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Abstract. For the first time in the article, the method of integral Fourier transform is used to solve the wave
equation. As a result of applying the direct and inverse Fourier transforms, analytical expressions are obtained for
calculating displacements and stresses in wells under the action of variable internal pressure. Features of the second
kind were excluded by the half division method. The calculation of the Fourier Bessel integrals of rapidly oscillating
functions was carried out according to the standard program using the Gauss-Kronrod quadrature formula taking into
account the periodic system of infinite discontinuity. It is established that the nature of the change in stress over time,
after the termination of the force, is oscillatory and decaying. It was found that the shorter the pressure relief time, the
greater the tensile stresses on the inner contour of the well cavity, which vary in hyperbolic dependence. For given
parameters of the elastic medium with a fall time of less than 0.01 s, a sharp increase in radial and tangential stresses is
observed. It is established that the nature of the change in tangential stresses in time after the termination of the force is
oscillatory in nature, with the same period of damped oscillations. The greater the value of radial compressive stresses
at the time of complete pressure relief, the more accumulated elastic energy passes into tensile radial and tangential
stresses. With an increase in the inner radius of the cylindrical cavity in the studied range from 0.05 m to 0.3 m, the
radial stresses linearly increase after the release of the internal pressure. Radial tensile stresses are directly proportional
to the amplitude of the internal load (pressure) before it is discharged from the well. An analytical solution of the plane
problem for calculating displacements and stresses is obtained, which allows them to be calculated in semi-infinite and
infinite elastic media. The solution is stable when the ratio of the external and internal radii of the elastic medium is
greater than or equal to 1000. In this paper, we consider the initiation phase, which precedes the layered separation of
the elastic medium. The reliability and practical value of the proposed calculation method is confirmed by data from mine
and laboratory studies obtained by other authors.
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Introduction. Gas-bearing coal and sandstone are a complex fractured-porous
medium with different systems of macropores, micropores and cracks of various
specific lengths, thicknesses, medium gaping and specific surfaces. The impact on the
well is carried out in a limited volume of the gas-bearing medium under conditions
when the mountain massif is in a loaded state and when there is no intensive gas
filtration and active crack growth. In this case, in the first approximation, a defective
stochastic medium can be considered, according to the hypothesis of R.L. Salganik,
as homogeneous, and the dynamic problem of determining stresses and displacements
can be solved by the elastic homogeneous medium model [1]. This task has a wide
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practical application in the mining industry. After the internal pressure of the working
agent is quickly released in the well, tensile stresses occur in the marginal zone of the
cylindrical cavity of the well, thereby stimulating the formation of cracks and gas
release from the array. In this case, the effect of inertial forces is used. Many
analytical solutions are obtained mainly for simple cases, namely, for a homogeneous
elastic or elastoplastic model of the medium. The most famous decision on the
dynamic loading of an elastic thick-walled hollow cylinder was obtained by A.N.
Krylov by the method of separation of Fourier variables in the form of an infinite
series in its own forms of oscillations.

It is widely used in the calculation of dynamic stresses and displacement around
wells under the action of a variable internal load [2].

The solution of the wave equation in displacements is a discontinuous function,
has a limited region of convergence due to the fact that an infinite series with features
of the second kind is used. In this case, the known method cannot be applied to
calculate dynamic stresses around wells with large external boundaries. The area of
this solution is limited by the ratios of the inner and outer radii of the elastic cylinder
not exceeding 1 in 10 [2].

Problem definition and solution method. Solving the problems of the theory of
elasticity for infinite and semi-infinite bodies is effectively performed by the method
of the integral Fourier transform [3]. Using the integral Fourier transform, we
consider a plane axisymmetric deformation of an elastic medium for a well that has
been drilled through a rock plug either across the strike or along the strike of the coal
seam. Arbitrarily varying temporal pressure was applied inside the well y(t), and at
infinity the rock pressure was assumed to be zero.

The initial static stress field or rock pressure forces can be taken into account by
the well-known Lame equations for a hollow thick-walled cylinder and the Kolosov-
Muskhelishvili solution, which takes into account the different components of the
external static stress field for the case of plane strain.

The resulting stress value in the vicinity of the well will be determined taking into
account the static (rock pressure) and dynamic components of the stress fields from
the action of the internal pressure using the linear superposition method.

