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Introduction. Seismic migration is an in-
tegral part of seismic data processing. It pro-
vides a picture of the internal structure of a 
complex geological section in the dynamic 
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In modern seismic exploration, the migration procedure plays an important role for 
further interpretation of the observed data. It is the migration that makes it possible to 
display the deep structure of the geological section based on the dynamic characteristics 
of the registered wave fields.

When processing WARRP (wide angle reflection/refraction profiling) seismic data, 
standard migration methods are ineffective, which is due to the peculiarities of observation 
systems. All existing migration methods are mainly based on reflected waves, which have 
a limited registration interval. The wave field on WARRP is observed at distances from 
sources that reach several hundred kilometers, and the uneven step between receivers is 
on average 1—3 km. Under such conditions, it is difficult and sometimes impossible to 
separate the reflected waves.

The finite-difference reflection/refraction migration developed at the Subbotin Institute 
of Geophysics of the National Academy of Sciences of Ukraine has proven its effectiveness 
in constructing migration images of the depth structure of the section based on WARRP 
data observed in various regions of the world. The main difference of this migration method 
is the use of refracted waves as reference waves registered in the large offsets. At the same 
time, there is a question of the correctness of the reproduction of the depth structure of 
the section on the migration image, which depends on the correctness of the calcula-
tion methods. The algorithm of finite-difference reflection/refraction migration contains 
a continuation of the time and wave fields. 

The article presents a proof of the mathematical correctness of the solution of the ei-
konal differential equations and the scalar wave equation by the finite-difference method, 
on which are based the continuation of the time and wave fields, respectively.

The given comparison of the formed migration images and the velocity models, calcu-
lated by the ray-tracing method, of the upper crust along the PANCAKE and TTZ-South 
profiles allows us to assert that the combination of the results of kinematic and dynamic pro-
cessing of WARRP data allows to increase the informativeness of their further interpretation.

Key words: correctness, migration of reflected/refracted waves, inverse continuation 
of the wave field, direct continuation of the time field, WARRP profiles (DSS), eikonal 
equation, wave equation.

characteristics of the observed wave field. 
According to [Gardner, 1985], before migra-
tion, seismic data are no more than registered 
traces of echo signals, waves reflected from 
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subsurface anomalies. The migration process 
is aimed at transforming the observed wave 
field, which is a record of the waves’ pas-
sage through the geological environment 
over time, into a depth section of this envi-
ronment, which is reflected in the dynamic 
characteristics of the observed wave field. At 
the same time, migration translates the time 
scale of seismic section to its depth scale and, 
through mathematical calculations, helps to 
relate the geological objects to their correct 
position in space.

Standard migration techniques are gene
rally based on the processing of reflected 
waves of CDP data and are applied pre- and 
post-stacking [Baysal et al., 1983; Claerbout, 
1985; Sinha et al., 2009]. When processing 
seismic data observed by the deep seismic 
sounding WARRP (wide angle reflection/
refraction profiling) — the analogue of DSS 
[Makris et al., 1999; White, 2020]), standard 
migration techniques are inefficient because 
the observing systems for CDP and WARRP 
are different.

For example, for the WARRP, shots and 
receivers are placed irregularly along the 
profile: the average step between the points 
of explosion is 30—60 km and between the 
receivers — 0.5—3 km. At the same time, the 
registration of the wave field is carried out 
at distances from the shots that reach sev-
eral hundred kilometers. Meanwhile, CDP-
reflection data provide a step between shots 
of 0.05 km and between receivers — 0.025 km. 
Therefore, it is at least incorrect to compare 
the obtained migration sections from the 
CDP and WARRP data. These images contain 
complementary information about the deep 
structure of the research region allowing a 
more complete interpretation [Verpakhovska 
et al., 2017].

To find a way to apply seismic migration 
methods to WARRP data, a finitedifference 
reflection/refraction migration  method was 
developed at the Institute of S.I. Subbotin In-
stitute of Geophysics of the National Academy 
of Sciences of Ukraine. This techni-que yields 
an image of the deep structure of the crust and 
upper mantle based on wave fields registered 
several hundred kilometers from the source.

