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OF LOW-FREQUENCY VIBRATIONS
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YInstitute of Geotechnical Mechanics named by N. Poljakov of National Academy of Sciences of
Ukraine, “Dnipropetrovsk Medical Academy of the Ministry of Health of Ukraine, %Oles Honchar
Dnipro National University

METOA BU3HAYEHHA PALIIOHANIBHUX NAPAMETPIB AUHAMIYHUX TACUTENIB

HU3bKOYACTOTHUX KONMMBAHb
'NManwun €.C., ‘MonyaHoe P.M., *XamiHiy O.B.
1[Hcmumym eceomexniunoi mexaniku im. M.C. Ilonaxosa HAH Ykpainu, 2ﬂ3 «/[Hinponemposcvka
meouuna axademis MO3 Vrpainuy, 3,ZZHz'np060me7 HayioHanohull yHieepcumem imeni Onecs
T'onuapa

METO[ ONPEAENEHUA PALMOHANBHBIX NAPAMETPOB ANHAMUYECKMX
FACUTENEN HU3KOYACTOTHbIX KONEBAHUU

'Mlanwun E.C., ?MonyaHoe P.H., *XamuHuy A.B.
1HHcmumym eceomexuuveckou mexanuxu um. H.C. [Tlonakosa HAH  Vkpaunwr, 113
«/Inenponemposckas meduyunckas akademus MO3 Vipaunvi, Hunposckuti HayuoHATbHbI
yHugepcumem umenu Onecs I onuapa

Annotation. The problems have been considered of natural nonlinear vibrations of an absolutely rigid semiball and
a semicylinder on a horizontal plane, assuming that there is no energy dissipation, sliding and tipping on foundation. To
adjust the damper to a frequency close to the fundamental tone of vibrations, it is necessary to assess the natural
frequency of the damper, which is determined under the assumption on smallness of the vibrations amplitude. The
authors found that the damper parameters must be such that natural frequency is close to the frequency of fundamental
tone of vibrations. Therefore, it is important to know the natural frequency of the vibration damper, which, as a rule, is
determined under the assumption on smallness of the vibrations amplitude, which makes it possible to linearize the
motion equation. At high amplitudes, the nonlinear differential motion equation is solved by numerical methods, which,
however, allow to find only particular solutions for specific conditions. This paper represents the comparison of the
natural frequency of linearized and nonlinear system. The relative error has been estimated of the natural frequency
calculation, which is caused by linearization. It is shown that the ratio of the natural frequency of the linearized system to
the natural frequency of the nonlinear system does not depend on the mass and radius. This conclusion made it possible
to generalize the results of particular computational solutions and to obtain a formula which takes into account the
amplitude influence on the natural vibrations frequency and helps to determine the natural frequency for the initial angles
to ninety degrees. For the first time, a method for generalizing the numerical experiments has been proposed in order to
determine the influence of radii on the natural frequencies of the nonlinear vibrations of a semicylinder and a semiball.
The results of numerical experiments for determining the relative frequency are approximated by a second degree
polynomial of the amplitude. As a result of studies and mathematical models obtained, the authors have been
determined rational radii of dynamic dampers of vibrations.

Keywords: oscillation frequency, quencher, linearized system, hemisphere, half cylinder

Introduction. The dynamic dampers of vibrations, which are characterized by
low-frequency natural vibrations (less than 10 Hz, and often less than 1 Hz), are
widely used to reduce the loads in different mechanisms and engineering structures
[1] when mining operations and underground space development. In this case, the
vibration dampers with rolling bodies are used [2-6], which have high reliability.
Their overview is represented in the works [2, 6].
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The damper parameters must be such that natural frequency is close to the
frequency of fundamental tone of vibrations [2]. Therefore, it is important to know
the natural frequency of the vibration damper, which, as a rule, is determined under
the assumption on smallness of the vibrations amplitude, which makes it possible to
linearize the motion equation. At high amplitudes, the nonlinear differential motion
equation is solved by numerical methods, which, however, allow to find only
particular solutions for specific conditions. There is a need to generalize the particular
solutions.

