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Ipegcmaaeno urenom pegkoareruu B. 1. CmapocmeHnko

AocAipKeHO 3acTOCyBaHHS IPYIl IepeTBOPEHb eKBiBaAeHTHOCTI AASI TeHepyBaHHS PO3B'sI3KiB
piBHAHHS Audy3ii HeUTPOHIB AAST HEOAHOPIAHOTO cepeApOBHINA 3 PO3B'SI3KIB AAS OAHOPIAHOTO
cepeAOBHINA. PO3rAsHYTO TaKOK IIUTAHHS €KBIBAACHTHOCTI AU(pepeHIiaAbHUX PiBHAHD 3 YaCTUH-

HUMHU DOXIAHUMH.

An application of group equivalence transformations for generating solutions of neutron
diffusion equation in heterogeneous medium from solutions for homogeneous medium is studied.
The problem of equivalency of partial differential equations is also discussed.

Beepenne. Kak n3BeCTHO, KhaCCUYeCKHUE CUM-
MeTpHUM /AU UCIIOAB3YIOTCS AAS IIOCTPOEHUS TOY-
HBIX U INPUOAVMIKEHHBIX PELIeHUU YPaBHEHUU
MareMaruueckKou pusuku. [Tpu 3TOM UCIIOAB3Y-
€TCsI MeTO), CUMMeTPHUMHOMN pepyKinu [OBcsiH-
"HukoB, 1978; Oasep, 1989; Fushchich, Tsifra,
1987; Levi, Winternitz, 1989], KOTOpHI# TTO3BOAS-
€T CBeCTH 3apavy NOCTPOEHUS PELIeHUU ypas-
HEHUS B YACTHBIX IIPOU3BOAHBIX K MHTETPUPO-
BaHUIO OOBIKHOBEHHOI'O AU(MpdepeHnarbHOTO
YPaBHEHUS B CAy4Yae MHBAPUAHTHOCTU MUCXOA-
HOI'O YPaBHEHUS OTHOCUTEABHO TOYEUHBIX IIpe-
oOpa3oBaHuii, oOpas3yrwIIuxX rpynmny A, UAA
CUCTEMBI OOBIKHOBEHHEIX AU epeHInaAbHBIX
YPaBHEHU B CAydYae CMMMeTpuu Au—DBeKAyH-
aa [Ludpa, 2006; Tsyfra, 2004] (cMm. noppoOHee
IMpunroxxenue). Apyrou MeTop, OCHOBAHHBIM Ha
CUMMETPUU YPaBHEHUS — reHepUpOBaHUEe HO-
BBIX peIleHUY U3 U3BECTHBIX. B 3TOM CTaThbe MBI
HUCIOAB3YEM He IPYIIy cCUMMeTpun Auddepen-
IIMAABHOTO YPaBHEHUSI B KAQCCUUYECKOM CMBICAE
C.An, a rpynny npeoOpa3oBaHUU 3KBUBAAEHT-
HocTU. ['AaBHOe OTAMYNE MEKAY HUMHU COCTOUT
B TOM, 4TO IIpeoOpa3oBaHus U3 IPYIIEI CUMMe-
TPUM OCTaBASIIOT MCCAEAyEMOe ypaBHeHUe He-
U3MEeHHBIM, B TO JKe BpeMs IpeoOpa3oBaHUs IK-
BUBAAEHTHOCTHU COXPAHSIOT TOABKO HEKOTOPHIN
KAACC ypaBHEHUH, K KOTOPOMY, €CTeCTBEHHO,
IIPUHAAAEKUT AaHHOe ypaBHeHHe. B pamkax
IIpepAaTaeMoro IIOAXOAQ YAAETCS IIOCTPOUTH
peunreHne AUPPepeHIUAABHBIX YPABHEHUU C
KO3(pPUneHTaMy, 3aBUCAIIUMYU OT IIPOCTPAHCT-
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BEHHEIX [IePEMEHHBIX (HEOAHOPOAHAS CPeAd) U3
PeLIeHN C TOCTOSHHBIMU KO (pUIimeHTaMu (0A-
HOpoAHas cpepa). B pabote [Kozauok, Lludpa,
2004] 3TOT TOAXOA OBIA MCIIOAB30BaH AASL TTOCT-
poeHus pelleHns ypaBHeHUA AUPys3un Tenno-
BBIX HEUTPOHOB, KOTAA KoaddunueHT Auddy-
3UU TEIIAOBBIX HEUTPOHOB D ABASIETCS IIOCTOSH-
HOU BEAUYMHOY, @ IepEeMEHHOU ABAIETCSA AAUHA
A dy3mun HeUTPOHOB. B HacToAIEeN cTaThe pac-
CMaTpPUBAIOTCA ypaBHEeHUA AUDPPY3UN TEIIAOBBIX
HEUTPOHOB B CpeAe, AAI KOTOpou D u cedeHme
IIOTAOIEHUS TENAOBBIX HEUTPOHOB X ABASIIOTCS
HEKOTOPBIMHU (DYHKIIUSAME OT IIPOCTPAHCTBEHHBIX
IepeMeHHbBIX.