The displacement vector will have a radial component depending on the radius
and time. We solve the problem in a cylindrical coordinate system. The basic wave
equation for the motion of an elastic medium under the influence of variable internal
pressure will have the form [2]:

, 2%u,  ou, r’ o%u,
: +r- —Uy =—- ,
or? or vy at?
where u.(r,t) — radial displacement of the elastic medium, m; t — the time of the

deformation process, s; v, — the velocity of the elastic wave, m/s.
Boundary conditions on the inner and outer surface of the well:

r

(1)
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Gr |r:r0 =y Or lr=r, =0, (2)

where ry — the inner radius of the well, m; ry — outer radius of the cylinder, m.

Applying the direct Fourier transform with respect to time t to equation (1) and
boundary conditions (2), we obtain an ordinary second-order differential equation for
the displacement transform and the transformation parameter . This equation is the
Bessel equation (3), the general solution of which is known (4, 5) [3]:
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where A(w), B(w) — arbitrary constants that depend on the transformation parameter o
and are determined from the boundary conditions (4);  — transformation parameter,
1/s; J1, Y1 — Bessel functions of the first and second kind of the first order; ug, -

transformant displacement, m; y @ - load transformant; oo, - transformant of

radial stress, Pa.

Using the known formulas for the case of plane strain for radial and tangential
stresses in displacements and applying to them the direct integral Fourier transform
with respect to time, we obtain:

E duOr Uor

Cor = . + V- ;
T2 dr r
u du

Goo = 2 [ v Or],
1-v r r

where E — is the modulus of elasticity, Pa; v — Poisson's ratio; oy, — transformant
radial stress, Pa; ogg — transformant tangential stress, Pa.

Substituting the expression for bias conversion (5) into equations (6) and using
formulas for differentiating Bessel functions of the first kind and second kind and
formulas connecting the Bessel functions of the first and second kind of zero and first
orders, we obtain for the transformant radial and tangential stress with the expression
(6) and the notation
& = oo / v, the following formulas (7) and (8):

(6)
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where Jo, Y, — are Bessel functions of the first and second kind of order zero; G - is
the shear modulus, Pa.
To simplify the writing of formulas, we introduce the notation and function:

o En=hN/S BN/
Yin n.E =Jj &y -Yp € ~Jp €Y &y ; n=r/r; 9)
g= ¢1+v:

Formulas for defining arbitrary constants will have the following form (9), (10):

o QY AU, My E Yo BE HQY, BE o (10)
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where ~
C=2G-D+q-vp €[5 Vi P55 +
+In-Yo1 B-&& +Q-Yy; B-E& vy, (12)

v 4 —load transformant.
Up 2 ~
D=rp-rn-|—&| Yoo B-&& ;
o
Consider the most common case in the mountain practice of calculating
displacements and stresses in the vicinity of a well for pressure, which increases
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according to a linear law, in a regime close to static. In this feed mode, the maximum
accumulation of energy in the elastic coal-rock array occurs, and then it is quickly
reset, for example, according to a linear law.

The calculated scheme of the pressure change of the working agent in time in the
well is shown in Figure 1 and formula (13).

k -t, 0<t<t
YU ={-ky- 81, {<t<ty, (13)
0, t>t,

where k; = Pylty, Pals; ko, = Py / (t>-t1), Pals; Py — maximum value (amplitude) of
internal pressure, Pa; t; - is the total time of pressure rise, counted from the origin, s;
t, — is the time from the origin to the moment of complete pressure relief, s; (t; — t;) -
time of pressure relief t;, s

Let us write the transformant from the load acting on different loading sites using
the known sine-integral Fourier transform using the formula (14):

[— to -Sin(tl'op 'aj+t1 -Sin(t2 Vp E"n
v \f Po - r0 . o o . (14)

2
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To obtain true displacements and stresses, the inverse integral Fourier transform is
performed using formulas (15-17)

W

I, (‘s)v

1 — pressure feed 0 <t <ty; 2 — pressure relief t; <t <tp; 3 —the action of inertial forcest>t;; t, — t;
= t. — time of pressure relief from the well; Py — the maximum value of the working agent pressure
before the pressure is released

Figure 1 — Scheme of pressure change P of the working agent from time t in the well at various
stages of loading

ur_2 ] qur 4,r/ry -sind-d dg, (15)
T Tp



116 ISSN 1607-4556 (Print), ISSN 2309-6004 (Online) 'eorexHiuna mexanika. 2019. No 147

o At = [oo, 4.1/ ~sin&-d -d&, (16)

T-III\J
8

Yp
ro

o

r-llr\J
8

Gg At = - [o0e &1/1p -sind-d -de - (17)

Yp
ro 0

In the dimensionless form of displacement and stress, taking into account the
notation (9) and formulas (14-17), are determined by the formulas:
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where d = vyt /1y is the dimensionless parameter (dimensionless time) of the process;

1 ~ 1
C (B Y10 & B’ajk-i-ﬁ Y11 & B,ﬁj,
where k=1 / (v-1) — dimensionless coefficient.