The main differences between this me
thod and the existing finite-difference migra-
tion methods such as Reverse Time Migra-
tion (RTM) [Zhang et al., 2010; Zhou et al., 
2018], consist in the use of refracted waves 
as a reference and the direct continuation of 
the time field and inverse continuation of the 
wave field, in contrast to RTM-type migration 
procedures that use only direct and inverse 
continuation of the wave field [Verpakhov
skaya, 2021].

Of the existing developments in this direc-
tion [Zhang et al., 2010; Sun et al., 2012], the 
finite-difference migration of the field of re-
flected and refracted waves is the only one ap-
probated in different areas of the world where 
regional WARRP surveys were performed 
[Pilipenko et al., 2011; Verpakhovskaya et 
al., 2015, 2018, 2021; Yegorova et al., 2022; 
Murovskaya et al., 2023].

At the same time, there arises the question 
of reproducibility of the deep structure image 
based on the migration section. In particular, 
it depends on the correctness of the calcula-
tion methods. The article presents proofs of 
the mathematical correctness of the eikonal 
differential equation solution and the scalar 
wave equation solution, which are the basis 
for the continuations of time- and wave fields 
when using the finite-difference method. 

As a practical example of applying the 
finite-difference reflection/refraction migra-
tion, we provide generated images of the 
foundation boundary along the PANCAKE 
and TTZ-South seismic profiles.

Along these profiles, the S.I. Subbotin Insti-
tute of Geophysics of the National Academy 
of Sciences of Ukraine, together with foreign 
colleagues, carried out seismic observations 
by the WARRP method within international 
projects [Starostenko et al., 2013; Janik et 
al., 2021]. These two profiles are located in 
the transition area of the Western European 
platform to the Eastern European platform. 
At the same time, they are perpendicular to 
each other, which is of particular interest for 
the study of the deep structure of this region. 
The wave fields registered along the profiles 
were processed by the ray-tracing method; as 
a result, velocity models were obtained. This 
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result was obtained only on the basis of the ki-
nematic characteristics of the observed wave 
field. Including the field’s dynamic charac-
teristics using the finite-difference reflection/
refraction migration will provide an opportu-
nity to obtain additional details of the deep 
structure of the area.

Method and theory. The wave field regis-
tered by the WARRP method has a complex 
nature. It contains different types of waves, 
among which it is possible to reliably distin-
guish and track refracted waves from the dis-
tribution boundaries contrasting in velocity, 
such as the crystalline basement. Including 
selected refracted waves registered at large 
offsets is the main idea of the finite-difference 
reflection/refraction migration method. The 
theoretical basis of this method differs from 
the standard reflection migration since the 
refracted waves pass through two layers at 
significantly different velocities (Fig.  1): 

2 1( , ) ( , )V x z V x z>> [Verpakhovskaya et al., 
2018]. The finite-difference reflection/refrac-
tion migration is based on the principle of the 
pre-stack migration; therefore, it is performed 
for each shot point gather separately.

The main elements of the algorithm are 
transfer of the source (shot) to the refraction 
boundary (point O); direct continuation of 
the time field T(x, z) taking into account the 
velocity of wave propagation in the refrac

ting layer; inverse continuation of the wave 
field U(x, z, t) from the surface to depth with 
a velocity model characteristic of the cove
ring layer.

According to the sampling of the values of 
the continued wave field at the time values 
that correspond to the times of exit of the re-
fracted wave from the refracting layer, a wave 
image of the investigated boundary I(z, x) and 
the layer adjacent to it is formed (in Fig. 1, it 
is shown by an ellipse) [Verpakhovskaya et 
al., 2018].

Since the refracted wave passes through 
two layers with different velocity characte
ristics, in order to perform dynamic migration 
of the field of refracted waves, it is necessary 

Fig. 1. Algorithm for the finite-difference reflection/
refraction migration method.

Fig. 2. Finite-difference grid and four-point pattern for the direct continuation of the time field (a). A finite-differ-
ence three-dimensional spatiotemporal grid pattern for the inverse continuation of the wave field (b).



The correctness of the finite-difference problems of the time- and wave ...

ISSN 0203-3100. Geophysical Journal. 2023. Vol. 45. № 6	 39

to have separate velocity models for the co
vering layer and the refracting layer. There 
must also be information about the depth of 
occurrence of the refraction boundary in the 
disturbance point area for its correct transfer.

