç ñàìîïîäîáèÿ ìíîãîìåðíûõ âðåìåííûõ ðÿäîâ íà îñíîâå ìåòîäîâ

x2 (, :, 1) x2 (, :, 2) x2 (, :, 3)

�2 0.7631 0.8687 0.5750 0.3552 0.8153 0.1448 0.4369 0.5825 0.7913 0.7292 0.8461 0.7464

0.9751 0.4165 0.7142 0.0276 0.7297 0.8133 0.7631 0.8232 0.0919 0.8905 0.5863 0.1650

0.4397 0.8309 0.3918 0.6421 0.9323 0.7426 0.2520 0.2544 0.3377 0.3328 0.0469 0.0683

0.3303 0.3578 0.8286 0.2724 0.4751 0.3310 0.5074 0.6670 0.8478 0.7381 0.8439 0.2955

0.3012 0.4458 0.3286 0.7130 0.1035 0.9775 0.7023 0.6310 0.9491 0.7906 0.5868 0.1658

0.1630 0.5707 0.6479 0.9785 0.1838 0.6796 0.0140 0.6321 0.2033 0.3875 0.5120 0.3029

0.0474 0.1764 0.1897 0.6594 0.4516 0.7768 0.1880 0.1120 0.6529 0.7048 0.4784 0.7988

x3 (, :, 1) x3 (, :, 2) x3 (, :, 3)

�3 0.8598 0.1052 0.1114 0.3929 0.7270 0.1376 0.5843 0.9901 0.7790 0.9195 0.2434 0.0952

0.1732 0.0282 0.9831 0.5878 0.8924 0.3815 0.9525 0.4822 0.1829 0.6896 0.5993 0.9097

0.7653 0.5814 0.5771 0.2004 0.5099 0.4241 0.3491 0.5890 0.7854 0.9526 0.8406 0.7774

0.9185 0.8204 0.1377 0.9631 0.4529 0.5479 0.6778 0.9300 0.0258 0.8585 0.6605 0.1498

0.4902 0.7496 0.3934 0.2325 0.8717 0.7656 0.0231 0.1408 0.4074 0.8220 0.6538 0.1137

0.8085 0.1229 0.7951 0.2180 0.2750 0.0505 0.8166 0.1441 0.9064 0.4774 0.7468 0.2218

0.1977 0.6343 0.3812 0.8407 0.8965 0.3519 0.6991 0.7191 0.3304 0.3867 0.0948 0.7138

x4 (, :, 1) x4 (, :, 2) x4 (, :, 3)

�4 0.3423 0.4668 0.0443 0.7789 0.3295 0.6082 0.4407 0.6204 0.7298 0.3307 0.4991 0.3597

0.2338 0.5328 0.9233 0.2928 0.4158 0.4363 0.2683 0.5547 0.9731 0.1988 0.4573 0.5085

0.6545 0.6163 0.4151 0.2229 0.1904 0.4328 0.5681 0.5961 0.7805 0.0343 0.5741 0.1904

0.2614 0.4092 0.0028 0.5484 0.8312 0.6332 0.1248 0.8871 0.2234 0.3744 0.9409 0.4164

0.4496 0.4110 0.3366 0.8640 0.8687 0.5961 0.7382 0.9402 0.6959 0.7294 0.2483 0.9306

0.6507 0.6786 0.2236 0.4566 0.6178 0.3361 0.8488 0.8178 0.7144 0.3671 0.6909 0.4906

0.1822 0.9305 0.5791 0.7126 0.1161 0.2109 0.9824 0.1459 0.1494 0.9850 0.4469 0.7147

x5 (, :, 1) x5 (, :, 2) x5 (, :, 3)

�5 0.3423 0.4668 0.0443 0.7789 0.3022 0.0067 0.0795 0.1351 0.5495 0.8603 0.2998 0.0820

0.2338 0.5328 0.9233 0.2928 0.7691 0.4758 0.9958 0.0161 0.8695 0.3785 0.3479 0.5133

0.6545 0.6163 0.4151 0.2229 0.6537 0.7989 0.9373 0.9839 0.3677 0.1947 0.7940 0.3667

0.2614 0.4092 0.0028 0.5484 0.3155 0.4621 0.9875 0.6723 0.4132 0.6364 0.1266 0.4449

0.4496 0.4110 0.3366 0.8640 0.6521 0.5290 0.6313 0.2648 0.4026 0.2903 0.8559 0.3312

0.6507 0.6786 0.2236 0.4566 0.3849 0.0016 0.0949 0.1519 0.5305 0.9379 0.5748 0.0121

0.1822 0.9305 0.5791 0.7126 0.3357 0.2380 0.9795 0.4718 0.0096 0.5638 0.1426 0.2812

Îêíî ¹ 1 x1 Îêíî ¹ 2 x2 Îêíî ¹ 3 x3

x1 (:, :, 1) = x2 (:, :, 1) = x3 (:, :, 1) =

0.39 0.63 0.73 0.88 0.67 0.39 0.64 0.05 0.44 0.75 0.25 0.83

0.92 0.35 0.64 0.86 0.76 0.48 0.64 0.55 0.04 0.21 0.13 0.15

0.46 0.31 0.27 0.60 0.68 0.72 0.05 0.64 0.84 0.09 0.81 0.90

0.66 0.90 0.73 0.48 0.33 0.58 0.99 0.21 0.78 0.22 0.61 0.82

0.52 0.11 0.89 0.01 0.98 0.22 0.39 0.23 0.86 0.16 0.51 0.55

0.98 0.30 0.51 0.28 0.51 0.23 0.30 0.07 0.71 0.64 0.01 0.99

0.90 0.85 0.55 0.57 0.82 0.36 0.25 0.55 0.59 0.64 0.03 0.56
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x1 (:, :, 2) = x2 (:, :, 2) = x3 (:, :, 2) =