The objective of work is to develop a generalization method of numerical results
for determining the rational parameters of dynamic dampers of vibrations, which
provide the required natural frequency of nonlinear vibrations.

Main part. Let us consider one of the simplest dampers [6], made in the form of a
semicylinder or a semiball 1, vibrating on a plane 2 (Fig. 1). When solving a number
of applied problems related to the vibrational impact on the loose medium [7, 8], the
vibrations of a semicylinder and a semiball can serve as a model representation of the
solid particles motion.

When a semicylinder swings, we assume that there is no energy dissipation,
sliding and tipping on foundation.

Figure 1 - The computational scheme for damper of vibrations: 1 — a semicylinder or
semiball; 2 — plane

The equation of semicylinder vibrations [9]

3 8 4 49
(E—s—COS(p)(p—l-(g—Sln q)J(p +§rlsmcp 0 (1)
where ¢ — angle; g— gravitational acceleration; r; — semicylinder radius (identical
symbols used in the description of vibrations of a semicylinder and a semiball, will be
recorded with 1 and 2 indices, respectively). A point above the letters means time
differentiation. Initial conditions: ¢=¢g and ¢=0. Since the dissipation is not
considered, then o, is the amplitude of natural vibrations.
The equation (1) can be represented in a form

O —16coso)p +(8sin @) b2 + sm(p 0. (2)
I,
1
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The nonlinear equation (2) has no analytical solution. For its linearization, it is
assumed that the angle ¢ is low and take sin =~ ¢, cose ~1. As a result, obtain

(975—16)('|')+8r—g(p:0. (3)
1
Dividing (3) by a factor before the second derivative, we get
+0fge=0. (4)
29
where =2. |———— —the natural angular frequency.
10 (9 —16) : AHENEY

Then the frequency and period of natural vibrations

Vig = f1,0\/r§ : (5)
1

1 [
hio=——.=

fio V9

1/ 2
Where fl’ozg m

From (5) we determine the radius at which the semicylinder has the natural
frequency v,

= gfovig- (6)

In order to determine the natural frequency of nonlinear vibrations for each
specific value r and ¢,, the equation (2) can be solved numerically. However, this

makes it difficult to generalize the results. The task may be simplified if to consider
that, based on the theorem on the change in the kinetic energy, we have
(cosp—cos )

¢ =4%(p0) |2
1
\[ (9n—16cos @)

The semicylinder is turned through an angle 4o during the time

where f,(¢,)=

dr = 99 (7)
¢

By integrating both sides of the equation (7), we determine the vibration period
T, (¢g) and the natural frequency v, (¢g) with account of the nonlinearity

T (<Po):(pjpL Lg
5 fileo) Vg
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%9
v (90)= [ falo )\/%d@ : (8)
0

When integrating, symmetry of a phase portrait with respect to the coordinate
axes is taken into account, which made it possible to set the limit values 0 and ¢q;
and for obtaining the period, the result should be quadrupled. Figure 2 represents the
characteristic form of a phase portrait, which has been obtained by numerical
integration of equation (2) using the Runge—Kutta—Fehlberg method of an order 4-5
with b =0.1 m, ¢, =5°, 10°, 30°, 60° and 90°.

o, rad/s

10

-
(e
AAN

N

N
- 10 s~y

= 0 [ @, rad

o,

N

/

X

N

Figure 2 - The characteristic form of a phase portrait of semicylinder vibrations
(r;=0.1 m, where 1, 2, 3, 4 and 5 — @g =5°, 10°, 30°, 60° and 90°)

Hereinafter, the calculations are performed through mathematical Maple package.
Let us find the natural frequencies ratio

®o
V10 f10
——= | - do. (9)
v1(¢o) g f1(¢o)
This value will be called the relative natural frequency. Pay attention to the

independence vy (pg) from the mass and radius of the semicylinder - the first

provision of the method.
The relative error is caused by linearization of equation (2)

81(pg) = Vl’o;l—vs(q"’) -100% = (1—vf((po))100% .