The numerical implementation of the main 
elements of the computational process du
ring the finite-difference reflection/refraction 
migration, namely, the direct continuation of 
the time field and the inverse continuation of 
the wave field, is carried out by the finite-dif-
ference method for solving differential equa-
tions: wave and eikonal. The need to calculate 
time- and wave fields in an area remote from 
the source determines the computational 
process. At the same time, a grid of rays and 
isochrons is used to continue the time field, 
and a three-dimensional space-time grid is 
used to continue the wave field (Fig. 2). The 
choice of grids guarantees the correctness 
of the velocity-contrasting boundary of the 
distribution of a geological section with the 
involvement of refracted waves.

We shall consider the algorithm for the 
two-dimensional version in more detail. We 
shall also evaluate the correctness of mathe
matical calculations for direct continuation 
of the time field and inverse continuation of 
the wave field by the finite-difference method.

By a conditional movement of the distur-
bance source from the day surface to point O 
(see Fig. 1) located on the refracting boundary 
and the corresponding to the waves’ point of 
entry into the refracting layer, the problem of 
ambiguity in the formation of images from the 
kinematics of refracted waves is solved. Such 
shot displacement is carried out by recalcu-
lating the time of passage of the wave of the 
covering layer. It allows taking into account 
the sharp change in velocity that occurs at 
the boundary of the foundation. Before the 
transfer, the ray of the refracted wave crosses 
the refracting environment at two points: O 
(entry point) and N (exit point), and after the 
transfer, only at point N (see Fig. 1).

Thus, the problem of forming the refrac
ting boundary image becomes unambiguous 
and is solved at the moment of the wave’s 
exit from the refracting medium; it allows to 
reproduce all details of the refracting layer. 

Such formulation of the problem of forming 
a migration image of the environment by the 
field of refracted waves guarantees the unam-
biguity of its solution. Transferring the shot 
from the profile line to the boundary of the 
foundation is done by calculating and repla
cing the wave arrival time.

To implement the direct continuation of 
the time field T(x, z), the eikonal equation is 
solved

( ) ( )
( ) 2

22 2

,1
, ch cos sh

t

V

∂ g t 
+ + ∂tg t b t - g ⋅ t  
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2
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t∂ g t 

+ = ∂tt  
,	 (1)

where V=V0(1+bz) — linear change of velo
city with depth z; V0 — velocity on the day-
time surface; b=const, which corresponds to 
the velocity gradient with depth. Moreover, 
the velocity function appears directly in the 
calculation process in a matrix form and so 
allows forming a dynamic image of the envi-
ronment of any degree of complexity.

Adjustment of calculation results is en-
sured by using a special type of difference 
grids. To solve the problem of the continua-
tion of the time field [Pilipenko et al., 2011], 
one needs to choose a curvilinear grid of 
mutually orthogonal isochrons τ and rays γ 
coming from a point source O with a linear 
change of velocity V with depth z. In this case, 
the radial lines of the grid correspond to the 
real trajectories of the rays of the natural 
propagation of waves in the remote zone of 
the source. The connection of isochrones τ 
and rays γ with the Cartesian coordinate sys-
tem is determined by the following ratios:

	 ( )2 2
2arctg

2
x

x z z
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b + +
,

	
( )
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2 2 2

arch 1
2 1

x z

z
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 b +
 

.	 (2)

The time field is continued sequentially 
on the lines of isochrones τ=const in the 
direction of the growth of the coordinate τ 
according to an explicit difference scheme 
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[Verpakhovskaya, 2021], the disadvantage of 
which is its conditional stability [Samarskiy, 
Gulin, 1973]. The choice of rays arriving at 
grid nodes with coordinates (i, j+1) within 
the framework of the grid template (Fig. 2, a) 
[Pilipenko, Verpakhovskaya, 2003] makes it 
possible to achieve the correctness of the pro-
posed solution.

