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Abstract. The goal of this research is to develop a method for calculating the strength of cylindrical rock specimens under
axial failure. This will allow for the management of the stress-strain state of rock masses, which is an important issue for many
mining companies. To achieve this goal, analytical modeling of the process of failure of cylindrical rock specimens under axial
failure was carried out. This was done using experimental values of four indicators of rock properties: shear strength, coeffi-
cients of internal and external friction, and elasticity modulus. The results of this research allow for the determination of the
ultimate strength and residual strength of cylindrical rock specimens using the four property indicators. These indicators can be
experimentally determined using simple methods in laboratory conditions of mining companies. The scientific novelty of this
research lies in the fact that analytical modeling of the process of failure of cylindrical rock specimens under axial failure was
conducted for the first time, taking into account internal and external friction. This allowed for new results to be obtained and
provided a basis for the development of new methods for managing the state of rock masses. The practical significance of this
research lies in the fact that the proposed method allows for the determination of the ultimate and residual strength of rock
specimens using four property indicators. These indicators can be experimentally determined in mining company laboratories,
making the calculation results applicable for the management of the state of rock masses and the efficient destruction of rocks
during disintegration. Thus, this method has significant practical significance for the mining industry.

A method for calculating the strength of cylindrical specimens under longitudinal failure mode has been developed. The
average convergence of calculated strength values with f; = 0.5 to experimental data is 83.4%, which corresponds to a good
level of reliability for rock materials. It has been shown that the self-organization of longitudinal failure mode in cylindrical rock
specimens occurs in accordance with Coulomb's criterion of maximum effective shear stress, which has been improved to
account for contact friction.
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1. Introduction

One of the important information characteristics necessary for managing the stress-
strain state of rock masses and their effective disintegration is the strength limit and re-
sidual strength of samples [1-8]. These characteristics have been measured since the
1960s on special presses that are available in certain research institutes, such as the Insti-
tute of Geotechnical Mechanics of the National Academy of Sciences of Ukraine and
Kryvyi Rih National University. However, these works require highly qualified person-
nel, and the equipment is located far from the consumer, where operational information
on the properties of rocks is needed. Therefore, there is a need to develop analytical
methods for calculating the limits and residual strength of samples when knowing the
indicators of rock properties that can be determined by simple methods available to min-
ing enterprises. Attempts have been made to mathematically model the process of sam-
ple fracture [5—7]. However, these models have not been developed into completed ana-
lytical methods for calculating the strength of rock samples. Prismatic or cylindrical
samples are used for experimental construction of stress-strain diagrams. Analytical
methods for calculating the strength of prismatic samples are detailed in the book [8].
More widely than prismatic samples, cylindrical samples from core drilling of wells are
used to determine stress-strain diagrams experimentally. Therefore, there is a need to
develop analytical methods for calculating the strength of cylindrical samples.
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2. Methods

It is known that under uniaxial compression of prismatic and cylindrical rock sam-
ples, a longitudinal form of their destruction is formed. The longitudinal form of fracture
of samples refers to anomalous types of fracture. Therefore, it is called in the literature
the paradox of P. Bridgman, named after the outstanding American scientist, Nobel
Prize winner, who first discovered this type of destruction. The anomalous nature of this
phenomenon (cracking along the compressive load) from the standpoint of the general
theory of body deformation lies in the fact that “in the direction perpendicular to the
plane of such cracks, there are no normal tensile (as well as none at all) stress” [9]. Per-
haps our article is one of the first works that does not propose hypotheses, unlike other
authors, [10] which described this phenomenon on the basis of the Coulomb criterion,
improved by us taking into account contact friction [8] using the laws of solid body de-
formation mechanics.

In this article, the mechanism for the formation of this form of destruction is de-
scribed and a physical explanation for this phenomenon is given. We do not dwell on the
mechanism, but note that the crack is formed approximately in the trajectories of the
maximum effective shear stresses (TMESS).

To describe the process of destruction of rocks, the Coulomb criterion is widely used
- the maximum effective shear stress on the TMESS lines.