AMHEWHBINT MCTOYHUK. B pabore [Ko3auok,
Lludpa, 2004] npuBepeHa KpaeBas 3ajada AAS
CTAIlMOHAPHOTO YPaBHEHUSI AUPHY3UU TEIIAOBBIX
He#TpoHos |bekyp1, BupTi, 1968]:

i’ e @ _

ox? 8y2 I? 0 )

rae L — apamHa A PY3UU TEIAOBBIX HEUTPO-
HOB. B KauecTBe reoMeTpUYECKON MOAEAU KCC-
AEAYEMOU CPEeABI IIPUHATA TPEX30HHAS IUAUHA-
pudeckas cucremMa ¢ Koadpdunuentamu L u D,
33AQHHBIMU TAKUMU COOTHOLIEHUSIMMU:

D=D;=const , L=L; =const,

O<r=\/xz+y2 <n
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2
r
D=D2=const,L=L2—2, L, =const,
)
rn<r <rz,

D =Dy =const, L=Lsy=const,

ra<r <too,

Takas mocraHOBKa 3aAauil MOYKET OLITH MC-
TMOAB30BaHA AAST UCCAEAOBAHUA AUPPY3UM Tel-
AOBBLIX HEUTPOHOB B reTepOreHHOU TPEeX30HHOU
CHUCTeMe, KOTOpas MOAEAUpPYeT B IIePBOM IIpH-
OAVJKEHUU PEaAbHYIO CUCTEMY «CKBa>KHMHA—
nmaacT». MickoMoe pellieHre AOAKHO YAOBAETBO-
PATH YCAOBMIO Ha 6€CKOHEUYHOCTH:!

(D(r)eo IpU  r—>oo.

C IOMOIIIBIO TEOPETHKO-TPYIIIIOBOTO METOAA TIO-
CTPOEHO pellleHre AT AMHEHMHOT'O UCTOYHUKE, CO-
CPEeAOTOYEHHOTO Ha OCH CUMMETPUY CUCTEMEBI

&= A110[L1J+B1K0(L1] O<r<n, (3a)

2 2

- 2 .
P=daloy PR ] n<r<n, (39)

r
(DZBsKo[LJ, 7y <r<oo, (38)

rae Ay, Ay, By, B,, B; — HeKOTOpble KOHCTAHTHI.
IMToaydueHHOE pelleHHEe AOAJKHO TaKKe YAOB-
AETBOPSATH YCAOBHUSAM HEIIPEPBIBHOCTHU IIOTOKA U
HOPMAABHOM COCTaBASIONIEN TOKA HEUTPOHOB IIPU
IepexoAe depe3 IMMOBEPXHOCTb Pa3AeAd CpeA:

@
(D(r) u —D%— HeIIpEPBIBHBI HA KaXAOM U3
r

rpaHut, r=r,, m=12. (4)
OUYeBUAHO TAaKKe, UTO AOASKHO BELIIIOAHSITLCS
yCcAOBHe OaraHCa HEUTPOHOB:!

Q=2ner22qbdr, (5)

rAe 0 — KOAMYECTBO HEUTPOHOB, UCITyCKaeMOe
AVHEWHBIM HCTOYHUKOM C 1cMm AAMHEBI 3a 1c.
YcaoBus (4), (9) AQIOT CUCTEMY arreOpandyecKux
YPaBHEOHUN AN OIIPEAeAeHUs KO3 DUITUEeHTOB
A,, A5, B,, B,, B; TaKOTO BHAQ:

2=AID Al A+ oy 1-1K, +
2n Ll Ll Ll Ll
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2 2

) n
=41y 2 |+ByKo| 2| 6
270 Lzl"l 20 Lzl"l ()

n n
ALl — [-B K| — |=

DyLy[ ? 3 3
= — —A2 Il — |+ Bz Kl
DL, Lyn Lyn

A, 10( L J+ B, K({ L J B, KO(ZJ ,

_ DsL
AL 2 |-k | 2 =2 x| 2
Lz Ly | Dyl Ly

Kak BUAMM, B pacCMaTpUBaeMoOM IIpUMepe B
Ka’kKAOM 30He Koa(ppuiiueHT Auddysun D aBad-
€TCsI IOCTOSTHHBIM, a L 3aBUCHUT OT .