To implement the finite-difference method 
of solving the eikonal equation in the closed 
region of the formation of the environment 
image, we denote by Δτ, Δγ the steps along the 
axes of a uniform grid, where the coordinates 
of the grid along the τ and γ axes correspond 
to i and j; by i

jt  — the time at the grid node 
with coordinates i and j. In the proposed nota-
tion, the continuation of the time field 1

i
jt + is 

calculated according to an explicit difference 
scheme at each point in space as follows:
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where q=cht-cosgsht.
At large distances from the disturbance 

point and sharp differentiation of the velocity 
in the environment, there is a possibility of a 
break in the time field. In this case, the time 

calculation using the difference equation (3) 
may be incorrect.

In the actual propagation of the wave field, 
the wave front is smoothed due to nonradia-
tive effects and diffraction, which are not 
taken into account by the eikonal equation 
since it describes the behavior of the time 
field at an infinite frequency of oscillations. 
However, this problem was solved by omitting 
such nodes on a separate grid line in which 
the solution of the eikonal equation (3) is in-
correct.

When re-stepping, the time at the missed 
nodes is calculated according to the scheme 
of interpolation or extrapolation of the time 
values at the grid nodes where the difference 
calculation was successful. Thus, time field 
defects are smoothed out just as during real 
wave propagation. It should be noted that 
such smoothing is used only in the event of 
an extreme situation. The validity of such an 
improvement of the finite-difference con-
tinuation of the time field was confirmed for 
complex velocity models of the environment 
by comparing the obtained results with the 
time field determined by the direct continu-
ation of the wave field with automatic correla-
tion of the first arrivals of the direct wave to 
obtain the time at the grid nodes. For the first 
time, such an improvement in the continu-
ation of the time field was described in the 
article [Pilipenko et al., 2003].

The inverse continuation of the wave field 
U(x, z, t) from the surface to the depth is the 
most complex and resource-intensive com-
puting stage of the migration process.

Scalar differential wave equation of hyper-
bolic type

	
2 2 2

2 2 2 2
( , , ) ( , , ) 1 ( , , ) 0U x z t U x z t U x z t
x z V t

∂ ∂ ∂
+ - =

∂ ∂ ∂
,	(4)

for U(x, z, t) — which is a function of the wave 
field corresponding to the distribution of am-
plitudes of oscillations in a two-dimensional 
medium by substituting variables

	 ;x x′ =  ;z z′ =  *
xt t

V
′ = - ,

where V* is the velocity of reduction of the 
wave field, x is the distance to the source of 



The correctness of the finite-difference problems of the time- and wave ...

ISSN 0203-3100. Geophysical Journal. 2023. Vol. 45. № 6	 41

oscillation excitation, z is the depth, t is time, 
comes down to:

	
2 2

2 2
( , , ) ( , , )U x z t U x z t
x z

∂ ∂
+ -

′ ′∂ ∂
	 (5)

	  
2 2
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.	

Let us rewrite the equation in a form more 
convenient for the quadratic finite-difference 
approximation of the differential equation

	
2 * 2 2
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.	 (6)

The initial problem for the differential 
equation in partial derivatives is replaced by 
a finite number of algebraic (difference) equa-
tions by finite-difference approximation using 
a three-dimensional space-time grid template 
in a limited grid area (Fig. 2, b) [Pilipenko, 
Verpakhovskaya, 2003]:
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where E is the unary operator; 1,i n= ; 1,j m=
— grid coordinates along the x and z coordi-
nate axes respectively, 1,k p=  — grid coor-
dinates along the time axis t; Dx, Dz, Dt — grid 
steps;
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The continuation of the wave field is car-
ried out in a limited grid area, and the maxi-

mum coordinates for variable grid coordinates 
i, j, and k are determined by the boundaries 
of the area where the image of the refracting 
layer is supposed to be formed.

The stability of the finite-difference calcu-
lation is ensured by m=const

	
2 2

2 2
( , )1

4 ( , )
r

r

V V x z
V V x z

m = ⋅
-

.

The obtained difference equation is im-
plicit in the calculation of the value of the 
wave field in a separate grid node. Since the 
value of the field 1

,
k
i ju -  sought at the inverse 

continuation is simultaneously under the ac-
tion of differential operators on two axes, x 
and z, the direct difference solution of equa-
tion (7) is rather complicated. To simplify the 
solution, factorization of the equation (7) is 
carried out after [Samarskiy, 1983], which 
consists of splitting the operator at the field 
value 1

,
k
i ju -  into a product of two operators 

along the two coordinate axes x and z accor
dingly:
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Difference operators
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are necessary to compensate for the differ-
ence operators that arose during the splitting 
of the operators at the value of the field 1

,
k
i ju - .