0.83 0.41 0.30 0.31 0.35 0.55 0.45 0.91 1.00 0.64 0.07 0.40

0.70 0.21 0.88 0.90 0.06 0.68 0.77 0.55 0.95 0.72 0.60 0.60

0.34 0.29 0.75 0.70 0.65 0.51 0.26 0.45 0.17 0.88 0.73 0.97

0.40 0.26 0.33 0.76 0.97 0.83 0.94 0.76 0.37 0.89 0.52 0.87

0.54 0.31 0.26 0.27 0.49 0.82 0.46 0.69 0.35 0.91 0.90 0.73

0.19 0.55 0.73 0.61 0.41 0.22 0.49 0.60 0.82 0.67 0.90 0.37

0.43 0.83 0.44 0.17 0.98 0.09 0.73 0.12 0.77 0.66 0.45 0.83

x1 (:, :, 3) = x2 (:, :, 3) = x3 (:, :, 3) =

0.15 0.61 0.26 0.24 0.39 0.53 0.21 0.10 0.51 0.10 0.72 0.64

0.68 0.41 0.03 0.37 0.68 0.27 0.58 0.78 0.91 0.38 0.52 0.59

0.22 0.62 0.64 0.96 0.81 0.10 0.25 0.75 0.14 0.14 0.50 0.08

0.76 0.43 0.82 0.47 0.10 0.55 0.65 0.15 0.42 0.85 0.17 0.96

0.07 0.42 0.78 0.53 0.28 0.94 0.01 0.02 0.92 0.06 0.69 0.04

0.24 0.72 0.48 0.05 0.04 0.14 0.01 0.05 0.88 0.38 0.59 0.55

0.35 0.88 0.84 0.62 0.45 0.54 0.73 0.38 0.77 0.27 0.51 0.86

Îêíî ¹ 4 x4 Îêíî ¹ 5 x5

x4 (:, :, 1) = x5 (:, :, 1) =

0.21 0.85 0.86 0.69 0.40 0.98 0.91 0.78

0.01 0.41 0.46 0.79 0.44 0.71 0.16 0.54

0.44 0.32 0.60 0.95 0.99 0.75 0.45 0.83

0.20 0.61 0.79 0.91 0.50 0.99 0.57 0.07

0.06 0.60 0.64 0.89 0.98 0.02 0.48 0.80

0.91 0.94 0.70 0.61 0.35 0.20 0.11 0.62

0.93 0.28 0.61 0.14 0.22 0.95 0.57 0.53

x4 (:, :, 2) = x5 (:, :, 2) =

0.87 0.56 0.22 0.55 0.05 0.78 0.18 0.06

0.43 0.41 0.03 0.42 0.91 0.45 0.06 0.12

0.79 0.14 0.10 0.64 0.48 0.56 0.32 0.53

0.94 0.42 0.06 0.54 0.28 0.98 0.18 0.88

0.75 0.41 0.71 0.75 0.07 0.80 0.63 0.54

0.73 0.42 0.53 0.03 0.79 0.65 0.50 0.47

0.66 0.63 0.68 0.23 0.04 0.86 0.72 0.00

x4 (:, :, 3) = x5 (:, :, 3) =

0.71 0.72 0.98 0.22 0.70 0.07 0.36 0.07

0.37 0.27 0.82 0.57 0.61 0.63 0.68 0.23

0.58 0.73 0.70 0.16 0.26 0.16 0.61 0.72

0.90 0.79 0.15 0.39 0.41 0.88 0.09 0.65

0.75 0.86 0.71 0.23 0.92 0.43 0.72 0.20

0.02 0.09 0.53 0.76 0.75 0.90 0.78 0.42

0.50 0.20 0.92 0.12 0.10 0.98 0.55 0.18



Càìîïîäîáèå ìíîãîìåðíûõ ÂÐ. Ñîâðåìåííûå èññëåäîâàíèÿ òðàôèêà
êîìïüþòåðíûõ ñèñòåì (ÊÑ) íàïðàâëåíû íà ðåøåíèå ñëåäóþùèõ ïðîáëåì:

ïîâûøåíèå ýôôåêòèâíîñòè èñïîëüçîâàíèÿ ÊÑ, â ÷àñòíîñòè óâåëè÷å-
íèå ïðîïóñêíîé ñïîñîáíîñòè;

èäåíòèôèêàöèÿ àíîìàëèé â ïðîöåññå èõ çàðîæäåíèÿ äëÿ âîçìîæíîñòè
àäåêâàòíîé ðåàêöèè è íåäîïóùåíèÿ âîçìîæíûõ íåãàòèâíûõ ïîñëåäñòâèé.

Â áîëüøèíñòâå ñëó÷àåâ ðàññìàòðèâàåòñÿ îäíîìåðíûé òðàôèê, ò.å. òîëüêî
êîìïîíåíòû, èìåþùèå ÷èñëîâûå ôîðìàòû: ÷èñëî ïåðåäàííûõ áàéò, ÷èñëî
ïàêåòîâ, ÷èñëî ïîòîêîâ; ðàçëè÷íûå èñòî÷íèêè ïàêåòîâ ðàññìàòðèâàþòñÿ â

Àíàëèç ñàìîïîäîáèÿ ìíîãîìåðíûõ âðåìåííûõ ðÿäîâ íà îñíîâå ìåòîäîâ
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Ðèñ. 7. Îêíà îäíîìåðíîãî ÂÐ (lw = 100 ýë.) (à) è ñîîòâåòñòâóþùèå èì 2D ìàòðèöû (Tw,
10�10) — ôðîíòàëüíûå ñëàéñû (á) (÷åðíûì öâåòîì âûäåëåíû ãëàâíûå äèàãîíàëè ìàòðèö)
è òåíçîðíàÿ ìîäåëü îäíîìåðíîãî ÂÐ (â)
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2D ïðîñòðàíñòâå, îäíàêî â îáùåì ñëó÷àå ïàêåòû, îáúåäèíÿåìûå â ïîòîêè,
îáðàçóþò ìíîãîìåðíîå ïðîñòðàíñòâî. Åñòåñòâåííî, ïðè ýòîì óïðîùàþòñÿ
ðàññ÷åòû, íî ïîëó÷åííûå ðåçóëüòàòû äàëåêè îò ðåàëüíûõ.

Ðàññìîòðèì ÿâëåíèå ñàìîïîäîáèÿ òðàôèêà, èññëåäóåìîãî íà óðîâíå îò-

äåëüíîãî ÂÐ. Êàê âèäíî èç ìàòðèöû ôðàãìåíòà ðåàëüíîãî òðàôèêà (ðèñ. 7),

ñàìîïîäîáèå ïðèñóùå âñåìó òðàôèêó, à íå òîëüêî åãî íåêîòîðûì êîìïî-

íåíòàì. Ñëåäóåò çàìåòèòü, ÷òî äî íàñòîÿùåãî âðåìåíè ñàìîïîäîáèå òðà-

ôèêà êàê ìíîãîìåðíîãî ÂÐ íå ðàññìàòðèâàëîñü, õîòÿ íåîáõîäèìîñòü â

ýòîì âåñüìà îñòðà.