B Hacrosmieit ctaTbe 0OOOIIMM TTOAXOA, TTPEA-
AO>KeHHBIN B pabdote [Kosauok, Lludpa, 2004], u
paccMOTpUM CAyYal, Korpa u D, m cedeHue TIO-
TAOIIEHUSI HEUTPOHOB X — HEKOTOphIe TAaAKHe
dyukmu ot r. [IpeacraBum ypaBHeHUe AUDPy-
311 HEUTPOHOB B HEOAHOPOAHOMU CpeAe:

—div(D(x, yVO(x, y)+ X (v, )@ =0.  (7)

Ecam cuurtars, uTo @, D 1 X 9BAAIOTCA (PYHK-
OUSMU TOABKO OT 7, TO IPUXOAUM K TAKOMY OOBI-
KHOBEHHOMY YPaBHEHHUIO:

1 D, 2
@rr+(r+DJ®r—D@:0. (8)
[ToacTaBAsIS
w(r)
@ —
(” ) D (r) . (9)
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IIOAyYaeM ypaBHeHUe

12D+D2 D,

w”+ -—- wW=0. (10)
4> D 2D 4p? 2D
3anuiieM ypasHeHue (10) B Bupe
W +V (W =0, (11)
TAe
1 = D, D} D
Vir)=—5 -2 -7 -—= (12)

D 2D ITSIEYY

leHepaTop rpynnsl npeoOpa3oBaHUU 3KBU-
BAaAEHTHOCTH ypaBHeHU: (11) uMeeT BUA

‘Y:aOﬁr+;a%ﬁW8W—(;a%H—2dQﬁJ8V

rae O(r) — HOPOM3BOABHAA TAaApKas (PyHKIUSA.
Koneunbre mpeoOpa3oBaHUST TPYIITHEI SKBUBAAEHT-
HOCTH CTPOSITCSI IyTeM pelneHus: 3apauu Korm

AAS CUCTeMBbI A
dr, ’ /)
—=0lr ) ig=0=7,
da ( ) a=0
an’ Lo, W gm0 =W,
da 2 (13)
ar

= EOL'”(/)+ 20('(/)V', V| =0 =V.

da
W3 3tux OopMyA AEeTKO IOAYYUTH (DOPMYABL

MM TeHEepUPOBaHUA pellleHusa ypaBHeHud (11).
ITycte W=0@(r) aBasgerca pewmeHueMm (11) npu

V=V,(r). Toraa
b6+

(14)
OyaeT petlenueM ypaBHeHus (11) npu V=V, rae
V, IBASIETCST pellleHreM YpaBHEeHUs
_ -1
R(r,Vn,a)—Vl(ﬁ (B(r)+a)), (15)

a R(r,V,, a) — pellleHle TpeTbero ypaBHEHUSI
cucremsbl (13),

B (B()+a).

.
ds
M=l

TakuMm 06pa3oM, TTOAYUYEHBI HOBBIE PEIleHUs
W, ypaBHenus (11) aaga HoBoON QyHKIHU V, C
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nomoleio opmya (14), (15). Stu popMyAs! no-
3BOASIIOT CTPOUTH PellleHUsl YypaBHeHUs (8) And
HEOAHOPOAHOM cpeabl, Korpaa D(r) u Z(r) — He-
KOTOPBIe (DYHKITUN OT 1 U3 PelIeHUN AT OAHOPOA-
HOM CpeABI.

ITycTe MMeeM OAHOPOAHYIO cpepy ¢ D=D,=
=const, X=X,=const. Toraa o0lllee pelleHNe ypaB-
HeHU4d (8) mpumeT BUA

r r
D =A1y| — |+ BrKy| —

L2 :"DZ/EZ .

Aast sTorO petienus W = ,/D,r cD(r), a PyHK-
nusa V B ypaBHeHUU (11) umeeT BUA

TAE

1
V=V1=72_ .
4r 2

Torpa HOBOe pelteHue W, npuMer Takyro op-

My:
a‘ 4 4
w, = ,W ’r, ; Dyr @(r)

CooTrBeTcTBeHHO, V, HaXOAUTCS M3 ypaBHe-
HUS

(16)

L,
B P2

Wmes perrenue W,, MOJKHO IIOCTPOUTD pellie-
HUe ypaBHeHUd (8) c moMOIIbio 3aMeHHI (9)

R(VV a

- rD(r) ' (17)

npudeM D(r) u Z(r) AOAKHBI YAOBAETBOPSATD AU-
ddepeHImarbHOEe COOTHOIIIEHUE

3 Z(r) 1

m)z_m+ﬁ_a
r) 4r

2D  4p? 2D

=V, (r).

(18)

OTO epAMHCTBEHHOE YpaBHEHUE AAST OTIpeAe-
AeHUS QYHKIUN D(r) 1 X(r). O4eBUAHO, MO>KHO
B34Th KaKyl0-TO QPYHKINIO D(r) ¥ TOAYUUTD X(7),
UAM B349Th KOHKPETHYIO QYHKIUIO X(r) 1, peliag
AuddepeHnarbHOe ypaBHeHUe (18), moAyYnTh
PYHKIIMOHAABHYIO 3aBUCUMOCTEH KO3(ppUIiueHTa
auddysuu D oT r.
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Takum 06pa3oM, C TOMOUIBIO M3A0KEHHOTO
MeTOA& MOKHO IIOCTPOUTH pellleHre YPaBHEeHUsS
AU DYy3Un HEMTPOHOB AAS TPEX30HHOU ITUAWH-
APUYECKOM CpeABl, TAe B IIEPBOU U TpeTheu 30-
Hax D 1 £ (a 3HAUUT, U L) ABASIIOTCSI TTOCTOSSHHBI-
MU BEeAUYMHaMU, a B cpepHed 3oHe D(r) u 2(r)
MOI'YT OBITH IIPOU3BOABHBIMHU T'AGAKUMU (DYHK-
UMY, YAOBAETBOPSIIOIIMMU COOTHOIIIEHMIO (18).