Results and discussion. The initial data for the calculation: v, = 1000 m/s,

=0.001s,r=ry=0.1m.

The calculation was made according to the formulas (18-21) in the following
order: a dimensionless process parameter was specified, the elastic wave velocity vy,
the coefficient Poisson's ratio v, shear modulus G, cavity radius ro, the value of the
current medium radius r, the amplitude of the load Py and the law of its variation with
time v (t).

The calculation of the Fourier — Bessel integrals of rapidly oscillating functions
was carried out according to a standard program using the Gauss — Kronrod
quadrature formula [4] taking into account the periodic system of singularities of
infinite discontinuity. They were first isolated from equation (21), and then excluded
from the calculation before integration.

Based on the calculations carried out using formulas (18-20), it was found that the
nature of the change in radial (tangential) stresses over time after the cessation of the
force is oscillatory, with the same period of damped oscillations. The elastic system
gradually returns to a stable initial state, as the action of inertia forces decreases, with
alternating changes in tensile and compressive stresses of opposite sign.

It is established that the smaller the pressure release time, the greater the tensile
stresses on the inner contour of the well cavity, which differ in hyperbolic
dependence.

For given parameters of an elastic medium, when the reset time t. is less than 0.01
s, a sharp increase in radial and tangential stresses is observed. This is due to the high
rate of drop in the internal pressure of the working agent in the well. Figure 2 shows
the dependence of the radial tensile stresses on the reset time t.. The initial data for
the calculation: v, = 1200 m/s, r, = 0.1 m. Figure 3 shows the dependence of
dimensionless tensile stresses on the velocity of the elastic wave at t, = 0.001 s; rg =
0.1 m; ry =100 m.

With an increase in the inner radius of the cylindrical cavity in the studied range
from 0.05 m to 0.3 m, the radial stresses after a discharge of the internal pressure
increase in a linear relationship. Radial tensile stresses are directly proportional to the
amplitude of the internal load (pressure) before it is released from the well.

The elastic wave velocity is a parameter that relates the deformation and elastic
characteristics of the array, depending on the elastic modulus, Poisson's ratio and
density of the elastic medium. The greater the elastic modulus and the stronger the
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medium, or the higher the velocity of the elastic wave, the lower the tensile stresses
arising from the discharge of the internal load.

It should be noted that the larger the external radius of the elastic medium, the
more reliable the result of calculating displacements and stresses. In this case, the
influence of the reflected stress wave from the inner contour of the well decreases
and the stresses from the incident wave are determined more accurately.
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Figure 2 — Change of dimensionless radial tensile stresses o,/Py from the time of pressure drop t.

6,/ P,
0.20 \\ 1
0.15 \\ : - : |

N

0.10 .

i
|
|
{
)

0.00

4 6 8 10 12 v, 107 (m/s)

Figure 3 — Change of dimensionless radial compressive stresses o,/P, from the elastic wave velocity
Vp.

Conclusions.

The determining parameters of the dynamic process of non-stationary
deformation, affecting the magnitude of the formation of the zone of tensile stresses
when the pressure is released from wells, are established. The main factors affecting
the deformation process are: the amount of pressure before it is discharged from the
well, the diameter of the well, the speed of the elastic wave in the array and the time
of pressure drop in the working agent.

For the first time, a mathematical model of unsteady array deformation in the
near-wellbore zone was developed, in which the well-known wave equation was
solved by the method of the integral Fourier transform. An analytical solution is
obtained for a plane problem for calculating displacements and stresses, which makes
it possible to calculate them in semi-infinite and infinite elastic coal-bearing media.