Èçâåñòíî, ÷òî òðàôèê ÊÑ êàê ñîâîêóïíîñòü ÂÐ ïðåäñòàâëÿåò ñîáîé

ñòîõàñòè÷åñêèå îáúåêòû, äëÿ êîòîðûõ ñâîéñòâî ñàìîïîäîáèÿ íàáëþäàåòñÿ

òîëüêî ïîñëå ñîîòâåòñòâóþùåãî óñðåäíåíèÿ ïî âñåì íåçàâèñèìûì ðåàëè-

çàöèÿì îáúåêòà (ïðîöåññà). Èíûìè ñëîâàìè, óâåëè÷åííàÿ ÷àñòü ôðàãìåíòà

èñõîäíîãî ÂÐ è ñàì ôðàãìåíò ñàìîïîäîáíû, òàê êàê èìåþò ñîâïàäàþùèå

(èëè â îáùåì ñëó÷àå áëèçêèå) íåêîòîðûå ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè.

Ïîíÿòèå òî÷íîå ñàìîïîäîáèå — óñëîâíî, òàê êàê ñïðàâåäëèâî òîëüêî äëÿ

ðåãóëÿðíûõ îáúåêòîâ (ïîñòðîåííûõ äåòåðìèíèðîâàííûì ñïîñîáîì).

Ïîâòîðÿåìîñòü (ïðîÿâëåíèå ñàìîïîäîáèÿ) íåñêîëüêèõ ðåàëèçàöèé ÂÐ

(òðàôèêà) ìîæåò áûòü ïîëíîé, íî ìîãóò íàáëþäàòüñÿ ýëåìåíòû ñëó÷àé-

íîñòè. Â îáùåì ñëó÷àå ñòðóêòóðà ÂÐ (òðàôèêà) íà ìàëûõ ìàñøòàáàõ íå

ÿâëÿåòñÿ èäåíòè÷íîé ñòðóêòóðå âñåãî ÂÐ, íî èõ ñòàòèñòè÷åñêèå õàðàêòå-

ðèñòèêè äîñòàòî÷íî áëèçêè, õîòÿ ïîëíîå ñîâïàäåíèå ïðàêòè÷åñêè îòñóòñò-

âóåò. Êàê ñëåäóåò èç [19], ñòðóêòóðà ÂÐ íå îïðåäåëåíà è àíàëèç ÂÐ íà

ìàëûõ ìàñøòàáàõ íåäîñòàòî÷åí äëÿ àíàëèçà ñàìîïîäîáèÿ. Â ðÿäå ñëó÷àåâ

âîçíèêàþò ñèòóàöèè, êîãäà íåîáõîäèìî èññëåäîâàòü âåñü ðàçðåæåííûé

ÂÐ, ò.å. êîãäà ýëåìåíòû âçÿòû ñ ìåíüøåé (÷åì èñõîäíàÿ) ÷àñòîòîé. Âû÷èñ-

ëåíèå Í-ïàðàìåòðà äëÿ ÂÐ Õt (1:10000) è ÂÐ Õt (1:10:10000), Õt (1:50:10000),

Õt (1:100:10000) äàåò ïðàêòè÷åñêè îäèíàêîâûå ðåçóëüòàòû, ÷òî ïîçâîëÿåò

ñäåëàòü âûâîä î ïåðñèñòåíòíîñòè ÂÐ. Åñëè ó÷åñòü, ÷òî Õt (1:10000) � Tx =

= reshape (Xt,100,100), òî diag (Tx) ïðåäñòàâëÿåò ñîáîé ðàçðåæåííûé èñ-

õîäíûé ÂÐ.

Èçâåñòíî, ÷òî ñâîéñòâî ñàìîïîäîáèÿ ñ Í-ïàðàìåòðîì ôîðìàëüíî èìååò

âèä ðàâåíñòâà ïî îïðåäåëåíèþ:{ ( ), } { ( ), }X t t X t tH� �� � �� �
�

. Ïðè ýòîì

èçìåíåíèå âðåìåííîãî ìàñøòàáà ýêâèâàëåíòíî èçìåíåíèþ ïðîñòðàíñò-

âåííîãî ìàñøòàáà ñîñòîÿíèé, à ýòî îçíà÷àåò, ÷òî òèïè÷íûå ðåàëèçàöèè

ñàìîïîäîáíîãî ïðîöåññà âèçóàëüíî ïîõîæè (áëèçêè), íåçàâèñèìî îò ìàñø-

òàáà âðåìåíè, íà êîòîðîì îíè ðàññìàòðèâàþòñÿ, ò.å. íàáëþäàåòñÿ ñõîäñòâî

ñòàòèñòè÷åñêèõ ñâîéñòâ. Îäíàêî ðàâåíñòâî
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ñïðàâåäëèâî äëÿ àãðåãèðîâàííîãî ïðîöåññà, ïðè êîòîðîì m-àãðåãèðîâàí-

íûé ÂÐ Y (m) ïðåäñòàâëÿåò ñîáîé óñðåäíåííûé ïî íåïåðåêðûâàþùèìñÿ

áëîêàì ðàçìåðà m (äëèíà îêíà ÂÐ) èñõîäíûé ÂÐ, ò.å. êàæäûé áëîê çàìåíåí

åãî ñðåäíèì çíà÷åíèåì.
Ñðåäè âñåõ ïàðàìåòðîâ òðàôèêà (â îáùåì ñëó÷àå èõ íàñ÷èòûâàþò

îêîëî 100), êàê áûëî óêàçàíî ðàíåå, íàèáîëåå èññëåäîâàíû ïàðàìåòðû,
èìåþùèå ÷èñëîâûå ôîðìàòû: áàéòû, ïàêåòû, ïîòîêè ïàêåòîâ, âðåìÿ çà-
äåðæêè. Îíè îáðàçóþò, â îáùåì ñëó÷àå, ìíîãîìåðíóþ ñèñòåìó, àíàëèç
êîòîðîé äî íàñòîÿùåãî âðåìåíè íå ïðîâåäåí. Ïîýòîìó àíàëèç ñàìîïîäî-
áèÿ äàæå ýòîãî óñå÷åííîãî ìíîãîìåðíîãî òðàôèêà ïðåäñòàâëÿåò ñîáîé
àêòóàëüíóþ è äîñòàòî÷íî ñëîæíóþ òåîðåòè÷åñêóþ è ïðèêëàäíóþ çàäà÷ó,
òðåáóþùóþ ïðèìåíåíèÿ ñîâðåìåííîãî ìàòåìàòè÷åñêîãî àïïàðàòà — òåí-
çîðíîãî àíàëèçà è òåíçîðíûõ äåêîìïîçèöèé.