O4eBUAHO, TaKasi MOAEAD PACIITUPSET BO3MO-
SKHOCTM 60oAee aAeKBAaTHOTO ONMCAHUSI CBOUCTB
pearbHOM HEOAHOPOAHOM CPEABI IO CPaBHEHUIO
c MopeAbio (2). [Tpu aToM peliieHUs] B IepBOU U
TpeTbel 30Hax 3apatoTcsa popMmyramu (3a) u (3B)
COOTBETCTBEHHO, a BO BTOPOM 30He — (opMy-
Aamu (16), (17). Pellienust 3apauu OU€BUAHO AOAIK-
HBEl YAOBAETBOPSTH YCAOBHIO (4) U ypaBHEHHIO
Tuna (5). OHM aHaAOTUYHEI YCAOBUAM (6).

To4eyHbINT ICTOYHUK. AHAAOTUIHO TIPEABIAY-
1ieMy npuMepy B pabote [Kozauok, Ludpa, 2004]
IIOCTPOEHO pelieHre AUMPPY3NOHHOTO ypaBHe-
HUS AAS TOYEYHOTO MCTOYHWKA B TPAAMEHTHO-
HEOAHOPOAHOHM Cpeae:

0’0 9’ o @
> T >~ =0 (19)
axl 8x2 8x3 L
TAe
D=D;=const, L=L;=const, 0<r<n;

r2

D:Dzzconst,L=Lzr7, (20)
2
Ly =const,y<r<n,

D=Dj3=const, L=Lj=const, rn<r<o,

r=ﬁx12+x%+x32 .

Pemenue 3apaum (19), (20) arg ToueuHOrO
HCTOYHUKA MOIIHOCTBIO () UMeeT CAEAYIOLIUN
BUA;

r r 1

2 2
- - VR
CD—AzeXr{ Lzr}BzeX{Lzr}, n<r<n , (216)

(218)

d=Yexp - |+ Brexg Z |, 0<r<n,(21a)
L 2

YcaoBus (4), (9) IPUBOAAT K TAKUM COOTHO-
HIeHUSAM AT KOO PuIueHTOB 4,, Ay, As, By, By
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Q=D1[B1 A1 lexp |+ B, -
4m L L
—A{Z+l]exp(—2]+Al}+
Dory. n e - ||
+ L [Az[exp( LZJ exp[ Lzrlﬂ
r r
_Bz{exp(é]—exp(éﬁ]] +
+A3D{Z+1]exp[—2]'

(21r)

(21e)
A, exp[— Z] +B, exp{ZJ =
Ao
= rz eXP[ L}J, (21x)
A B )
L, L L \L
_ Dy A1 1 s
B D, r, [L3+”2Jexp[ L3J (213)

AAs cpepBl, B KOTOPOU D(r);t const , ypaBHe-
HUe AU Y3 UMeeT BUA,

= div(D(xy, %, 33 N D3, %3, 33)) -

—Z(xl,xz,x3)t15=0.

Ecau cunrats, uTo PyHKOUM @, D U X ABAAIO-
TC (PYHKIHUAMU TOABKO OT 7, TO YpaBHeHUe (22)
CBOAUTCS K TAKOMY YPaBHEHHUIO:

(22)
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2 D b
CDW +(r+5J@r —BQ)ZO. (23)

C moMonIbio 3aMeHEI
()= o

ypaBHeHUe (23) IpuUBOAUTCA K BUAY (11), mpu-
ueM

2
)=z L Dr Dy
D 2D 4D D

Pemenue ypaBHeHus (23) 3apaeTrcs (popMyaon

A B
d3=—zexp - +—2€xp o
r L2 r L2 ’

W =rJD,®(r),

Toraa

a ¢pyukuug V B ypaBHeHuu (11) uMeeT BuUA

Toraa HOBOe pertenue W, GYAET MpeAcTaBIeHo TakK:

W, = \/?:,))V'\/D_z @(r') (25)

", COOTBETCTBEHHO, V,, MOJIy4YuM U3 YPAaBHEHUST

R(raVnaa)z_zD:z.