Vi (9g)=

In Figure 3, the round markers represent the results of numerical integration of the
expression (9) by Newton-Cotes method, and the triangular markers represent the
errors. At amplitudes higher than 60 degrees, the error exceeds 20 %. The lines
represent the results of approximation by functions 20°< ¢y < 90°:
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Vi () =6-10"2p5 +10* ¢y +0.9996 ; (10)
8,(pg)=6.4-10"p3 +1.38-10 %¢y —4.4-1072, (11)

0.8} : : : A

061 t +—ar—t + ' + 20

0.4 + - -

20 30 40 50 60 70 80 P,

Figure 3 - The dependence of relative natural frequency v; (full line) and error §,
(dashed line) on the initial angle o

The approximation has been performed in the interval 20°< ¢, < 90° by the least
square method and ensures high accuracy (determination factor is 0.999). The
possibility of approximation of numerical experiments is the second provision of the
method.

Formulas (10) and (11) make possible to determine the natural frequency of
vibrations of a semicylinder and an error when linearizing the vibration equation.
Since, as it shown above, v;'(@g)does not depend on the mass and radius of the

semicylinder, taking into account (9) and (10) we obtain the expression for
determining the natural frequency of nonlinear vibrations

vy (o) = v1,0(6 1072 +10 4 @p + 0.9996)_1. (12)

Having substituted (5) into (9), and solving relatively r (pg), We obtain the

radius at which the semicylinder has the natural frequency v; (¢g)

r(o)= 0% [Vl (o M (o )Tz : (13)

In formula (13), in contrast to (6), there is a factor v; (¢q)which takes into
account the influence of ¢y amplitude on the natural frequency v during the

nonlinear vibrations.
Let us analyse the vibrations of a damper [6], made in the form of a semiball.
When modelling the semiball motion, we use the assumptions and numerical methods
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described above.
The equation of semiball vibrations [10-12]

Ip(p+mlzsin(p003(p-cp2+mg|sin(p:0. (14)
where |ID — the moment of inertia of a semiball relative to the instantaneous centre;
m— the semiball mass; | — the distance of the mass centre ¢ from the semiball base
0.

The moment of inertia I, and a distance | are calculated by the formulas:
83 .o 3
I, =ml?| == +sin ,==r
P (45 (Pj 8
where r, — the semiball base radius.
As a result of the equation (14) linearization, we have
l.p+mgle=0. (15)
where |, :ﬁmrz2 — the moment of semiball inertia relative to the horizontal axis,

passing through the centre of inertia, and which is perpendicular to the drawing plane.
Having divided (15) by 7, we get

. 2
¢+ (1)2’0([) =0.

where o, , = 1209 _ the natural angular frequency.

83r,

Then the natural frequency of vibrations
where f; o _ 1 120

g
Voo = fz,owfa’ (16)
2\ 83

From (16) it follows that a semiball has the natural frequency v,, with a radius
rp = of50v28. (17)

Having done the same way as when determining the period of nonlinear
vibrations of a semicylinder, we have:

¢=4f2(®0)\/§’
)

Po
1 I
T, ((Po): _[ ~2do,
0

f2(e0)V g
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g ]
Vo(90)= | f2(eo) r_d(P’ (18)

0 2
where f _ [{coso—cosgy)
2(¢0) \/ 3(83/45+sin2 o)

The phase portrait is not represented, since it is qualitatively similar to the phase
portrait of semicylinder vibrations.
Determine the relative natural frequency

. Voo 0 fap
- Y20 _ 1120 4o 19
V2(00) V2 (o) g f2(eo) Y )

Pay attention to the fact that in this case as well the v;(¢,)does not depend on the
mass and radius of the damper (the first provision of the method has been satisfied).

