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Annotation. The problems have been considered of natural nonlinear vibrations of an absolutely rigid semiball and 
a semicylinder on a horizontal plane, assuming that there is no energy dissipation, sliding and tipping on foundation. To 
adjust the damper to a frequency close to the fundamental tone of vibrations, it is necessary to assess the natural 
frequency of the damper, which is determined under the assumption on smallness of the vibrations amplitude. The 
authors found that the damper parameters must be such that natural frequency is close to the frequency of fundamental 
tone of vibrations. Therefore, it is important to know the natural frequency of the vibration damper, which, as a rule, is 
determined under the assumption on smallness of the vibrations amplitude, which makes it possible to linearize the 
motion equation. At high amplitudes, the nonlinear differential motion equation is solved by numerical methods, which, 
however, allow to find only particular solutions for specific conditions.  This paper represents the comparison of the 
natural frequency of linearized and nonlinear system. The relative error has been estimated of the natural frequency 
calculation, which is caused by linearization. It is shown that the ratio of the natural frequency of the linearized system to 
the natural frequency of the nonlinear system does not depend on the mass and radius. This conclusion made it possible 
to generalize the results of particular computational solutions and to obtain a formula which takes into account the 
amplitude influence on the natural vibrations frequency and helps to determine the natural frequency for the initial angles 
to ninety degrees. For the first time, a method for generalizing the numerical experiments has been proposed in order to 
determine the influence of radii on the natural frequencies of the nonlinear vibrations of a semicylinder and a semiball. 
The results of numerical experiments for determining the relative frequency are approximated by a second degree 
polynomial of the amplitude. As a result of studies and mathematical models obtained, the authors have been 
determined rational radii  of dynamic dampers of vibrations.  

Keywords: oscillation frequency, quencher, linearized system, hemisphere, half cylinder 

 
Introduction. The dynamic dampers of vibrations, which are characterized by 

low-frequency natural vibrations (less than 10 Hz, and often less than 1 Hz), are 

widely used to reduce the loads in different mechanisms and engineering structures 

[1] when mining operations and underground space development. In this case, the 

vibration dampers with rolling bodies are used [2–6], which have high reliability. 

Their overview is represented in the works [2, 6].  
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The damper parameters must be such that natural frequency is close to the 

frequency of fundamental tone of vibrations [2]. Therefore, it is important to know 

the natural frequency of the vibration damper, which, as a rule, is determined under 

the assumption on smallness of the vibrations amplitude, which makes it possible to 

linearize the motion equation. At high amplitudes, the nonlinear differential motion 

equation is solved by numerical methods, which, however, allow to find only 

particular solutions for specific conditions. There is a need to generalize the particular 

solutions. 

The objective of work is to develop a generalization method of numerical results 

for determining the rational parameters of dynamic dampers of vibrations, which 

provide the required natural frequency of nonlinear vibrations.  

Main part. Let us consider one of the simplest dampers [6], made in the form of a 

semicylinder or a semiball 1, vibrating on a plane 2 (Fig. 1). When solving a number 

of applied problems related to the vibrational impact on the loose medium [7, 8], the 

vibrations of a semicylinder and a semiball can serve as a model representation of the 

solid particles motion.  

When a semicylinder swings, we assume that there is no energy dissipation, 

sliding and tipping on foundation.  

 

 
Figure 1 - The computational scheme for damper of vibrations: 1 – a semicylinder or 

semiball; 2 – plane 

 

The equation of semicylinder vibrations [9] 
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where   – angle; g – gravitational acceleration; 1r  – semicylinder radius  (identical 

symbols used in the description of vibrations of a semicylinder and a semiball, will be 

recorded with 1 and 2 indices, respectively). A point above the letters means time 

differentiation. Initial conditions: 0  and 0 . Since the dissipation is not 

considered, then 0  is the amplitude of natural vibrations.  

The equation (1) can be represented in a form 
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The nonlinear equation (2) has no analytical solution. For its linearization, it is 

assumed that the angle   is low and take ,sin   1cos  . As a result, obtain 
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Dividing (3) by a factor before the second derivative, we get  
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Then the frequency and period of natural vibrations 
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From (5) we determine the radius at which the semicylinder has the natural 

frequency 0,1v   
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In order to determine the natural frequency of nonlinear vibrations for each 

specific value r  and 0 , the equation (2) can be solved numerically. However, this 

makes it difficult to generalize the results. The task may be simplified if to consider 

that, based on the theorem on the change in the kinetic energy, we have  
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The semicylinder is turned through an angle d  during the time  
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By integrating both sides of the equation (7), we determine the vibration period 

 01 T  and the natural frequency  01 v  with account of the nonlinearity  
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When integrating, symmetry of a phase portrait with respect to the coordinate 

axes is taken into account, which made it possible to set the limit values 0 and 0 ; 

and for obtaining the period, the result should be quadrupled. Figure 2 represents the 

characteristic form of a phase portrait, which has been obtained by numerical 

integration of equation (2) using the Runge–Kutta–Fehlberg method of an order 4-5 

with 1.01 r  m, 0 =5, 10, 30, 60 and 90. 