Ilo aTuM pelleHUSIM CTPOUTCS PeELIeHUe ypas-
HeHUd (23) C IOMOIIBIO 3aMeHHI (24):

@, (r)= ~100)" (26)

rae D(r) u X(r) cBsizaHbl OAHUM AM(depeHIina-
ABHBIM COOTHOIIIEHUEM

_Z(l’) _Drr + DE Dr =Vn(}’>

D(r) 2D 4p? D

(27)

Takum 06pa3oM, Kak U B CAy4ae AMHEWHOTO
HUCTOYHMKA, (POPMYAEL (26), (27) IO3BOALIOT IIO-
CTPOUTL pellleHre B TPEX30HHOU cpepe. B mep-
BOM U TpeThel 30Hax KoadduiirenTsr D(r) u X(r)
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SIBASIIOTCSI IOCTOSHHBIMHY, @ B CPeAHel 30He OHU
MOTYT OBITh IIPOU3BOABHBIMU (DYHKIUAMY, YAOB-
AETBOPSIONIMMU COOTHOIIeHUuto (27). [Tpu aToMm
pelleHUs B IepBOU U TpeThbeM 30HaxX 3aAal0TCI
dopmyramu (21a) u (21B), @ BO BTOPOU 30HE —
dopmyaramu (25), (26). Ycrosus (4), (5), Hararae-
Mble Ha pellleHus, IPUBOAIT K CUCTeMe YpaBHe-
HUM, TOA0OHOM cucTeme (211) — (213). MBI 3peCh
UX He IPUBOAUM, IIOCKOABKY KO3((UIIMEHTH B
5TUX YPaBHEHUSIX 3aBUCAT OT KOHKPETHOI'O BUAQ
D(r), Z(r) m o(r).

CornacHo M3A0KEeHHOMY, €CTeCTBEHHBIN BOII-
pOC, BO3HUKAIOIINUM B AQHHOM IIOAXOAE, 3TO KOT-
Ad ABa pu(ddepeHINaABHBIX YPaBHEHUSI MOTYT
OBITh IIPeOOPa30BaHBEL OAHO B APyroe C IIOMO-
1IbI0 TpeoOpa3oBaHUuM, MPUHAAAEKAIIUX TPYII-
Ile 3KBUBaAeHTHOCTU. ChopMyaupyeM 6e3 A0Ka-
3aTeAbCTBA YTBEPKAEHUS O HEOOXOAUMBIX U AO-
CTATOYHBIX YCAOBUSX 3KBUBAAEHTHOCTH ABYVX,
BOOOIIe TOBOPS, NPOM3BOABHBLIX ypaBHEHUM B
YaCTHBIX NPOM3BOAHBIX. [lycTh mMMeeM KAaacc
AuddepeHIITaAbHBIX YPaBHEHUN

U(x,u,u(l),...,u(m),al,az,...,a”):0, (28)

rae xeR", u=u(x), u, — COBOKYIIHOCTb YaCTHBIX
TIPOM3BOAHBIX (PYHKIIMHU U(X) IOPSIAKA 1, KOTOPHIE
3aBUCAT OT p KO3 PUITUEHTOB; m, ¢, p — HaTy-
paAbHBEIe YMCAd. He yMaass oOIiHOCTH, OyAeM
cymTaTh, 9T0 @ =d(x,u), j=1,p, XOTs BCce pe-
3yABTATHI, €CTECTBEHHO, 000OIIAIOTCSA Ha CAyYaH,
KOTAA ¢’ 3aBUCHUT U OT TIPOU3BOAHBIX.

[Tycte G, — rpynmna Au npeoOpa3oBaHUM
S5KBUBAACHTHOCTHU ypaBHeHUd (28). O603HauuM
AU pepeHnMarbHBIE HHBAPUAHTHL I'PYIIIEL JK-
BUBaAeHTHOCTU G, yepe3

1

(Dl-(x,u,azl),a(zl),...,a('{),a(z),aé),...), i=1273..

JAaree pacCMOTPUM ABa YPaBHEHUs, IPUHAA-
A€JKAIIUX KAAcCy (28), a UMeHHO:

Ut t)ovenstt()s frr frrfp )20, (29)
T.Ce. a=f(x,u), u
U(x,u,u(l),...,u(m),(Pla(Pzw(Pp)20. (30)

T.€. a= (p(x,u), rae fU @ — HeKOTOpble (DYHKIINKU
CBOHX apI'yMeHTOB.

Teneps, ucrIoAb3ysa pudepeHIInarbHBIE UH-
BapHaHTHl, MOKHO C(OOPMYAHUPOBATH YTBEPIKAE-
HUe 0 HEOOXOAUMBIX YCAOBUSX 9KBUBAAEHTHOC-
TU ypaBHeHuu (29) u (30).

TI'eogpusuueckuti xypnar Ne 3, T. 32, 2010



T'PYIIIIbI SKBUBAAEHTHOCTH B 3AAAYAX AMDDY3UU HEUTPOHOSB ...

YmBepxgenue 1. [TycTb ypaBHeHue (29) nipe-
oOpa3syetcs B ypaBHeHHUe (30) ¢ IOMOILIBIO IIpe-
oOpa3oBaHul u3 rpynnsl G, ¥ 0ycTb QyHKOUSI F
TaKOBa, UYTO

F((,l)l,(l)z,...(l)NXa:f =0. (3].)