V3

1.4 - as

20 30 40 S50 60 70 80

Figure 4 - The dependence of relative natural frequency V; (full line) and error 0,
(dashed line) on the initial angle @

The relative error of linearization of the equation (14)

5,((g) = 2012 (20) 10096 - (1—v; (90 ))100%.

V2,0
In Figure 3, the results are represented of the numerical integration of expression
(19) and the error 85(pg), as well as their approximation in the range 20°< ¢ < 90°
through functions (determination factor is 0.999):

V3(9)=3-10"5¢3 +1.6-10 3 ¢g + 0.9763; (20)
8,(pg)=3.1-10"3f +0.1621¢, —2.3747

— the second provision of the method has been satisfied.
With account of (19) and (20), we obtain an expression for determining the
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natural frequency of nonlinear vibrations
v, (pg) = v2,0(3 10793 +1.6-10 3 ¢q + 0.9763)_1 . (21)
From (19), with account of (16), we obtain the radius at which the semiball has
the natural frequency v, (o)

ra(00) = ooV 00 (00| (22)

In formula (22), the factor V(g ) accounts for the influence of the amplitude ¢y

on the natural frequency at nonlinear vibrations.
Let us connect the solutions for a semicylinder and a semiball, presenting the
formulas (5), (6), (9), (12), (13), (16), (17), (19), (21) and (22) in such a form

Vio = fio 9, (23)
f
* Vio o in

Vi(po)= == | 7 ~do; (24)

" Vi(go) 5 fileo)
vy (@9) =V 0 (6 10729 +10 4y + 0.9996)_1; (25)
V,(@0)= Va0 (3 10°93 +1,6-10 3¢y + 0.9763)_1 : (26)

2.,-2. 2 * 2

o = ofiovig: fi(eo) = ofioly; (@o Vi (@o)T : (27)

where i — for a semicylinder — 1, and for a semiball — 2;

gt 2 . 1 120
O 2\ (orn-16)" %% 2xV 83"

The proposed method made it possible to obtain formulas (23) - (27) which
account for the influence of the radii on the natural frequencies of a semicylinder and
a semiball at both low and high vibration amplitudes. In the first case, the vibrations
are linear, and in the second — nonlinear, dependent on amplitude.

Conclusions. The method for generalizing the numerical experiments has been
proposed in order to determine the influence of radii on the natural frequencies of the
nonlinear vibrations of a semicylinder and a semiball, which consists in the
following:

1. The vibrations of a nonlinear system are characterized by a relative frequency

Vi (pg), depending only on the amplitude. The absence of such body parameters as
mass and radius is achieved by representing the natural vibrations frequency as a
product of two factors, one of which is f; ;, and the second is Ja/n .