First of all, let us describe the mathematical model of the process of cylindrical spec-
imen fracture. According to Coulomb's criterion, when the maximum effective shear
stresses reach the strength limit of the material, a crack is formed on the TMESS plane.
Based on the plane strain model, the load-bearing part of the specimen can be deter-
mined at any moment by knowing the coordinates of the vertex of one or two cracks.
This part is equal to the initial area of the specimen minus the part that is released from
the load during crack propagation along the TMESS plane. To describe the formation of
the longitudinal shape of the fracture of a cylindrical specimen, it is necessary to develop
a law of distribution of contact stresses. For a prismatic specimen of unit width, L.
Prandtl [9] represented this law by a formula.

0, =0y (1+2f6—.xj, (1

h

where Oy — vertical normal stress at the angle point of the sample, Pa; f. — contact fric-

tion coefficient; x — abscissa of the considerate point, m; 2 — sample height, m.

Now it is necessary to bind the formula (1) to the area of the cylinder (Fig. 1). Let us de-
scribe the proposed approach to the law of distribution of normal contact stress on a cy-
lindrical sample. The boundary of the destroyed part from the undestroyed one is the
chord of the cross section of the cylindrical sample (Fig. 1), the length of which is equal

to
a=2\/u-x—x2, (2)
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where x — abscissa of chord points, m; u— circle diameter, m.

Figure 1 — Scheme of formation bearing area during development two symmetrical cracks in a cylin-
drical sample

Then, using expressions (1) and (2), we write the formula for the distribution of ver-
tical stress on the contact surface of a cylindrical sample, while attaching the abscissa x
to one of the points of the circle, for example, to point v (Fig. 1), Then the formula for
the distribution of stresses on contact surface (Fig. 2) according to expression (1) has the
form:

2 4
O'inO'y(—\/u-x—xz +th\/u-x—x2j, 3)
u u-
where g, — normal stress at the crack tip, Pa.

According to expression (3), we write the formula for the force of action on the part

of the sample that comes out from under the load at the moment of crack development in
the form:

Pzay)jc[z\/u-x—xz+4f;lx\/u-x—x2)dx. 4)

o\u u-

Then, based on expression (4) and the solution of its integrals, and taking into ac-
count that the area of the semicircle is equal to w'u?/8, we have the current value of the
specific force on the bearing part of the semicircle of the sample during the formation of
a crack:
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For a complete solution of the problem, it is necessary to determine the normal stress
o, at the top of the crack. The paper [8] describes a method for determining this stress on
the basis of the theory of local destruction of rocks developed by the authors. Stress g, at
the crack tip on TMESS ¢£ according to the method is determined by the system of equa-
tions:

1 (kn -[1+sinp 1—b§2 D-exp(z,u(ﬂé +ﬂb))
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by, cos p

B :larctg (11)

sin p — l—bb2

where kn — rock shear strength, Pa; &, — effective shear stress at point » TMESS £ exit on
the contact surface, Pa; p =arctg u angle, rad and u — coefficient of internal friction; y —
point ordinate on TMESS ¢ (at the top of the crack), m; xs — crack tip abscissa &, m; xp —
abscissa point b, m; Ss and /5 — rotation angles TMESS ¢ at the crack tip and at the point b,
rad.

We assume that deformations develop in pairs along TMESS: on the left side of
TMESS ¢ and on the right side of TMESS &’ We denote the angle between the direction
of the tangent to TMESS ¢ at point a, measured clockwise, as a. The truncated wedge
shape [8] is the basic form for longitudinal sample failure. With this form, TMESS #, and
TMESS # and # “develop from the corners of the sample.

Now we need to determine the parameters S, f», be, by, k». The values of these parame-
ters will be specified by the corresponding conditions along TMESS ¢ and the line obl
during top-down failure, and along # and the line 01di during bottom-up failure (Fig. 2).
Let us consider the development of the crack along TMESS 7. The angle of inclination of
TMESS 7 is determined by the formula [9]:

3z p

where g3, —angle of rotation TMESS # from contact friction, equal to

b
sin p — l—b,?
fc( —Z'yj-a (1+2'fc'xj
_ h ) " h 14
b — : (14)
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3
Point o; is formed according to the formula (12) with «;, = Tﬂ —g— By = %, if

TMESS develops upward from point o1 to point di and exits into the contact area of the
upper plane, we change the indexing from TMESS 7 to TMESS ¢, as the crack propa-
gates downward. Accordingly, the indexing of TMESS in Fig. 2 has been changed. Then,
the condition at which longitudinal failure occurs is represented by

pe=2-2) (15)

4 2

From which it was obtained that a longitudinal fracture is formed on the contact surface un-
der the condition:

Here it is necessary to define be with g £ = _(Z_EJ according to the formula (8).
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Figure 2 — The initial scheme of self-organization TMESS in the sample with its longitudinal form
of destruction, [11]

As in points o; and o, (Fig. 2) tangential friction stress changes sign, then at these

points the parameters in the formulas (6) and (7) 5/=0, =0, and TMESS # in the upper
part acquire properties TMESS ¢ and TMESS &/, because the tension oy necessary for

the development of cracks at points d and d' becomes the smallest in comparison with
other points. It should be noted that at the joining points of different TMESS values by,
did not exceed k.