 

 
 

Figure 2 - The characteristic form of a phase portrait of semicylinder vibrations 

(r1=0.1 m, where 1, 2, 3, 4 and 5 – 0 =5, 10, 30, 60 and 90) 

 

Hereinafter, the calculations are performed through mathematical Maple package. 

Let us find the natural frequencies ratio 
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This value will be called the relative natural frequency. Pay attention to the 

independence  01 v  from the mass and radius of the semicylinder - the first 

provision of the method.  

The relative error is caused by linearization of equation (2)  
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In Figure 3, the round markers represent the results of numerical integration of the 

expression (9) by Newton-Cotes method, and the triangular markers represent the 

errors. At amplitudes higher than 60 degrees, the error exceeds 20 %. The lines 

represent the results of approximation by functions 20 0  90: 
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Figure 3 - The dependence of relative natural frequency 

1v  (full line) and error 1  

 (dashed line) on the initial angle 0 

 

The approximation has been performed in the interval 20 0  90 by the least 

square method and ensures high accuracy (determination factor is 0.999). The 

possibility of approximation of numerical experiments is the second provision of the 

method.  

Formulas (10) and (11) make possible to determine the natural frequency of 

vibrations of a semicylinder and an error when linearizing the vibration equation. 

Since, as it shown above,  01 v does not depend on the mass and radius of the 

semicylinder, taking into account (9) and (10) we obtain the expression for 

determining the natural frequency of nonlinear vibrations 
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Having substituted (5) into (9), and solving relatively  01 r , we obtain the 

radius at which the semicylinder has the natural frequency  01 v  
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In formula (13), in contrast to (6), there is a factor  01 v which takes into 

account the influence of 0  amplitude on the natural frequency v  during the 

nonlinear vibrations.  

Let us analyse the vibrations of a damper [6], made in the form of a semiball. 

When modelling the semiball motion, we use the assumptions and numerical methods 
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described above.  

The equation of semiball vibrations [10–12] 
 

  0sincossin 22  mglmlI p  . (14) 
 

where pI  – the moment of inertia of a semiball relative to the instantaneous centre; 

m – the semiball mass; l  – the distance of the mass centre C  from the semiball base 

O .  

The moment of inertia pI  and a distance l  are calculated by the formulas: 
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where 2r  – the semiball base radius. 

As a result of the equation (14) linearization, we have  
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where 2
2

320

83
mrIc   – the moment of semiball inertia relative to the horizontal axis, 

passing through the centre of inertia, and which is perpendicular to the drawing plane. 

Having divided (15) by cI , we get  
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From (16) it follows that a semiball has the natural frequency 0,2v  with a radius  
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Having done the same way as when determining the period of nonlinear 

vibrations of a semicylinder, we have:  
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The phase portrait is not represented, since it is qualitatively similar to the phase 

portrait of semicylinder vibrations.  

Determine the relative natural frequency 
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Pay attention to the fact that in this case as well the  02 
v does not depend on the 

mass and radius of the damper (the first provision of the method has been satisfied).  
 

 

Figure 4 - The dependence of relative natural frequency 

2v  (full line) and error 2   

(dashed line) on the initial angle 0  

 

The relative error of linearization of the equation (14)  
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In Figure 3, the results are represented of the numerical integration of expression 

(19) and the error  02  , as well as their approximation in the range 20 0  90 

through functions (determination factor is 0.999):  
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– the second provision of the method has been satisfied. 

With account of (19) and (20), we obtain an expression for determining the 
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natural frequency of nonlinear vibrations  

    1
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From (19), with account of (16), we obtain the radius at which the semiball has 

the natural frequency  02 v   
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In formula (22), the factor  02 v  accounts for the influence of the amplitude 0  

on the natural frequency at nonlinear vibrations.  

Let us connect the solutions for a semicylinder and a semiball, presenting the 

formulas (5), (6), (9), (12), (13), (16), (17), (19), (21) and (22) in such a form   

                                                   
i

ii
r

g
fv 0,0,  ;                                                  (23) 

       
   







 


 d
f

f

v

v
v

i

i

i

i
i

0

0 0

0,

0

0,
0 ; (24) 

 

                                 1

0
42

0
5

0,101 9996.010106
  vv ;                    (25) 

 

                              1

0
32

0
5

0,202 9763.0106,1103
  vv ;          (26) 

 

                                2
0,

2
0,0,

 iii vgfr ;        2

00
2
0,0

  iiii vvgfr ,          (27) 
 

where i  – for a semicylinder –  1, and for a semiball – 2; 
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The proposed method made it possible to obtain formulas (23) - (27) which 

account for the influence of the radii on the natural frequencies of a semicylinder and 

a semiball at both low and high vibration amplitudes. In the first case, the vibrations 

are linear, and in the second – nonlinear, dependent on amplitude.  