2. The results of numerical experiments for determining the relative frequency are
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approximated by a second degree polynomial of the amplitude.
The rational radii (27) of dynamic dampers of vibrations have been determined.
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MonyaHoe Po6epm Mukonaiioguy, [OKTOp MeAuyHUX Hayk, npocdecop, npodecop kacempu xipyprii Net1 13
«[lHinponeTpoBcbka MeanyHa akagemia MO3 Ykpainuy, [JHinpo, YkpaiHa
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AHoTauif. ABTOpamMu pO3rNSHYTO 3aBAaHHS NPO BNACHI HEMiHiMHI KOnMBaHHA abCOMIOTHO XOPCTKUX HaniBkyni i
HaniBUMNIHAPA Ha FOPM3OHTArbHINA NMOWMHI B NPUNYLLEHHI BIACYTHOCTI AucunaLii eHeprii, NPOCNN3aHHs i NepekngaHHs
Ha ocHoBy. LLlo6 HanawTyBaTh gemndep Ha 4actoty, 6nnM3bky 4O OCHOBHOMO TOHY BibpaLiil, HeobXigHO cnovaTky
OUiHUTK BRacHy yacToTy gemndepa, ska BM3HAYAETbCA B MPUMYLLUEHHI MPO ManicTb amnmiTyau KonuBaHb. 3a
OTPUMaHUMK pe3ynbTaTaMu aBTOPW BCTAHOBWNW, WO NapameTpu Aemndepa nOBWHHI OyTW Takumu, wob BnacHa
yactota Byna 6nm3bka 4O 4acTOTi OCHOBHOMO TOHY KOMMBaHb. TOMY BaXTWBO 3HATW BflaCHy YacToTy Bibporacutens,
Ka, SK NPaBKIIo, BU3HAYAETLCA B NPUNYLLEHHI ManoCTi aMnniTyau KONMBaHb, WO J03BONSE NiHIA3YBATW PIBHAHHS PyXY.
Mpu BenuWkux amnniTyaax HeniHiiHe audepeHLUianbHe PIBHAHHSA PYXYy BUMPILLYETbCS YMCENbHUMWM METOAaMM, SKi,
[03BONSAIOTh 3HANTM TiNbKN KOHKPETHI PILLEHHS AN KOHKPETHUX YMOB. B poboTi BUKOHAHO NOPIBHSAHHS BMACHOT 4acToTK
nNiHif30BaHOI i HeNiHiHOI cucTemu. BigHocHa noxubka Byna oTpumaHa 415 po3paxyHKy BNACHOI YacToTy, sika BUKMWKaHa
ninispu3sauieto. MNMokasaHo, Lo BiAHOLWEHHS BIACHOT YacTOTH NiHeapM30BaHHOI CUCTEMM [0 BAACHOI YacTOTW HEMIHIAHOT
CUCTEMU He 3anexuTb Big macu i pagiycy. Lled BWCHOBOK [JO3BOMMB Yy3aranbHUTX Pe3yNbTaTh  KOHKPETHMX
obumcnioBanbHUX pilleHb i oTpUMaTti hopmyry, sika BPaxOBYe BMAWB aMMAiTyaW Ha 4acTOTy BMACHWX KOMMBAHD |
[onoMarae BU3HaYMTU BMACHy YacToTy A4S NOYaTKOBMX KYTIB [0 AeB'SHOCTa rpadycis. Bneplue 3anponoHoBaHO METOA
y3arafibHEHHS YMCENbHUX EKCMEPUMEHTIB 3 METOK BW3HAYEHHS BMIMBY pafiyCiB Ha BRAcHi YacTOTW HERiHIMHMUX
KonmBaHb HaniBuMniHgpa i HaniBkyni. Pe3ynbTaT YWCMEHHWUX EKCMEPUMEHTIB MO BM3HAYEHHIO BiOHOCHOI 4acToTU
annpoKCUMYLOTCA NoniHOMOM Apyroi amnnityau. B pesynbTaTi npoBeaeHUX SOChimKeHb i OTPUMAHUX MaTeMaTUyHUX
Moaenen aBTopamm 6ynu BU3HaYeHi pavioHanbHi pagiycy AnHamiyHnx aemndepis KOnmBaHb.

KntoyoBi cnoBa: 4actoTa KonmBaHb, racuTesb, JiHis30BaHa cucTema, niBkyns, HaniBLUMAIHAP.