Thus, all the expressions necessary to determine the normal stresses on the left slip
lines £(1-4) by equation (6) are presented. Due to symmetry, the same stress values will
be present on the right side of TMESS (1-4). Moreover, the same pattern will occur
when solving the problem from bottom to top. Then, a complex surface of effective
shear stresses is obtained in the form of (Fig. 2) when they are formed from top to bot-
tom and bottom to top. The cracks will develop from top to bottom and from bottom to
top towards each other. When four cracks, dim, and bim, develop pairwise towards each
other, the sample will split into three parts.

To calculate the current strength value on the load-bearing part of the upper left half
of the sample, the obtained specific force values by formula (5) should be multiplied by
the area that has not been released from the load, which is equal to:

Teul 2(0.5-u—xq4 +x)—u
8 4
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Using expressions (9—17), it is possible to determine the parameters of conditional
analytical diagrams "stress-strain" by iterations on TMESS, which researchers obtain on
presses with a longitudinal form of destruction of cylindrical samples. Now we compare
the calculated values of ultimate strength ¢ in the case of longitudinal fracture with the
experimental data (Table 1) [14]. As can be seen, the average convergence of the calcu-
lated values of the ultimate strength at /. = 0.5 with experimental data is 83.4%, which
corresponds to a good level of reliability for rocks according to the classification of L.I.
Baron [15], especially if we take into account the complexity of the formation of the
longitudinal form of destruction of rock samples.

Table 1 — Convergence of the calculated tensile strengths for the longitudinal form of fracture

Experimental Calculated

Rock type kn, D, Oe, oc, Relative error, | Cadastre

MPa degree MPa MPa % [17,p.]
Monzonite 6.3 55 47 57.1 21.4 105
Monzonite 6.2 55 50 56.4 12.8 105
Monzonite 5.1 56 38 47.8 25.8 105
Monzonite 4.5 56 76 42.5 44.1 103
Feldspar 6.0 57 59 57.8 2.0 105
Monzonite 19.5 62 167 221 32.3 105
Monzonite 34 64 37.5 41.8 11.5 105

Average relative error 21.4

3. Conclusions

1. A method has been developed for calculating the strength of cylindrical specimens
with a longitudinal fracture. The average convergence of the calculated values of the ten-
sile strength at f. = 0.5 with experimental data is 83.4%, which corresponds to a good
level of reliability according to the classification of L.I. Baron for rocks.

2. It 1s shown that the self-organization of the longitudinal form of destruction of cy-
lindrical rock samples occurs in accordance with the criterion of maximum effective
shear stress of Coulomb, improved by taking into account contact friction.
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AHAJ_'_IITI/I‘-IHI/II?I METOL ONA PO3PAXYHKY MILHOCTI LMNIHAPUYHUX 3PA3KIB MPCbKOI NMOPOOU
MPU IX NIPOOONBHOMY HAMPYXEHHI
Bacunbes J1.M., Bacunwes [].J1., Maniy M.I"., Kaman B.O., Pizo 3.M.