The system of equations (9) implements 
the finite-difference approximation of equa-
tion (8):
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3
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where Yi,j is an intermediate grid function.
To formulate the finite-difference problem 

of the inverse continuation of the wave field, 
the initial (10) and boundary (11) conditions 
are introduced:

	 ( )max, , 0u x z t = , 
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The system of equations (9), together with 
the initial (10) and boundary (11) conditions, 
make up the mixed problem of the inverse 
continuation of the wave field in the paral-
lelepiped (x1<x<x2, 0<z<zmax, 0≤t<tmax).	

The scheme (9, 10, 11) assumes that the 
system of equations (9) is solved at each 
time step (k–1) of the obliquely angular 
(oblique-angled) spatio-temporal grid by the 
sweep method — along the axis x and the axis 
z on the grid templates (see Fig. 2). The sweep 
method consists of two parts: 1) «sweep coef-
ficients» are calculated sequentially (direct 
sweep); 2) a recurring calculation of the un-
knowns is carried out, starting with uN, uN-1 
and ending with u1, u0 (inverse sweep) [Go-
dunov, Ryabenkiy, 1977]. Thus, the tridiago-
nal matrix is solved. Consider the stability of 
calculations based on the difference equation 
(8). To do this, we will bring it to the canonical 
form [Samarskiy, 1983]:
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where in our case:
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The minus before the operator ut is due 
to the inverse continuation of the wave field.

To estimate the stability, we will use the 
theorem [Samarskiy, 1983]:

If the operators A and R are constant, posi-
tive, and self-adjoint, then the conditions B≥0 
and R>1/4A are sufficient for the stability of 
the difference scheme (9, 10, 11) according 
to the initial data.

In the general theory of stability, it is 
proved that for such linear problems, such 
as the problem of solving the wave equation, 
schemes that are stable according to the ini-
tial data are stable in general [Samarskiy, 
Popov, 1980].

Let us check the theorem.
In the difference expression (8) the opera-

tor Lx is skew-symmetric, and xxL  and zzL  are 
positive and self-adjoint [Samarskiy, 1983]. 
Since the region of the continuation of the 
field is a rectangle, the operators xxL  and 

zzL , and xL


 and zzL  are commutative, and 
therefore the operator x zzL L



 is skew-symmet-
ric [Samarskiy, Gulin, 1973]. Let us check the 
positiveness of the operator B. For this, it is 
necessary to estimate the scalar product (By, 
y) for all y, belonging to the Hilbert space, 
excluding y =0,

	 ( ) ( ) ( ), , ,x x zzBy y a L y y a t L L y y= - + m D +
 

	 ( )( )( )2 32 ,xx zzt L L y y+ m D - .

Since xL


 and x zzL L


 are skew-symmetric:

	 ( ), 0x zzL L y y =


, ( ), 0xL y y =


.

Thus, ( ) ( )( )( )2 3, 2 ,xx zzBy y t L L y y= m D - .
Such evaluations exist for operators xxL-  

and zzL  [Samarskiy, Gulin, 1973]:

	 ( )
2

2
8

,xx
y

L y y
l

- ≥ , ( )
2

2
8

,zz
y

L y y
r

≥ ,	 (12)

where l is the grid size by coordinate x, r is the 
grid size by coordinate z.

Operator inequalities can be treated like 
ordinary numerical inequalities, provided 
they consist of commutative and conjugate 
difference operators [Samarskiy, Gulin, 1973]:
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	 ( )( )( )2 32 ,xx zzt L L y ym D - ≥

	
2 2

2 3
2 2

8 8
2

y y
t

l r

  
  ≥ m D
  
  

.

So, it is proved that B>0.
The differential expression А is self-adjoint 

and positive because the operators - xxL  and 
- zzL  are self-adjoint and positive, and c is a 
positive coefficient. The expression R is also 
self-adjoint because it consists of self-adjoint 
operators. It is only necessary to make sure 
that the inequality is correct:

	
1 0
4

R A- > ,	 (13)

from which we automatically obtain that R>0.
Consider the conditions under which the 

expression R-1/4A will be greater than zero.