Torpa

F((,l)l,(l)z,...(l)N Xa:(p =0.

(32)

OueBupHO, TaKUX (PyHKOUU F, AAST KOTOPBIX
crpaBepAanBoO (31), BooO1ie roBops, OecKoHed-
HOe MHOJKECTBO, M AAST KaXKAOM U3 HUX BBIIIOA-
HseTcs ycaoBue (32). Ecam pag KaKoU-TO F ycho-
Bue (31) He BAedeT 3a COOOM BEIITOAHEHUE YCAO-
BUA (32), TO TOTAQ YPaBHEHUS He SABASIOTCS 3K-
BUBAAEHTHBIMU. [IpakTUuecKy, OKa3hIBaeTCsI, HET
HeOOXOAMMOCTH IIPOBEPATEh ycaoBue (31), (32) ana
KakKAOU (PyHKIIMU F, MOCKOABKY CIIPaBEAAUBO
YTBEpPKAEHHE O AOCTATOYHBIX YCAOBUSAX SKBU-
BaA€HTHOCTH ypaBHeHUN. UTOOHI ero chopmy-
AHUPOBAaTh, IIOCTPOUM aBTOMOP(HYIO cucreMy AG,
rpynnsl G,, AAL KOTOPOU a=f IBASIeTCS pelle-
HueM. Kak usBectHo [OBcaHHUKOB, 1978], Ta-
Kas cHucTeMa CTPOUTCS C MOMOIbIo A depeH-
IIMaABHBIX MHBapHUaHTOB. [IycTh aBTOMOp(HaA
CHUCTeMa SIBASIETCS CUCTeMOU AuddepeHInarb-
HBIX ypaBHEHUM k-To mopsipKa [OBCSHHUKOB,
1978]:

(33)

TAe Wy — YHUBEPCAABHBIM MHBAPUAHT IIPOAOA-
JKeHHOU rpymnsl G, k=0,1,... Hazosem aTy
CHUCTEMY aBTOMOP(MHOMN CHCTeMON ypaBHEHUSI
(29). IlycTe AAg MHOTOOOpAasus M{a=‘P(x,u)}
ko3¢ urueHT k ecTh HauMeHbIIee UYUCAO, AAS
KOTOPOTO MPOAOAKEeHHast opouTa h(M, O) ABAs-
eTCsI COOCTBEHHBIM MHOIroOoOpa3ueM B IIPOAOA-
>KeHHOM IIPOCTPaHCTBe Z; (IoppoOHee CMOTPH
[OBcaunukos, 1978]). Ecam a="(x, u) — pete-
HUe ypaBHeHHs (33), To OyAeM Ha3bIBaTh €ro He-
TPUBUAABHBIM pelleHrneM aBTOMOP(HOU CUCTe-
MBI Toraa pAocTaTouHOe ycroBUe (DOPMYAUPYET-
Csl B CAEAYIOIEM BHUAE.

YmBepxgenue 2. IlycTb al =(p1(x,u), a2=

=@y (x,u)... a? =9, (x,u) aABASETCS HeTpHBH-
AABHBIM pellleHreM aBTOMOP(PHOU CUCTeMEI (33)
ypaBHeHu4a (29). Toraa ypaBHeHus (29) u (30)
5KBUBAAEHTHEI, IPUYeM 5KBUBAAEHTHOCTD yCTa-
HABAUBAETCS C IIOMOIIBIO IPe0Opa3OoBaHUN U3
rpynnsl G,.

O4eBUAHO, BCe IIOCTPOEHUS U CIIPaBEAAU-
BOCTb YTBEP’KAEHUS 2 OCTAIOTCS B CHAE, €CAU
3aMeHUTh ypaBHeHUe (29) Ha (30).
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[TOoCKOABKY AAST AFOOOM IPyHIEl AU CYILECT-
ByeT KOHEYHOe YHCAO PA3AUYHBIX THIIOB aBTO-
MopdHBIX cucteM [OBcsaHHUKOB, 1978], To mpo-
BepUTh HAAO TOABKO KOHEUYHOEe YUCAO PaBeHCTB
(31), (32) uam, uto TO Xe camoe, (33). OpHAKO
€CAU BBIIIOAHEHBI YCAOBHUSI YTBEP’KAEHUS 2, TO
AOCTATOYHO IIPOBEPUTH CIIPABEAANBOCTH TOABKO
OAHOM aBTOMOP(HOM CUCTEMBIL.

PaccMoTpuMm caydait, KOoTAa

F((Dl,coz,...,wNXazf=7»=const (34)

A

F((nl,wz,...,mN]a:(fA:const, (35)

Coorromenus (34), (35) 6yaeM Ha3bIBaThb UH-
BapuaHTHBIMU. B 00meM caydae CylecTByeT
OeCKOHeUYHOe MHOKeCTBO (DYHKIUN F, YAOBAET-
Bopsaromux (34) uau (35). [TosaToMy CyIIeCTBYIOT
TTOCAEAOBATEABHOCTU MHBAPUAHTHBIX COOTHOIIIe-
HUMA {}‘i} u {Ai} AAS ypaBHeHUH (29) u (30). U3
YTBEP>KAeHUM | U 2 IOAydaeM CAeACTBHUE.