Ïîêàæåì âîçìîæíîñòü àíàëèçà ìíîãîìåðíîãî òðàôèêà íà óðîâíå
ïëîñêèõ ìîäåëåé. Çàìåòèì, ÷òî â îáùåì ñëó÷àå àíàëèç ñàìîïîäîáèÿ ÂÐ íà
îñíîâå Í-ïàðàìåòðà íå ÿâëÿåòñÿ òðèâèàëüíîé çàäà÷åé, òàê êàê ðåàëüíûå
ÍÄ — êîíå÷íû, ÷òî ïðîòèâîðå÷èò èñõîäíîé êîíöåïöèè âû÷èñëåíèÿ Í-
ïàðàìåòðà. Ïîýòîìó íåîáõîäèìî èñïîëüçîâàòü ðàçëè÷íûå ñâîéñòâà ÂÐ,
âëèÿþùèå íà ñàìîïîäîáèå. Â íåêîòîðûõ ðàáîòàõ [19] èññëåäóåòñÿ ñàìî-
ïîäîáíàÿ ñòðóêòóðà â çàäàííîì ìàñøòàáíîì äèàïàçîíå äëÿ çàäàííîãî
íàáîðà äàííûõ (ïðè ýòîì ïîíÿòèå ñòðóêòóðû íå îïðåäåëåíî). Êðîìå òîãî,
íàëè÷èå ñàìîïîäîáíîé ñòðóêòóðû â îäíîé èç êîìïîíåíò ÂÐ (òðàôèêà ÊÑ),
íå ãàðàíòèðóåò ñàìîïîäîáèå âñåãî (ìíîãîìåðíîãî) ÂÐ.

Ïîêàçàòåëü (ïàðàìåòð) Õåðñòà ÿâëÿåòñÿ ïàðàìåòðîì, õàðàêòåðèçóþ-
ùèì «ñòåïåíü» ñàìîïîäîáèÿ. Îí îïðåäåëÿåòñÿ äëÿ âûáîðî÷íîãî ñëó÷àéíîãî
íàáîðà X j , j N�1, íà îñíîâå âûáîðî÷íîãî ñðåäíåãî,

M
N

X
k

N

k�
�
�1

1

,

äèñïåðñèè,

S
N

X MN
k

N

J
2

1

21
� �

�
� ( ) ,

èíòåãðàëüíîãî îòêëîíåíèÿ,

D X jMj
k

j

k� �
�
�

1

,

è èçìåí÷èâîñòè R D DN
j N

j
j N

j� �
    
max min

1 1
ñ ó÷åòîì ýâðèñòèêè âèäà

R S N H/ ( / )! 2 , ñôîðìóëèðîâàííîé Ã. Õåðñòîì äëÿ áîëüøèõ çíà÷åíèé N â
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âèäå log ( / ) log ( / )R S H N! 2 , ãäå âåëè÷èíà Í — ïîêàçàòåëü Õåðñòà, 0,5 <

< H < 1. Äëÿ ïðîöåññîâ, íå îáëàäàþùèõ ñâîéñòâîì ñàìîïîäîáèÿ, H = 0,5,

äëÿ ñàìîïîäîáíûõ ïðîöåññîâ ñ äîëãîñðî÷íîé çàâèñèìîñòüþ H�[0,7; 0,9].

Ïàðàìåòð ", èñïîëüçóåìûé äëÿ õàðàêòåðèñòèêè àñèìïòîòè÷åñêèõ ñâîéñòâ

ñàìîïîäîáíûõ ïðîöåññîâ, èìååò âèä " = 2 – Í. Ïàðàìåòð Õåðñòà ìîæíî

îïðåäåëèòü, ïîñòðîèâ ãðàôèê îòíîøåíèÿ log ( / )R S â çàâèñèìîñòè îò

log ( / )N 2 ïðè ðàçëè÷íûõ çíà÷åíèÿõ N, è âû÷èñëèòü âåëè÷èíó H êàê òàí-

ãåíñ óãëà íàêëîíà ïîëó÷åííîé (àïïðîêñèìèðîâàííîé) ëèíèè (òàê íàçûâàå-

ìûé R/S-ìåòîä). Ñëåäóåò çàìåòèòü, ÷òî R/S-ìåòîä äàåò ïðèáëèæåííîå çíà-

÷åíèå ïîêàçàòåëÿ Õåðñòà, â îáùåì ñëó÷àå âûâîäû ñëåäóåò äåëàòü, ó÷èòû-

âàÿ òîëüêî äâà âàðèàíòà: H < 0,5 è H > 0,5.
Â ðàññìàòðèâàåìîé çàäà÷å ïðåäïîëàãàåòñÿ, ÷òî â îäíîìåðíîì ñëó÷àå

ñàìîïîäîáèå (ôðàêòàëüíûå ñâîéñòâà) ÂÐ, îïðåäåëåííûå íà âñåì ÂÐ,
ñïðàâåäëèâû äëÿ ìåíüøåãî ÷èñëà ýëåìåíòîâ ÂÐ, ðàñïîëîæåííûõ íà ãëàâ-
íîé äèàãîíàëè òåíçîðà, ìîäåëèðóþùåãî ÂÐ, ò.å. �ôðàêòàëüíûå ñâîéñòâà
ÂÐ — ôðàêòàëüíûå ñâîéñòâà ãëàâíîé äèàãîíàëè �X� (ðàçðåæåííîãî
ÂÐ) , �X = reshape (X, m, n, k), X — ÂÐ, X = {xi}, i = 1, m � n � k.