	 ( )(2
1 1
4 xx zzR A E L L

t
- = - m + +

D

	 ( ) ( )1
4 4xx zz xx zz
c L L c L L  + + > m - - -  

  
.

From this we obtain the estimate:

	 ( )1 1
4 4 xx zzR A c L L - > m - - - 

 
.

According to (12), the operators - xxL  and 
- zzL  are positive, so condition (13) will be ful-
filled if the inequality is satisfied:

	
1 0
4

c m - > 
 

.	 (14)

This inequality is a condition for the sta-
bility of calculations according to scheme (9, 
10, 11). The parameter m must be chosen ac-
cording to the fulfillment of this inequality 
for the entire region of the continuation of 
the wave field.

The stability estimate (14) is obtained un-
der the condition of constancy of the coeffi-
cients in the difference equation. In general, 
the coefficients can be variable. According to 
the principle of frozen coefficients [Samarskiy, 
1983], the stability condition must be fulfilled 
at the maximum value of the coefficient c.

Therefore, to successfully use the im-
proved finite-difference scheme, it is ne

cessary to ensure its correctness. It requires 
satisfactory approximation of the differential 
equation by the finite difference one and sta-
bility of a finite-difference calculation.

The first condition is fulfilled due to the 
introduction of additional terms in equation 
(7), which compensate for the decrease in the 
degree of approximation due to the factoriza-
tion procedure. Thus, the desired quadratic 
degree of approximation of the differential 
equation (6) by the finite difference one (7) 
is preserved.

A study of the stability of the finite-dif-
ference calculation was performed by the 
proposed difference scheme (9, 10, 11). It 
determined condition (14) under which the 
calculations are stable. The finite-difference 
equation (6) does not impose any restrictions 
on the behavior of the velocity function Vi,j. 
However, the calculation according to the 
system (6) requires significant computing re-
sources. By tests on model and real seismic 
materials, the continuation of the wave field 
according to the scheme (9, 10, 11) is carried 
out correctly even with a very complex velo
city distribution in the environment.

Imaging the velocity-contrasting boun
dary of the geological environment along the 
profile using the finite-difference reflection/
refraction migration method is done by sum-
ming individual migration images obtained 
for each shot point gather. At the same time, 
to correctly represent the boundary’s struc-
tural and the adjacent refractive layer, it is 
necessary to carefully analyze and compare 
the obtained migration images for each shot 
point gather and gradually reconstruct the 
general depth image of the geological struc-
ture along the profile.

At the same time, in order to form an image 
of each disturbance, it is important to have its 
migration image from different sources loca
ted on both sides of the disturbance since, in 
order to image its true form, it is necessary to 
sum up the parts of the image of the selected 
boundary interval from different sides. 

This is because the principle of forming 
an image of the medium in the region where 
refracted waves exit into the top layer, used in 
finite-difference reflection/refraction migra-
tion, presupposes looking at the boundary at 
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the angle of refraction from the source side. 
Therefore, to obtain the actual form of the 

disturbance, it is necessary to compare the 
opposite migration images. This approach 
was successfully tested on several model 
examples and real seismic observations. In 
the article, the application of this approach is 
demonstrated by an example of the formation 
of an image of the upper-crust structure based 
on the data of the PANCAKE and TTZ-South 
regional profiles.

Practical example. The seismic regional 
profiles of PANCAKE and TTZ-South were 
carried out by the WARRP method in the area 
of the transition of the Western European 
Platform to the Eastern European Platform 
[Starostenko et al., 2013; Janik et al., 2021]. 

These two profiles are of interest because they 
run perpendicular to each other and the ap-
plication of finite-difference reflection/re-
fraction migration to them made it possible 
to obtain additional information about the 
structure of the boundary and the thickness 
of the foundation in this area.

The PANCAKE (PANnonian-Carpathians-
Cratonic Europe) regional profile (Fig. 3), ex-
tending from the East European Craton to the 
Pannonian Basin, is 645  km long, of which 
157 km pass through Hungary and 488 km 
through Ukraine [Starostenko et al., 2013].