CaregcmBue. YpaBHeHus (29) u (30) sxkBuBa-
AEHTHBI OTHOCUTEABHO I'PYIIBEI TPpeobpa3oBaHNM
5KBUBAAEHTHOCTU G, €CAU U TOABKO €CAM IIO-
CAeAOBATEABHOCTHM MHBAPUAHTHBIX COOTHOIIEHNN
A ypaBHeHUM (29) u (30) coBmapaoT.

3akarouyeHue. B cTaThbe mmokazaHo, Kak C IIO-
MOIIBIO TPYHIIBI IPpeoOpa3oBaHUM 3KBUBAAEHT-
HOCTHU CTPOSATCS pellleHUusa AuddepeHITHaAbHBIX
ypaBHEHUM, ONIUCHIBAIONIUX AUPPY3UI0 HEUTPO-
HOB B HEOAHOPOAHOU CpeAe, U3 pPelleHUuN AAI
OAHOPOAHOM Cpeabl. MeTOA IIPOUAAIOCTPUPOBAH
Ha OpuMepe AMHENHOI0o ¥ TOUeUYHOT'0 NUCTOUYHU-
Ka HeUTPOHOB. Ba)kHO OTMEeTHUTH, YTO pelleHUus
B 3TOM IIOAXOAE CTPOSITCSI AASL IIeAOTO Kaacca
CpeA, IOCKOABKY Ha ABe, BOOOIIe TOBOPS, IPOU-
3BOABHBIEe (DyHKUIUU D(r) u X(r) HararaeTcsd To-
ABKO OAHO ycAOBHe (18) AAST AMHENHOTO MCTOY-
HUKa U (27) AASI TOUYEYHOTO MCTOYHUKa. Kpome
TOTO, cAaraeMoe V,(r) TO>Ke 3aBUCHUT OT IIPOU3-
BOABHOU (pyHKIUM 0(r). [TosBAeHME 5TOM (DYHK-
IIUM SIBASIETCSI CAEACTBHEM CUMMeETPUU ypaBHe-
HUsA AMPdy3uu HeUTPOHOB. TakKuM oOpazoM,
MEeTOA, TO3BOASIET CTPOUTDH PELIeHUsI AN IIHUPO-
KOTO KAacca HEOAHOPOAHBIX cpep. Paccmarpu-
Baemasl B paboTe MOAEAL pacIIUpseT BO3MOXK-
HOCTHU OOAee IIOAHOTO ONMCAHUS CBOMCTB HEOA-
HOPOAHOU TeOAOTHYECKOU CpPeAbl M MOJKeT OBITh
HUCIIOAB30BaHA AASI UCCAEAOBAHUA AUPPY3UU
TENAOBBIX HEUTPOHOB B reTepOreHHON TPEeX30H-
HOU CHCTeMe, KOTOpasi MOAEAUPYET B II€PBOM
IPUOAVIKEHUU PEeaAbHYIO0 CHCTEMY «CKBa’KHMHa
— IIAQCT».
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O4eBUAHO, TPEAAOSKEHHBIM METOA, SIBASIETCS
AOCTaTOYHO OOIINM U MOYKET OBITh UCIIOAB30BaH
He TOABKO AAS ypaBHeHUs Audy3nun, HO U AAT
APYTUX ypaBHEHUN MaTeMaTU4eCKOU (hU3UKHU.

IIpunoskeHue. ['eHepaToOphI IPYNIIEL TOYEYHOMN
CUMMETPUUM UMEIOT BUA AUd@epeHInarbHBIX
OIIepaToOpPOB MTEePBOT0 OPSIAKA!

X = Zci(x,u)axi +n(x,u)au'
i=l

(IL.1)
rae xe R", u=u(x).
AnddepeHniarbHOe YpaBHeHUE
V(x,u,u(l),...u(k))= 0 (IL.2)

WHBApPUAHTHO OTHOCUTEABHO TPYIIBI ITpeobpa-
soBammit A, Koraa O V‘V =0, tae Qy —
IIPOAOAYKEHHBIN OIIepaTop.