Ïðè èññëåäîâàíèè îäíîìåðíûõ ÂÐ çàìåíÿþò âåñü ÂÐ è åãî îêíà 2D
ìàòðèöàìè, èñïîëüçóÿ ïðîöåäóðó reshape (X, m, n, g), ãäå m � n — ðàçìåð-

íîñòü ìàòðèöû, m � n — ÷èñëî ýëåìåíòîâ ÂÐ X = {xi}, i = 1, f; f = m � n, X�
� X, g — ÷èñëî 2D ìàòðèö ôðîíòàëüíûõ ñëàéñîâ. Ìíîãîìåðíûå (ìíîãî-

êîìïîíåíòíûå) ÂÐ (m)
X çàìåíÿþò 3D òåíçîðàìè � (ìíîãîìåðíûìè ìàñ-

ñèâàìè), êîòîðûå â ñâîþ î÷åðåäü, çàìåíÿþò 2D ìàòðèöàìè-ñëàéñàìè

(Ìàòëàá — reshape ((m)
X, m, n, k)), èñïîëüçóÿ ïðîöåäóðû òåíçîðíîé äåêîìïî-

çèöèè: (m)
X�

ÒÄ

�. Â îáùåì ñëó÷àå f = m�n�k, � = {� (:, :, 1), …, � (:, :, k)}, k —

÷èñëî ñëàéñîâ.

Âìåñòî èñõîäíûõ îáúåêòîâ 2D ìàòðèöû X è 3D òåíçîðà � ïðåäëîæåíî

èñïîëüçîâàòü èõ äèàãîíàëè diag (X) èëè diag (�), èëè ñîîòâåòñòâóþùèå

äèàãîíàëüíûå ìàòðèöû, X (d) è (m)
X

(d), êîòîðûå â ðàçâåðíóòîì (âåêòîðèçî-

âàííîì) âèäå ïðåäñòàâëÿþò ðàçðåæåííûå ÂÐ è ÷èñëî ýëåìåíòîâ êîòîðûõ

çíà÷èòåëüíî ìåíüøå, ÷åì â èñõîäíûõ ÂÐ. Âîçíèêàåò âîïðîñ — íàñêîëüêî

ñîâïàäàþò ñâîéñòâà X (d) è X, (m)
X

(d) è (m)
X, à èìåííî, ïîêàçàòåëè ñàìîïîäî-

áèÿ Õåðñòà. Â òðàôèêå ÊÑ íàèáîëåå èññëåäóåìûìè ÿâëÿþòñÿ ÂÐ äëÿ

áàéòîâ, ïàêåòîâ, ïîòîêîâ, êîòîðûå èññëåäóþòñÿ íåçàâèñèìî. Îäíàêî â

ðÿäå ñëó÷àåâ âîçíèêàåò íåîáõîäèìîñòü èññëåäîâàíèÿ ýòèõ ðÿäîâ ñîâìåñò-

íî, îñîáåííî ïðè èäåíòèôèêàöèè àíîìàëèé â ýòèõ ÂÐ [17—19].

Ðåçóëüòàòû ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ïîêàçàòåëÿ Õåðñòà

äëÿ èñõîäíûõ è ðàçðåæåííûõ ÂÐ, ïîñòðîåííûõ íà ãëàâíûõ äèàãîíà-

ëÿõ òåíçîðíûõ ìîäåëåé ÂÐ. ². È ñ õ î ä í û é Â Ð x =3*rand (1,9000)
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ìîäåëèðóåòñÿ 3D òåíçîðîì �t = reshape(x (1 : 9000), p, p, n), p = 10, n =

= 90, ãäå n — ÷èñëî ôðîíòàëüíûõ ñëàéñîâ. Íà ðèñ. 7 ïðåäñòàâëåíû ôðàã-

ìåíòû ÂÐ (îòäåëüíûå ñëàéñû), èõ äèàãîíàëè è ïîêàçàí ñïîñîá îáðàçîâàíèÿ

áëî÷íî-äèàãîíàëüíîãî òåíçîðà, ìîäåëèðóþùåãî ÂÐ.

Äâà ôðîíòàëüíûõ ñëàéñà èç 90:�t = { xt (:, :, 1), xt (:, :, 2) , ..., xt (:, :, 90):