This WARRP profile was carried out in 2008 
by Ukrainian researchers of the S.I. Subbotin 
Institute of Geophysics of the National Aca
demy of Sciences of Ukraine together with the 

Fig. 3. Regional profiles of PANCAKE and TTZ-South.
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State Geophysical Enterprise «Ukrgeofizika» 
with the participation of leading specialists 
from the scientific geophysical centers of Eu-
rope (Netherlands, Denmark, Poland, Austria, 
Finland, Hungary [Starostenko et al., 2009]. 
Along the PANCAKE profile, 14 sources were 
set up with an irregular step of 35—50 km (3 
in Hungary and 11 in Ukraine). The reception 
was carried out by 261 autonomous digital 
TEXAN seismological stations, the step be-
tween which was also irregular and was, on av-
erage, about 2.5 km [Starostenko et al., 2013].

The high-quality seismic records made it 
possible to distinguish direct and refracted 
waves in the upper crust, the first arrivals of 
refracted waves in the lower crust, and re-
flected waves in the crust and from the Moho 

boundary. Refracted waves from the Moho 
boundary are also clearly visible on some re-
cords [Starostenko et al., 2009].

As a result, velocity models of the Earth’s 
crust and upper mantle were constructed  
using ray modeling.

Finite-difference reflection/refraction mi-
gration is performed, taking into account the 
already-known velocity characteristics of the 
geological environment. Therefore, the ob-
tained velocity model was taken before the 
application of migration. When processing 
the seismic wave fields observed along the 
PANCAKE profile, it was necessary to con-
sider the area’s complex tectonic structure. 
Finite-difference reflection/refraction migra-
tion was applied to a sample of tracks of each 

Fig. 4. The velocity model calculated using ray-tracing method (a) and the formed migration image of the upper 
crust (b) along the PANCAKE profile.
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explosion point, and depth migration images 
were obtained up to a depth of 25 km.

For some shots in the center of the profile, 
two images were obtained from different sides 
of the source. To form a general image of the 
upper crust, all the migration results obtained 
for all 14 explosion points were analyzed, and 
all details and disturbances, depicted both 
from different sides of the source and at dif-
ferent removals, were considered. 

Fig. 4 shows the velocity model calculated 
using ray modeling (Fig. 4, a) and the formed 
migration image of the upper crust (Fig. 4, b) 
along the PANCAKE profile. As can be seen 
from the figure, the combination of the result 
of kinematic processing (velocity model) and 
dynamic processing (migration image) allows 
to obtain more complete information about 
the structure of the research area.

The TTZ-South regional profile is about 
550 km long. It runs along the southwestern 
edge of the East European Platform, partly in 
Poland and Ukraine [Janik et al., 2021]. Along 
the profile, 11 explosions were performed, 
recorded by 320 single-component stations 
(TEXAN and DATA-CUBE). The location of 

the TTZ-South profile on the map and the lo-
cation of the explosions are shown in Fig. 3. 
Wave fields from 11 sources were processed 
using finite-difference reflection/refraction 
migration. For migration, in addition to the 
observed wave fields, the parameters of the 
velocity model of the environment calcula
ted by the ray-tracing method were used as 
initial information [Janik et al., 2021]. Fig. 5 
presents the results of ray-tracing (Fig. 5, a) 
and finite-difference reflection/refraction 
migration (Fig.  5,  b) concerning the upper 
crust along the TTZ-South WARRP profile. 
The figure shows the coincidence of the re-
sults of kinematic and dynamic processing of 
the WARRP data in general terms. However, 
if these results are combined, the information 
that can be obtained from their joint interpre-
tation will significantly increase.

Conclusions. Of course, the denser the 
observation system, the clearer and more 
detailed the geological environment image 
obtained with the help of seismic migration. 
Unfortunately, during regional seismic sur-
veys, the location of sources and receivers is 
limited by various circumstances, so the irreg-

Fig. 5. The results of ray-tracing method (a) and finite-difference reflection/refraction migration (b) in relation to 
the upper crust along the TTZ-South WARRP profile.
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ularity and sparseness of the observation sys-
tem, and sometimes its insufficiency, require 
non-standard methods for processing the data 
registered in such conditions in order to ob-
tain the most complete information about the 
deep structure of the area [Verpakhovskaya 
et al., 2021].