AHorTauia MeTa gaHoro gocnigkeHHs nonsrae y po3pobui MeTogy po3paxyHKy MILHOCTI LMMiHAPUYHUX 3PasKiB MipCbKMX
nopig 3a ix NO3A0BXHL0I POpMK pyiHyBaHHS. Lle, y CBOKO Yepry, 403BOMNTL KepyBaTh HanpyeHo-4edOpMOBaHUM CTaHOM
MPHUYOTO MacuBY, WO € BAXITMBIUM NUTAHHAM Anst 6araTbox ripH4mMX mignpuemcTs. [ns aocarHeHHst Liei et 6yno npose-
[EHO aHaniTMyHe MOAENOBaHHS NPOLIECY PYIHYBaHHS LANIHAPUYHUX 3pasKiB ripCbKUX Mopig 3a iX NO30OBXHLO0I opmu pyit-
HyBaHHS. Lle 6yno 3pobreHo 3 BUKOPUCTAHHAM EKCNEPUMEHTANbHIUX 3Ha4eHb YOTUPLOX NOKA3HMKIB BMACTUBOCTEN MPChKMX
nopia: Mexi onopy 3cysy, kKoediLieHTiB BHYTPILLHBOM Ta 30BHILUHBOTO TEPTS Ta MOZYNS NPYXHOCTI. PesynbTaTh Ls0oro 4ochi-
[PKEHHS! JO3BONSAKOTb BUSHAYUTY MEXY MILHOCTI Ta 3anMULLIKOBY MILHICTb LMNIHAPUYHWX 3pa3KiB rpCbKMX Nopid, BUKOPUCTOBYHO-
4M YOTMPM MOKA3HMKW BnacTMBOCTEN. Lii nokasHMkM MOXyTb GyTi BCTAHOBNEHI eKCnepyMEHTanbHO 3a JOMOMOrOK MPOCTUX
MeToziB Y NTabopaTopHUX yMoBaX ripHUYMX NignprueMcTs. HaykoBa HOBW3HA LibOr0 JOCIMKEHHS Nonsrae B TOMY, LUO BriepLue
Oyrno npoBeAEHO aHaniTMYHE MOZEMNIOBAHHS MPOLECY PYMHYBAHHSA LMMIHAPUYHUX 3pasKiB ripCbkux Mopig 3a iX NO3A0BXKHBO!
hopMI pPyIHYBaHHS! 3 ypaxyBaHHsSIM BHYTPILLHBOMO Ta 30BHILLHBOrO TepTs. Lle 403BONMNO0 OTpuMaTH HOBI pesynbTaTy Ta fasno
nigctasy Anst po3pobku HOBUX METOAIB KEPYBAHHS CTaHOM FipHUYOro Macuey. [pakTYHa 3HAYMMICTb LbOMO AOCHIMKEHHS
rnonsirae B TOMY, LLO 3anporoHOBaHWIA METOA [O3BONSE BU3HAYUTM MEXY i 3aNMULLKOBY MILHICTb 3pasKiB ripCbkux nopig, BUKO-
PUCTOBYOUW YOTMPM MOKA3HWKKM BracTUBOCTEN. Lli nokasHMKM MOXyTb ByTu eKCneprMeHTanbHO BCTaHOBIEHO B nabopaTopisix
MPHAYMX NIANPUEMCTB, WO pobUTb PesynbTaTii po3paxyHKy OnepaTMBHO 3aCTOCOBHUMMW 151 YNPaBIiHHSA CTAHOM FPHUYOrO
MacyBy Ta ehEKTUBHOMO PYMHYBAHHSA NOpI4 Npu Ae3iHTerpawii. Takum YMHOM, e METOL Ma€e BENMKY NPaKTUYHY 3HAYMMICTb
ANs ripHn4oaobyBHOI NpoMMcnoBocTi. Po3pobneHuii MeToa po3paxyHKy MILHOCTI LMMiHAPUYHKX 3paskiB npu LOBrOTpUBanii
chopmi pyiHyBaHHs. CepeaHst 30KHICTb PO3PaxyHKOBMX 3HAUEHb Mexi MiLHOCTI mipm f ¢ = 0,5 3 ekcnepuMeHTanbHIMM SaHMK
cTaHoBUTb 83,4%, L0 BiANOBIZAE BUCOKOMY PIBHKO JOCTOBIPHOCTI ANs ripCbKiX nopig. MokasaHo, Lo camoopraHisalis 4oBro-
TpVBanoi hopMn PyHYBaHHS LMMIHAPUYHMX 3paskiB ripcbkyx nopig BiaOyBaeTLCS BiAMOBIAHO A0 KPUTEPID MaKCUMamnbHUX
eeKTUBHIX TaHreHUianbHUX HanpyxeHb KynoHa, yaoCKoHaNeHoro 3 ypaxyBaHHSM KOHTaKTHOO TEpTS.

KntouoBi cnosa: ripcbka nopoga, Mexa MILHOCTI, pyrHyBaHHS, TpiLLMHa, JiarpaMa HanpyxeHHs-aedopmaLis.
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