The resulting solution is stable for the ratios of the external radius of the well to
the internal equal oo > ry/ro > 1.1 and, as is typical for the method of integral Fourier
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transform, converges slowly, which is not very convenient for carrying out
operational calculations.
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AHoTauia. Y cTarTi Bnepwe Ans BUMPILUEHHS XBWNBbOBOTO PIBHSHHA BWKOPWUCTAHO METOL IHTErpanbHoro
nepetBopeHHs Pyp'e. B pesynbTaTi 3aCTOCYBaHHS MPAMOrO i 3BOPOTHOTO NEPETBOPEHHS Dyp'e OTPUMAHO aHaniTUYHi
BUApasW ANS PO3paxyHKy MepeMmilleHb i HanpyXeHb B CBEPASOBWHAX Nig Ai€lo 3MIHHOMO BHYTPILHBOMO TMCKY.
OcobnmeocTi apyroro poay BUKMOYaNUCcs METOAOM MOMOBKUHHOIO AineHHs. ObuncnenHs iHTerpanis Pyp'e-beccens Big
LWBMAKO OCLMMIOOUMX (PYHKLiA 34IMCHIOBANOCS 3a CTaHZApPTHOK Mporpamord 3a KeagpaTypHolo copmynok aycca-
KpoHpoga, 3 ypaxyBaHHAM NepioguyHOT CUCTEMW HECKIHYEHHOTO PO3PUBY.

BcTaHoBneHo, WO xapaktep 3MiHW TaHreHuianbHUX HanpyxeHb B Yaci MiCns NPUNWHEHHS Aii CUAW HOCUTb
KONMMBanbHUIA i 3aTyxatuuii xapaktep. BCTAHOBNEHO, L0 YMM MEHLIE Yac CKMAAHHS TUCKY, TUM Binblue BenuuMHa
HamnpyXeHb, WO PO3TAryi0Tb, HA BHYTPILLHBOMY KOHTYPi MOPOXHUHM CBEPAMOBUHM, AKi 3MIHIOOTLCS 3a rinepboniyHo
3anexHicTio. Mpu 3agaHuX napameTpax NpyxHOro cepenosuia i vaci ckupanHa meHw 0,01 ¢ cnoctepiraeTbest piske
30inblUEHHs pagianbHuX i TaHreHUianbHUX HanpyxeHb. BCTaHOBNEHO, WO XapaKTep 3MiHW TaHreHLianbHUX HanpyxeHb y
yaci nicns NPUNUHEHHS CUMM Mae KONMMBArbHUM XapakTep, 3 TUM camuM nepiogoM AemndipoBaHNX KonueaHb. Yum
Binblue BenuuMHa pagianbHUX HanpyKeHb, L0 CTUCKAOTb, B MOMEHT 3aKiHYEHHS Aii CUnW NPU CKMAAHHI HaBAHTAXEHHS,
TUM BinblUe HAKOMUYEHOI NPYXHOI eHeprii NepexoauTb B pagdianbHi i TaHreHLianbHi HaNpYXeHHs, WO po3TaryloTb. 3i
30inbLUEHHAM BHYTPILIHBOMO pagiycy UWNiHAPUYHOI MOPOXHUHW B AochigxyBaHoMy fAianasowi Big 0,05 m go 0,3 m
papianbHi HanmpyXeHHs NiCNS CKUAAHHS BHYTPILUHBOMO TUCKY 3BinbluyloTbCH 3a MiHIMHOW 3anexHicTio. PapianbHi
Harnpy)XeHHs POo3TAry NPSMO MPOMOPLiiHI amMnAniTydi BHYTPILUHBOrO HaBaHTaXEHHS (TUCKY) nepes MOro CKUOaHHAM 3i
ceepanoBuH. OTpUMaHO aHaniTMYHE PILEHHS MAOCKOI 3afgadi Ang po3paxyHKy MepeMilleHb i HampyXeHb, ske
[03BONSE PO3PAX0oBYBATW iX B HaMBHECKIHYEHHWX | HECKIHYEHHUX MPYXHWUX cepefoBuLlax. PilleHHs € CTilkuM, Konu
BiJHOLLEHHS 30BHILUHBOrO | BHYTPILLHBOMO pagiyciB NpyxHOro cepegosuiya binblue abo gopisHioe 1000. Y gaHin pobori
po3rnafaeTbcs hasa iMiliayii, aka nepegye LuapyaToMy MOAINY MPYXHOTO cepefoBulla. HapilHicTb i npakTuyHa
LiHHICTb 3aMpOMOHOBAHOrO METOAY PO3PaXyHKY MiATBEPMIKYIOTECS AaHUMU LUAXTHWUX i nabopaTopHWUX LOCHIMKEHD,
OTPUMAHUMU THLLMMM aBTOPaMMU.