The practical examples confirmed that the 
finite-difference reflection/refraction migra-
tion method is currently the only possibility 
to reflect the geological structure in the dyna
mic characteristics of the wave field observed 
by the WARRP method.

The proofs of the correctness of the time 
and wave fields’ continuations, which are per-
formed by the finite-difference solution of dif-
ferential equations — eikonal and the wave 
equation, allow us to discuss the accuracy of 
calculations when performing the finite-dif-
ference reflection/refraction migration. 

The effectiveness of the application of the 
finite-difference reflection/refraction migra-
tion is demonstrated in the examples of wave 

fields observed along the regional profiles of 
the PANCAKE and TTZ-South. The applica-
tion of the finite-difference reflection/refrac-
tion migration in the processing of PANCAKE 
and TTZ-South regional profile data showed 
that in areas with a complex depth structure, 
it is necessary to conduct a more thorough 
analysis of the migration images obtained for 
individual points of the explosion to repro-
duce their shape in the total migration section 
correctly.

The formed images of the upper crust 
along the PANCAKE and TTZ-South profiles 
made it possible to obtain additional informa-
tion about the deep structure of the zone of 
transition from the Western European Plat-
form to the Eastern European Platform. At the 
same time, combining the results of kinematic 
processing with ray-tracing method and dy-
namic processing with the finite-difference 
reflection/refraction migration allows to sig-
nificantly increase the informativeness of the 
WARRP data.
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Коректність скінченно-різницевих задач продовження  
часового та хвильового полів для міграційного  

зображення границі фундаменту

О. Верпаховська, О. Чорна, 2023

Інститут геофізики ім. С.І. Субботіна НАН України, Київ, Україна

У сучасній сейсморозвідці процедура міграції відіграє важливу роль для подаль-
шої інтерпретації спостережених даних. Саме міграція дає  можливість відобразити 
глибинну будову геологічного розрізу за динамічними характеристиками зареєстро-
ваних хвильових полів.

При обробці даних глибинного сейсмічного зондування (ГСЗ, зарубіжний аналог 
WARRP (wide angle reflection/refraction profiling)), стандартні методи міграції є не-
ефективними, що пов’язано з особливостями систем спостереження. Всі існуючі 
методи міграції переважно ґрунтуються на відбитих хвилях, які мають обмежений 
інтервал реєстрації. Хвильове поле при ГСЗ спостерігається на відстанях від джерел, 
які сягають кількох сотень кілометрів, нерегулярний крок між приймачами стано-
вить в середньому 1—3 км. За таких умов складно, а іноді й неможливо виділити 
відбиті хвилі.

Розроблена в Інституті геофізики ім. С.І.  Субботіна НАН України модель 
скінченно-різницевої міграції поля відбитих/рефрагованих хвиль довела свою ефек-
тивність при побудові міграційних зображень глибинної будови розрізу за даними 
ГСЗ, спостереженими в різних регіонах світу. Основною відмінністю даного методу 
міграції є використання рефрагованих хвиль як опорних, зареєстрованих у відда-
леній зоні джерела. Водночас виникає питання коректності відтворення глибинної 
будови розрізу на міграційному зображенні, що залежить від коректності методів 
розрахунку. Алгоритм скінченно-різницевої міграції поля відбитих/рефрагованих 
хвиль містить продовження часового та хвильового полів. Наведено доказ матема-
тичної коректності розв’язання диференціальних рівнянь ейконалу та скалярного 
хвильового рівняння скінченно-різницевим методом, на яких ґрунтуються продо-
вження часового та хвильового полів відповідно.

Зіставлення сформованих міграційних зображень та швидкісних моделей, роз-
рахованих променевим моделюванням верхньої кори вздовж профілів PANCAKE та 
TTZ-South, дає можливість стверджувати, що поєднання результатів кінематичної та 
динамічної обробки даних ГСЗ підвищує інформативність їх подальшої інтерпретації.

Ключові слова: коректність, міграція відбитих/заломлених хвиль, зворотне продо-
вження хвильового поля, пряме продовження часового поля, профілі DSS (WARRP), 
рівняння ейконалу, хвильове рівняння.