Conclusions. The method for generalizing the numerical experiments has been 

proposed in order to determine the influence of radii on the natural frequencies of the 

nonlinear vibrations of a semicylinder and a semiball, which consists in the 

following:  

1. The vibrations of a nonlinear system are characterized by a relative frequency 

 0

iv , depending only on the amplitude. The absence of such body parameters as 

mass and radius is achieved by representing the natural vibrations frequency as a 

product of two factors, one of which is 0,if , and the second is irg . 

2. The results of numerical experiments for determining the relative frequency are 
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approximated by a second degree polynomial of the amplitude.  

The rational radii (27) of dynamic dampers of vibrations have been determined.  
____________________________ 
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Анотація. Авторами розглянуто завдання про власні нелінійні коливання абсолютно жорстких напівкулі і 
напівциліндра на горизонтальній площині в припущенні відсутності дисипації енергії, прослизання і перекидання 
на основу. Щоб налаштувати демпфер на частоту, близьку до основного тону вібрацій, необхідно спочатку 
оцінити власну частоту демпфера, яка визначається в припущенні про малість амплітуди коливань. За 
отриманими результатами автори встановили, що параметри демпфера повинні бути такими, щоб власна 
частота була близька до частоті основного тону коливань. Тому важливо знати власну частоту віброгасителя, 
яка, як правило, визначається в припущенні малості амплітуди коливань, що дозволяє лініязувати рівняння руху. 
При великих амплітудах нелінійне диференціальне рівняння руху вирішується чисельними методами, які, 
дозволяють знайти тільки конкретні рішення для конкретних умов. В роботі виконано порівняння власної частоти 
лініязованої і нелінійної системи. Відносна похибка була отримана для розрахунку власної частоти, яка викликана 
лініяризацією. Показано, що відношення власної частоти лінеаризованної системи до власної частоти нелінійної 
системи не залежить від маси і радіусу. Цей висновок дозволив узагальнити результати конкретних 
обчислювальних рішень і отримати формулу, яка враховує вплив амплітуди на частоту власних коливань і 
допомагає визначити власну частоту для початкових кутів до дев'яноста градусів. Вперше запропоновано метод 
узагальнення чисельних експериментів з метою визначення впливу радіусів на власні частоти нелінійних 
коливань напівциліндра і напівкулі. Результати численних експериментів по визначенню відносної частоти 
аппроксимуются поліномом другої амплітуди. В результаті проведених досліджень і отриманих математичних 
моделей авторами були визначені раціональні радіуси динамічних демпферів коливань. 

Ключові слова: частота коливань, гаситель, лініязована система, півкуля, напівциліндр. 
 

Аннотация. Рассмотрены задачи о собственных нелинейных колебаниях абсолютно жестких полушара и 
полуцилиндра на горизонтальной плоскости в предположении отсутствия диссипации энергии, проскальзывания 
и опрокидывания на основание. Чтобы настроить демпфер на частоту, близкую к основному тону вибраций, 
необходимо оценить собственную частоту демпфера, которая определяется в предположении о малости 
амплитуды колебаний. По полученным результатам авторы установили, что параметры демпфера должны быть 
такими, чтобы собственная частота была близка к частоте основного тона колебаний. Поэтому важно знать 
собственную частоту виброгасителя, которая, как правило, определяется в предположении малости амплитуды 
колебаний, что позволяет линеаризовать уравнение движения. При больших амплитудах нелинейное 
дифференциальное уравнение движения решается численными методами, которые, позволяют найти только 
конкретные решения для конкретных условий. Поэтому установлено, что для настройки гасителя на частоту 
близкую к основному  тону  колебаний необходимо оценить собственную частоту гасителя, которую определяют 
в предположении о малости амплитуды колебаний.  В работе выполнено  сравнение собственной частоты 
линеаризованной и нелинейной системы. Относительная погрешность была рассчитана для расчета 
собственной частоты, которая вызвана линеаризацией. Показано, что отношение собственной частоты 
линеаризованной системы к собственной частоте нелинейной системы не зависит от массы и радиуса. Этот 
вывод позволил обобщить результаты конкретных вычислительных решений и получить формулу, которая 
учитывает влияние амплитуды на частоту собственных колебаний и помогает определить собственную частоту 
для начальных углов до девяноста градусов. Впервые предложен метод обобщения численных экспериментов с 
целью определения влияния радиусов на собственные частоты нелинейных колебаний полуцилиндра и 
полушара. Результаты численных экспериментов по определению относительной частоты аппроксимируются 
полиномом второй амплитуды. В результате проведенных исследований и полученных математических моделей 
авторами были определены рациональные радиусы динамических демпферов колебаний. 

Ключевые слова: частота колебаний, гаситель, линеаризованая система, полушар, полуцилиндр. 
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