xt (:, :, 1) =

2.0429 1.7937 1.4738 0.8544 0.5365 0.0823 1.9552 2.9562 0.9656 2.8898

1.0493 2.8814 1.8151 0.6869 2.1259 0.9915 1.6595 1.3845 1.6691 0.9737

0.0991 1.7534 1.9429 0.3242 2.3369 2.1610 1.7793 0.9593 1.7642 2.1801

1.8012 2.3418 2.7258 2.1078 2.1833 1.0913 2.9665 2.7456 1.7497 0.4115

0.6737 2.7196 0.1360 0.2096 1.4379 0.1914 2.9866 1.7015 0.9177 2.7755

1.4717 1.3154 1.0183 1.1575 0.9331 0.2434 1.5832 1.5136 0.7616 2.7301

1.0636 0.6223 1.7299 1.3302 1.5616 2.1670 2.7228 2.2539 2.0572 1.4531

1.2147 2.6664 1.9870 1.1148 0.0277 0.0413 2.6989 1.9698 2.2360 2.8548

0.9229 0.6194 2.4955 1.5858 1.3910 2.9384 2.9853 1.1609 2.7590 0.7385

2.0658 0.9236 2.4348 1.3434 1.7012 2.3671 0.3643 1.8287 1.7117 0.4731

xt (:, :, 90) =

0.1850 2.6130 0.2860 1.1432 1.7478 1.9967 0.8816 2.1003 0.7812 0.1776

0.7973 0.3831 2.7210 1.1523 1.9397 0.5350 1.8029 0.5548 1.2125 2.7766

0.0368 2.2839 0.3657 0.6249 0.4780 1.2176 1.2235 2.4681 2.6059 2.3435

1.0786 1.6008 0.5521 1.2895 1.4922 1.6961 2.3135 2.4030 0.4630 1.3651

1.2132 1.2232 2.2903 2.2355 0.1979 0.0194 2.9464 2.0801 1.0949 2.4172

2.9970 0.4858 0.9821 2.1028 1.9272 1.5667 1.6849 2.3483 2.1977 0.5531

0.3924 1.7212 0.7470 2.3143 1.2004 1.9280 2.4283 0.4330 2.1634 0.2594

1.0189 0.5221 0.6410 1.6526 0.9138 1.4780 0.6375 1.8728 0.4605 2.3940

2.2635 2.1185 2.7841 0.0054 2.4881 2.2771 0.1057 2.2432 0.7733 1.4869

1.3702 2.3583 0.6999 0.6542 2.3059 0.4062 0.9973 2.4208 2.2964 0.8173

Òàêèì îáðàçîì, ãëàâíàÿ äèàãîíàëü �t èìååò 900 ýëåìåíòîâ èñõîäíîãî
ÂÐ, ñîîòâåòñòâåííî êîíòðîëüíûé ÂÐ ïðèíÿò â âèäå xk = 3* rand (1,900). Íà
ðèñ. 8 ïîêàçàí èñõîäíûé îäíîìåðíûé ÂÐ è ãëàâíàÿ äèàãîíàëü òåíçîðà�t .

Ïðèâåäåííûå íà ðèñ. 9 ïîêàçàòåëè Õåðñòà* äëÿ èñõîäíîãî, ðàçðåæåí-
íîãî (äèàãîíàëü òåíçîðà) è êîíòðîëüíîãî ÂÐ, ñâèäåòåëüñòâóþò î òîì, ÷òî
çíà÷åíèÿ Hx è Hout ïðàêòè÷åñêè ñîâïàäàþò. Ñëåäîâàòåëüíî, ãëàâíàÿ äèàãî-
íàëü òåíçîðà, ìîäåëèðóþùåãî ÂÐ, àäåêâàòíî ïðåäñòàâëÿåò ñâîéñòâî ñàìî-
ïîäîáèÿ ÂÐ.

²². Ì í î ã î ì å ð í û é ( ì í î ã î ê î ì ï î í å í ò í û é ) Â Ð áûë

èññëåäîâàí ïî ïðåäëîæåííîé ìåòîäèêå, âèçóàëèçàöèÿ êîòîðîé ïðåäñòàâëå-

íà íà ðèñ. 9—11.
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* Èñïîëüçîâàíà ïîäïðîãðàììà Ìàòëàá: function [Hal, He, Ht, pval95] = hurst (x, d, fontsize),

R. Weron (2002) Estimating long range dependence: finite sample properties and confidence

intervals, Physica A 312, 285-299.



Ôðàãìåíò èñõîäíîãî ïÿòèêîìïîíåòíîãî ÂÐ X = { x1 x2 x3 x4 x5 }:

x1 x2 x3 x4 x5

1.5990 1.6598 0.8308 0.4570 1.3824

0.4203 1.6100 0.7503 1.6431 1.3391

0.1713 0.1143 0.2767 0.0017 0.2768

0.7356 0.9492 0.8279 0.8151 1.2478

1.7094 0.7392 1.3004 0.4132 1.2852

0.4259 0.4738 0.2846 0.4355 0.5517

0.5998 0.6923 1.0897 0.6891 0.7204

0.0366 1.5976 1.6160 1.6901 1.8034

0.6770 0.3243 0.1815 0.6466 0.5457

0.4839 1.0464 0.0995 0.5892 0.9136

1.2309 0.0602 0.9052 0.0081 0.4049

0.8499 1.0235 0.8222 0.8224 0.8622

0.7746 0.6003 0.2211 0.2078 0.6028

1.4625 1.2810 1.8688 1.3184 1.5107

0.2292 0.5809 0.6032 0.1416 0.1363

0.2336 0.1006 0.2818 0.0323 0.3773

1.7987 1.6060 1.3992 0.3343 0.8575

1.3772 1.4571 1.3714 0.3296 0.8399

0.1230 0.0405 0.1660 0.0755 0.1001

1.6317 0.4583 0.8158 0.9447 0.6002

. . . . . . . . . . . . . . . .

Ïðîòîêîë âû÷èñëåíèÿ êîýôôèöèåíòà Õåðñòà:

R/S-AL using 1 divisors (50, ..., 50) for a sample of 100 values

Corrected theoretical Hurst exponent 0.5

Corrected empirical Hurst exponent 0.5887

Theoretical Hurst exponent 0.5229

Empirical Hurst exponent 0.5581
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Ðèñ. 8. Èñõîäíûé îäíîìåðíûé ÂÐ (ñèíèé öâåò) è äèàãîíàëü 3D òåíçîðà, ìîäåëèðóþùåãî
ÂÐ (÷åðíûé öâåò)



Ïðåäñòàâëåíèå 200 ýëåìåíòîâ ïÿòèêîìïîíåíòíîãî ÂÐ ôðîíòàëüíûìè

ñëàéñàìè â âèäå äâóìåðíîé ìàòðèöû 10 � 10� zt = reshape (zm (1 : 200, :, :, :, 1),

p, p, n):

zt (:, :, 1) =

1.5990 1.2309 0.0969 0.0123 0.2659 0.2593 0.9595 1.3830 1.0013 0.0289

0.4203 0.8499 0.0062 0.8236 0.0360 1.3462 1.3302 0.1570 0.5994 0.0183

0.1713 0.7746 1.3762 0.8901 1.1333 0.2397 0.2750 1.1349 1.0121 1.6953

0.7356 1.4625 0.0179 0.9860 0.0134 0.6054 1.1867 1.1193 1.2906 0.0977

1.7094 0.2292 0.0368 0.3991 1.4156 0.3017 1.3526 0.2873 0.0609 0.4082

0.4259 0.2336 0.3092 0.8304 0.9069 0.7280 0.0351 0.7957 1.8095 1.3012

0.5998 1.7987 0.3801 1.0892 0.1753 0.3301 0.5851 1.0926 0.4462 0.2159

0.0366 1.3772 0.3271 0.3113 0.6590 1.7078 0.5203 0.4573 0.0179 0.5381

0.6770 0.1230 0.3613 0.3906 0.5811 1.0871 0.0783 0.6169 1.5064 0.1295

0.4839 1.6317 0.3929 1.0016 0.0995 0.3618 0.8266 1.2350 1.3183 1.0009

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Ðèñ. 9. Ïîêàçàòåëè Õåðñòà: à — èñõîäíûé ÂÐ, á — äèàãîíàëü òåíçîð-îêíà: ñèíèé öâåò–
òåîðåòè÷åñêàÿ âåëè÷èíà R/S, êðàñíûé öâåò — ýìïèðè÷åñêàÿ âåëè÷èíà R/S