AHHOTaumA. PaccMOTpeHbl 3agaum 0 COBCTBEHHbIX HEMMHEeNHbIX konebaHnsx abCcomioTHO XeCTKUX nonylapa 1
NOMYLMAMHAPA Ha FOPU3OHTaNbHOM MAIOCKOCTU B NPESNONOXeHUM OTCYTCTBUS AUCCUMNALIMM SHEPrW, MPOCKasb3blBaHNS
W ONpOKWUAbIBAHWS Ha OCHOBaHWe. YTobbl HacTpoUTb Aemndep Ha YacToTy, BM3Ky K OCHOBHOMY TOHY BUOpaLWi,
HeobX0aMMO OLEHUTL COBCTBEHHYIO YacToTy Aemndiepa, KOTOpas ONPEAensieTcs B MPeanofioXeHuM O MarnocTy
amnnnTyapl konebaHuit. Mo nonyyYeHHbIM pe3ynbTatam aBTopbl YCTaHOBMIK, YTO MapameTpbl AeMndepa LOMmKHbI ObiTb
TakumK, 4Tobbl COBCTBEHHAs YacToTa Obina Grm3ka K YactoTe OCHOBHOMO TOHa koneGaHuil. MMo3TOMy BaXHO 3HaTh
co6CTBEHHYI0 YacTOTy BuBporacuTens, Kotopas, kak npasuro, onpeaenseTcs B NPeanonoXeHun Manoctn amniuTyabl
konebaHuit, 4YTO MO3BONSET fMHEApPU30BaTb YpaBHEHWE ABWKeHUs. [lpy BonbMX amnaMTygax HenuHeinHoe
anddepeHUmManbHOe YpaBHEHUE ABWKEHNS PELLAETCs YUCIEHHBIMU METO4AMW, KOTOpbIe, NO3BOMAKT HANTU TOMLKO
KOHKPETHbIE PeLUeHUst AN KOHKPETHbIX YCroBWA. [103TOMY YCTAHOBNEHO, YTO ANS HACTPOWKW racuTens Ha 4acToTy
BriM3Kyt0 K OCHOBHOMY TOHY KomnebaHuin HeobXoaMMO OLEHWNT COBCTBEHHYO YacTOTY racuTens, KOTOPYL OnpeaenstoT
B MPEAnornoXeHun 0 manocTu amnnutydbl konebaHuin. B paboTe BbINOMHEHO CpaBHEHWE COBCTBEHHOW 4acTOTbl
NMHEapW30BaHHON U HenuHeiHon cuctembl. OTHOCMTENbHAs MOrpelHoCTb Obina paccuuTaHa Ans  pacyeta
COBCTBEHHOM 4acTOTbl, KOTOpas Bbl3BaHa nWHeapu3aumeir. [MokasaHo, 4TO OTHOLWEHWEe COBCTBEHHOW 4acToTbl
NNHEapU30BaHHON CUCTEMbI K COOCTBEHHOM YacTOTE HENMHENHOW CUCTEMbl HE 3aBMCMT OT MacChl M paguyca. JTOT
BbIBOL MO3BOMWA 000BWMUTL pesynbTaThl KOHKPETHBIX BbIMACIIMTENBHBIX PELIEHWA W MOMY4MTb POpMyny, KoTopast
Y4MTbIBAET BAMSHWE aMnanUTydbl HA YacToTy COBCTBEHHbIX KonebaHui U nomoraeT onpeaennTb COGCTBEHHYI0 YacToTy
ANS HavanbHbIX YIIoB [0 AeBAHOCTa rpajycoB. Bnepabie npeanoxeH MeTon 0606LEHNS YACTIEHHBIX AKCMIEPUMEHTOB C
Uenblo OnpedeneHus BIUSHWS pagnycoB Ha COBCTBEHHbIE YACTOTbl HEMWHEMHbIX KonebaHui nonyuunuegpa u
nonywapa. PesynbtaTbl YACNEHHbIX SKCMEPUMEHTOB MO ONPEAEeNieHNI0 OTHOCUTENBHON YacTOTbl annpOKCUMUPYIOTCA
MOMHOMOM BTOPOW amnnuTygbl. B pesynbTate npoBegeHHbIX UCCReS0BaHMI U MOMYYEHHbIX MaTeMaTUYECKUX MOAENEN
asTopamu Gbinn onpeaeneHbl paLnoHanbHble paguychl ANHAMUYECKUX AemMndepoB konebaHuii.

KnioyeBble cnosa: yactota konebaHuit, racutenb, NMHeapu3oBaHas cuctema, nonyLuap, NonyLunuHAp.

Cmamms Haditiwna do pedakyii 15.06. 2019
Pekomer0osaHo do dpyky 0-pom mexH. Hayk b.0. brroccom
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