[MTonaTne KAaCCUYECKOM MHBAPUAHTHOCTU 00-
IIaeTcd ¥ pacCMaTpuBaeTcsa cuMMeTpus Anu-bak-
AyHAQ [OaBep, 1989]. B pab6otax [Ludpa, 2006;
Tsyifra, 2004]. IToka3eIBaeTCs, 4YTO €CAU KIIPOU3-
BOABHOE» OOBIKHOBEHHOEe AU depeHIIuarbHOe
ypaBHeHUe

(TL3)

AOITyCKaeT omeparop cumMmerpuu An-BakayHAQ
BUAA Vd,, TO COOTBETCTBYIOIIUI aH3aTIl, KOTOPHIH
sABAdeTCS O0IIMUM pelleHreM ypasHenud (I13), pe-
pyuupyetr ypaBHeHue (IL2) Kk cucreme audde-
PEHIMAABHBIX YPaBHEHUH, YACAO KOTOPBIX He IIpe-
BOCXOAHUT m C N-1He3aBUCUMBIMU II€PEMEHHBIMU.
OxkaseIBaeTcd, 4To BMecTO ypasHeHus (I1.3) Moxx-
HO pacCMaTpUBaTh YPaBHEHUE B YACTHBIX IIPOU3-
BOAHBIX:
N(x,u,u(l),...u(p),)z 0, (T1.4)
ITpu atom X=V0, sIBASIETCS OIIEpPaTOPOM CHUM-
MeTpuu ypaBHeHus (I1.4), T.e. X3, N=0 Ha MHO-
roo6pazuu N=0 [DN]=0, rae cumBoroM [DN]
0003HaueHO MHOJKECTBO BCexX AU pepeHIInanb-
HBIX CAeACTBUU ypaBHeHus (I1.4). B aTom cay-
4Jae MoAyd4aeM OOOOIIEHHYIO PEAYKIHIO, B TOM
YUCAE U pa3peAeHMe IIepPEeMEHHBIX, II0 CPaBHe-
HHIO C PEAYKIVEH, IIOPOKAEHHON TOUEeUYHOU CUM-
MeTpuen uAu cuMmMerpuent Au-BakayHAa OOBIK-
HOBEHHOTO AUPPEepPEeHIUAABHOI'O YPAaBHEHUSA
(I1.3). OTOT (paKT ycTaHABAUBAETCS AHAAOTUYHO
TOMY, KaK 3TO AEAAAOCH AASL OOBIKHOBEHHOI'O
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AuddepeHIINaABHOTO ypaBHeHHUs B paboTe
[Tsyfra, 2004].

Paccmorpum nipoctoit npuMep. M3BecTHO, 4TO
ypaBHeHUe AUYBHUAAL

(TL5)

MHBApPUAHTHO OTHOCUTEABHO O€CKOHEYHOM IPyII-
nbl AW C TeHepaToOpoOM

0= f(x)x+g(y)y - (f"+ g Pu,

rae f(x) 1 g(y) — IPOU3BOABHEIE (PYHKIIUM CBOUX
aprymeHToB. [To3TOMy, COTAQCHO IIpepAaraeMo-
MY TTIOAXOAY, aH3aTI]

Xy (y)
(X @)+r Gy

rae X(x) u Y(y) — OpoOU3BOABHBIE (DYHKIIMH CBOUX
aprymeHToB, X'(x), Y'(y), — MpOU3BOAHBIE TIEPBOTO
TIOPSIAKA, KOTOPHIM SIBASIETCS OOIIMM pellleHueM
ypaBHeHus: (I'1.5), u pepylupyeT ypaBHeHUe

u=ln-—-"---—"""— (I'1.6)

du du
S )a*+g( V) ==(r"+¢), (17)
AeMcTBUTEALHO, TTOACTaBAsIs ([1.6) B (I1.7), mo-

AydaeM ypaBHeHUe

d ,
N ?y(g@)Y )_2f(x>X’+g(y)Y' _
X’ Y’ X+Y

4 ()

dx

OueBHUAHO, YTO pPeAyLUPOBAHHAd CUCTeEMa
UMeET BUA,

Se)x’ =

=1, gv)y'=
rAe A =const — TMPOU3BOAbHASA AeHCTBUTEABHAS
MIOCTOSIHHAS. B 3TOM cAydae mmoaydaeMm He U3Be-
CTHYIO AO CHUX TIOP «aATe0panyvecKyio» pPeAyK-
1o, a ee 0000IIeHMe, KOTOpPOe MOYKHO Ha3BaTh
A pepeHTUAABHON peAyKIIMeHN, IOCKOABKY
ypaBHEeHUS

(TL8)

SABASIOTCS AUPPEepPEeHIITNaAbHBIM CAEACTBHUEM CH-
cremsl (I1.8).

OTMeTHM, UTO 3TOT IIOAXOA 0000IIIaeTCs 1 Ha
cAydalt, Korpaa X =V0, SIBASIETCSI OIEepaTopoM
YCAOBHOU cuMMeTpuu ypaBHeHud (I1.4), a Tak-
e, ecAn BMecTO ypaBHeHus (I1.4) paccmarpu-
BaTh NEePEOIIPEACAEHHYIO cucTeMy Auddepen-
[IVAaABHBIX YPABHEHUN B YACTHBIX IIPOM3BOAHBIX.

TI'eogpusuueckuti xypnar Ne 3, T. 32, 2010



T'PYIIIIbI SKBUBAAEHTHOCTH B 3AAAYAX AMDDY3UU HEUTPOHOSB ...
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