zt (:, :, 10) =

0.6642 0.5891 0.5596 0.7674 0.4898 0.1831 0.1929 1.6349 0.5907 0.4690

1.4026 1.5510 0.5247 0.0993 0.7668 0.0648 1.0127 0.3540 0.2614 0.6976

0.6185 0.1694 0.6284 0.3684 1.6953 0.4067 0.4418 0.1775 0.8141 0.4461

0.0082 0.2079 0.5931 0.3881 0.2782 0.0826 0.1265 0.1448 0.7785 0.3141

1.8018 0.9169 0.1417 0.0840 0.9201 1.7034 0.8466 0.5589 0.1238 0.0730

0.2242 0.3001 0.6576 1.2033 1.0016 0.3509 0.1492 0.1310 0.1580 0.1910

0.1671 1.2415 1.0170 1.1386 0.8652 0.1478 0.4764 0.2080 0.3235 1.5270

1.7719 0.9030 1.3574 0.0419 0.2514 0.5729 0.6140 1.7090 0.9203 0.0679

1.6188 0.3084 0.0439 0.9912 0.6503 1.5417 0.3100 0.0827 0.1775 1.0416

0.0192 0.7302 1.0989 0.4601 0.2810 0.0527 0.3524 0.9631 0.1850 0.3382

Ïðîòîêîë âû÷èñëåíèÿ:

R/S-AL using 4 divisors (50, ..., 250) for a sample of 500 values

Corrected theoretical Hurst exponent 0.5

Corrected empirical Hurst exponent 0.4704

Theoretical Hurst exponent 0.5475

Empirical Hurst exponent 0.5189

Ïðåäñòàâëåíèå 1000 ýëåìåíòîâ ïÿòèêîìïîíåíòíîãî ÂÐ ôðîíòàëüíû-

ìè ñëàéñàìè â âèäå äâóìåðíîé ìàòðèöû 10�10� zt = reshape(zm (1 : 200*5,

:, :, :, 1), p, p, n*5) . Ôðîíòàëüíûå ñëàéñû:

zt (:, :, 1) =

1.5990 1.2309 0.0969 0.0123 0.2659 0.2593 0.9595 1.3830 1.0013 0.0289

0.4203 0.8499 0.0062 0.8236 0.0360 1.3462 1.3302 0.1570 0.5994 0.0183

0.1713 0.7746 1.3762 0.8901 1.1333 0.2397 0.2750 1.1349 1.0121 1.6953

0.7356 1.4625 0.0179 0.9860 0.0134 0.6054 1.1867 1.1193 1.2906 0.0977

1.7094 0.2292 0.0368 0.3991 1.4156 0.3017 1.3526 0.2873 0.0609 0.4082

0.4259 0.2336 0.3092 0.8304 0.9069 0.7280 0.0351 0.7957 1.8095 1.3012

0.5998 1.7987 0.3801 1.0892 0.1753 0.3301 0.5851 1.0926 0.4462 0.2159

0.0366 1.3772 0.3271 0.3113 0.6590 1.7078 0.5203 0.4573 0.0179 0.5381

0.6770 0.1230 0.3613 0.3906 0.5811 1.0871 0.0783 0.6169 1.5064 0.1295

0.4839 1.6317 0.3929 1.0016 0.0995 0.3618 0.8266 1.2350 1.3183 1.0009

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

zt (:, :, 50) =

1.0446 0.0963 0.0027 0.6332 1.6667 1.2580 0.1646 0.2584 0.3211 1.9667

0.4805 1.4620 1.4778 0.6205 0.3388 0.1273 0.4174 0.0137 0.3234 1.1782

0.2883 1.0090 0.3140 0.1011 0.9473 1.3951 0.1385 0.2650 0.0204 0.2184

0.2925 0.2695 0.6966 1.1050 0.2146 0.5415 0.1007 0.0006 1.0225 0.7236

0.2350 0.6788 0.9516 0.4426 0.6459 0.0636 0.6375 0.5394 0.9548 1.4057

0.3503 1.4633 0.8935 0.3601 0.1530 1.4870 1.7269 0.1438 0.1652 0.0971

0.0503 0.2086 0.0686 0.9874 0.6878 0.1004 1.1109 0.0282 0.8190 0.4337
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Ðèñ. 10. Ôðàãìåíò èñõîäíîãî ìíîãîêîìïîíåíòíîãî ÂÐ, ïðåäñòàâëåííûé â äâóõ ôîðìàõ
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Ðèñ. 11. Ôðàãìåíòû ÌÂÐ Õ (200 � 5) (à), Õ (1000 � 5) (á) è êîýôôèöèåíò Õåðñòà (â, ã):
à–äèàãîíàëü òåíçîðà, ïîëó÷åííîãî â ðåçóëüòàòå ïðåäñòàâëåíèÿ ôðàãìåíòà ÌÂÐ (200 � 5)
ôðîíòàëüíûìè ñëàéñàìè (ìàòðèöàìè 10 � 10, ÷èñëî ñëàéñîâ – 10); á — äèàãîíàëü òåíçîðà,
ïîëó÷åííîãî â ðåçóëüòàòå ïðåäñòàâëåíèÿ ôðàãìåíòà ÌÂÐ (1000 � 5) ôðîíòàëüíûìè ñëàé-
ñàìè (ìàòðèöàìè 10 � 10, ÷èñëî ñëàéñîâ — 50); (â, ã) — òåîðåòè÷åñêèé (ñèíèé öâåò) è
ýêñïåðèìåíòàëüíûé (êðàñíûé öâåò) ðåçóëüòàòû