KntouoBi cnoBa: HanpyeHHs, CKuaaHHs TUCKY, METOZ iHTerpanbHOro nepeTeopeHHs dyp'e.
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AHoTauus. B cratbe BrepBble AN peLWeHWs BOMHOBOTO YPaBHEHUS WCMONb30BaH METO WHTerparnbHOro
npeobpasoBanns dypbe. B pesynbTate npumeHeHus npsmoro m obpatHoro npeobpasoBaHus Pypbe nonyyeHbl
aHanuTUYeckue BbIpaXeHWs ANs pacyeTa nepemeLleHuin 1 HanpsKeHW B CKBaXMHaX nogd AEMCTBUMEM NEpeMEHHOro
BHYTpeHHero Aaenexus. OcobeHHOCTW BTOPOro poAa WMCKIYanucb METOAOM MOFOBUHHOMO AeneHust. Bbluncnexue
nnterpanos ®ypbe-beccens o1 ObICTPO OCLUMNIMPYOWWMX (DYHKLWMA OCYLLECTBAANOCH NO CTaHAAPTHOW NporpaMme Mo
kBagpaTypHon dopmyne lMaycca-KpoHpoga, ¢ y4eToM NepuoanyecKorn cuctemsl GECKOHEYHOrO paspbiBa. YCTaHOBMEHO,
4TO XapakTep M3MEHEHUS TaHreHuWanbHbIX HanpsikeHU BO BPEMEHW MOCne MpeKkpalleHus OeNCTBUS CWUMbl HOCUT
konebaTenbHbI 1 3aTyxalowuii XxapakTep. YCTaHOBIEHO, YTO YeM MeHblue Bpems cbpoca fgasneus, Tem Gonblue
BENUYMHA PacTAMMBAIOWMX HANPSXKEHUA Ha BHYTPEHHEM KOHTYpEe MOMOCTM CKBAXMHbI, KOTOPble M3MEHSIOTCA MO
runepbonuyeckon 3asucumoctu. [pu 3agaHHbIX mapameTpax ynpyroi cpeabl npu BpemeHn cbpoca meHee 0,01 ¢
HabnogaeTcs peskoe YBENWYEHWe paguanbHblX U TaHreHUManbHbIX HanpsXKeHUH. YCTaHOBMEHO, YTO XapakTep
M3MEHEHNS TaHreHLManbHbIX HANPSHKEHWA BO BPEMEHM NOCNe NpekpaLLeHus cunbl UMEeET konebaTenbHbIn xapakTep, ¢
TEM Xe NepuogoM aemndupoBaHux konebanui. Yem Gonblue BENMUMHA papuvanbHbIX CKUMAOLMX HAMPSHKEHWUA B
MOMEHT OKOHYaHWs AeNCTBUS cunbl Mpu cOpoce Harpysku, Tem 6OMblue HaKOMMEHHON YNpyroi SHeprum NepexoaunT B
pacTarMBaloLlie paguanbHble W TaHreHuuanbHble  HanpsbkeHns. C yBEnMYEHMEM  BHYTPEHHEro pagwyca
UMIMHOPUYECKO NomnocTi B uccnegyemom amanadoHe ot 0,05 m go 0,3 m pagmanbHble HanpshkeHust nocne cbpoca
BHYTPEHHEr0 [aBMEHWUS YBEMYMBAIOTCS MO NIMHENHON 3aBUCUMMOCTW. OMyYEHHO aHanNWUTUYECKOE PeLLeHMEe MMOCKOM
3ajaum Ans pacdeta NepeMeLLeHuii U HanpsHKeHW, KOTOpOe MO3BONSET PacyuTbiBaTb UX B MOSyOECKOHEYHbIX W
BeckoHeuHbIX  ynpyrux cpedax. PelleHne SBRSETCS YCTOWYMBBLIM, KOrAa OTHOLIEHWE BHELIHEro W BHYTPEHHEro
pagunycoB ynpyroi cpegbl 6onbwe mnu pasHo 1000. B gaHHoi pabote paccmatpuBaeTcs asa MHULMaLmK, koTopas
NPeALIeCcTBYET CMOUCTOMY pasfeneHuio ynpyron cpedbl. HagexHOCTb M npakThyeckas LEHHOCTb MPeanioxeHHOro
MeToda pacyeTa NOATBEPKAAOTCA AaHHbIMM LUAXTHbIX WM NabopaTOpHbIX MCCMEeAOoBaHWA, NOMyYeHHbIMW LPYrUMM
aBTopamu.

KnioyeBble cnoBa: HanpskeHus, COpoC AaBneHUs, METOA MHTErpanbHoro npeobpasoBaHus Oypoe.
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