0.0463 0.0227 1.8094 1.6889 1.2068 0.3292 0.1390 1.1350 1.1100 0.8406

0.0728 0.5640 0.4546 0.6479 0.3883 0.7321 1.8260 0.0380 0.0963 0.0446

1.7169 0.8697 0.1296 0.2412 0.7810 1.3312 0.2653 0.0957 0.4622 0.6082

Òàêèì îáðàçîì, ìíîãîìåðíûé ÂÐ, ðàññìàòðèâàåìûé êàê ñîâîêóïíîñòü
îêîí, ìîæåò áûòü àäåêâàòíî ïðåäñòàâëåí ñîâîêóïíîñòüþ òåíçîð-îêîí:
îòäåëüíîå îêíî ìîæåò áûòü îäíîìåðíûì (ñôîðìèðîâàííûì äëÿ îòäåëü-
íîé êîìïîíåíòû ÌÂÐ), ëèáî ìíîãîìåðíûì (ñôîðìèðîâàííûì ñ ó÷åòîì
âñåõ êîìïîíåíò ÌÂÐ). Â ñëó÷àå I îêíî ïðåîáðàçóåòñÿ ëèáî â 2D òåíçîð ñ
ìàòðèöåé txk = reshape (xk, m, n), m � n = f, ëèáî â 3D òåíçîð ñ ìàòðèöåé txk =
= reshape (xk, m, n, n1), m � n � n1 = f. Èíâàðèàíòû âû÷èñëÿþòñÿ ïî ñòàíäàðòíûì
(äëÿ ïëîñêèõ ìàòðèö) ôîðìóëàì ëèáî ïî ôîðìóëàì, ñïðàâåäëèâûì òîëüêî
äëÿ ïðîñòðàíñòâåííûõ ìàòðèö. Â ñëó÷àå II îêíî ïðåîáðàçóåòñÿ â 3D òåíçîð ñ
ìàòðèöåé txk = reshape (xk, m, n, n1), m � n � n1 = f. Èíâàðèàíòû âû÷èñëÿþòñÿ ïî
ôîðìóëàì, ñïðàâåäëèâûì òîëüêî äëÿ ïðîñòðàíñòâåííûõ ìàòðèö.

Âûâîäû

Ïîêàçàòåëü Õåðñòà äëÿ ìíîãîìåðíîãî ÂÐ ÿâëÿåòñÿ â çíà÷èòåëüíîé ñòåïåíè

ôîðìàëüíûì, òàê êàê îïðåäåëèòü ïîõîæåñòü, äàæå ÿâíóþ, êàê â îäíîìåð-

íûõ ÂÐ, â äàííîì ñëó÷àå âåñüìà ñëîæíî ïî ïðè÷èíå ñóáúåêòèâíîñòè

ïîíÿòèÿ ïîõîæåñòü. Îäíàêî èíòåëëåêòóàëüíûé àíàëèç äàííûõ, â äàííîì

ñëó÷àå ÂÐ, ïîçâîëèë îïðåäåëèòü ñêðûòûå çíàíèÿ, êîòîðûå ìîãóò áûòü

èñïîëüçîâàíû ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷: èäåíòèôèêàöèÿ àíîìàëèé

ðåàëüíîãî (ìíîãîìåðíîãî) òðàôèêà, ïîâûøåíèå ïðîïóñêíîé ñïîñîáíîñòè

è äðóãèõ.
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Yu.N. Minaev, N.N. Guziy, O.Yu Filimonova., J.I. Minaeva

ANALYSIS OF SELF-SIMILARITY OF MULTIVARIATE TIME SERIES (TS)
ON THE BASIS OF THE METHODS OF INTELLECTUAL ANALYSIS OF THE DATA

Calculation methods have been proposed for the Hurst factor for univariate and multivariate TS
on the basis of the main diagonals of TS tensor models. It is shown that the problem complexity
determines the joint use of several mathematical theories, in particular, the tensor and multi-
variate matrix analysis. The examples of using the proposed methods are presented.

K e y w o r d s: tensor, multivariate time series, intellectual analysis of the data, 3D matrices,
diagonal 3D matrices, matrix development, self-similarity, Hurst parameter.

ÌÈÍÀÅÂ Þðèé Íèêîëàåâè÷, ä-ð òåõí. íàóê, ïðîôåññîð êàôåäðû êîìïüþòåðíûõ ñèñòåì è
ñåòåé Íàöèîíàëüíîãî àâèàöèîííîãî óíèâåðñèòåòà Óêðàèíû. Â 1959 ã. îêîí÷èë Õàðüêîâñêèé
ïîëèòåõíè÷åñêèé èí-ò. Îáëàñòü íàó÷íûõ èññëåäîâàíèé — èíòåëëåêòóàëüíûé àíàëèç äàííûõ,
ïðèìåíåíèå èíòåëëåêòóàëüíûõ òåõíîëîãèé â ñèñòåìàõ ïðèíÿòèÿ ðåøåíèé.
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ÃÓÇÈÉ Íèêîëàé Íèêîëàåâè÷, êàíä. òåõí. íàóê, ïðîôåññîð, çàì. çàâ. êàôåäðû êîìïüþòåðíûõ
ñèñòåì è ñåòåé Íàöèîíàëüíîãî àâèàöèîííîãî óíèâåðñèòåòà Óêðàèíû. Â 1972 ã. îêîí÷èë
Êèåâñêèé èí-ò ãðàæäàíñêîé àâèàöèè. Îáëàñòü íàó÷íûõ èññëåäîâàíèé — çàùèòà èíôîðìàöèè â
êîìïüþòåðíûõ ñèñòåìàõ, ñèñòåìû èñêóññòâåííîãî èíòåëëåêòà.

ÔÈËÈÌÎÍÎÂÀ Îêñàíà Þðüåâíà, êàíä. òåõí. íàóê, äîöåíò Êèåâñêîãî íàöèîíàëüíîãî óíèâåð-
ñèòåòà ñòðîèòåëüñòâà è àðõèòåêòóðû. Â 1989 ã. îêîí÷èëà Êèåâñêèé èíæåíåðíî-ñòðîèòåëü-
íûé èí-ò. Îáëàñòü íàó÷íûõ èññëåäîâàíèé — èíòåëëåêòóàëüíûé àíàëèç äàííûõ.

ÌÈÍÀÅÂÀ Þëèÿ Èâàíîâíà, êàíä. òåõí. íàóê, è.î. äîöåíòà êàôåäðû îñíîâ èíôîðìàòèêè
Êèåâñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà ñòðîèòåëüñòâà è àðõèòåêòóðû, êîòîðûé îêîí÷èëà â
2008 ã. Îáëàñòü íàó÷íûõ èññëåäîâàíèé — èíòåëëåêòóàëüíûé àíàëèç äàííûõ.
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