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Abstract. This paper addresses the problem of quantitatively describing energy absorption during
the contact interaction of grinding bodies in mills of various types. The aim of the study is to devel-
op an analytical framework for describing the motion of grinding bodies, taking into account their
dissipative properties, which are defined through dimensionless parameters, particularly the coeffi-
cient of restitution. A new approach is proposed that does not rely on the traditional Rayleigh ener-
gy dissipation formula or the classical equation of damped harmonic oscillations, but instead em-
ploys nonlinear differential equations of motion with dissipative forces proportional to the gradient
of the potential energy of elastic deformation. Numerical methods, specifically the fourth-order
Runge—Kutta method, are used to solve these equations. The study investigates interaction models
for the most typical scenarios: collisions between two balls, a ball and a massive plate, a rod and a
plate, etc. Equations of motion are derived for each of these scenarios, accounting for body geome-
try, type of contact, and loss coefficient. For ball collisions, the elastic contact stiffness considers
the nonlinear deformation behavior described by Hertzian theory. For rod impacts, a simplified one-
sided elastic connection model is applied. It is shown that as the energy loss coefficient increases,
the restitution coefficient decreases, which corresponds to the physical nature of the process. The
results of numerical modeling are illustrated by displacement and velocity graphs, from which the
relationships between the restitution coefficient and the energy loss coefficient are also derived. It is
demonstrated that in many cases this relationship approaches linearity for small loss coefficients but
becomes significantly nonlinear at higher values. The obtained results have important practical sig-
nificance, as they enable more accurate estimation of energy losses in mills, improve dynamic mod-
eling of mill structures, and justify parameters for effective vibro-impact operating modes. It is not-
ed that the majority of energy is absorbed during the contact interactions between grinding bodies
themselves, even in the absence of processed material in the contact zone, which partly explains the
low efficiency of milling equipment. Therefore, the findings of this study can be effectively used
both in designing energy-efficient grinding equipment and in optimizing technological processes
within “smart manufacturing” systems, where precise control of energy consumption and particle
dynamics is essential.

Keywords: mill, grinding body, energy absorption, restitution coefficient, nonlinear differential
equation, numerical methods.

1. Introduction

The processing of mining materials, including the extraction of wvaluable
components, remains a pressing issue today [1, 2]. One of the most critical stages in
processing is grinding, which typically occurs through numerous contact interactions
between grinding bodies [3]. It is primarily between these grinding bodies that the
fragmentation of coarse particles takes place, resulting in fine particles that, after
several or dozens of cycles, form the basis of the grinding products [4]. Therefore,
studying the elementary contact interactions during grinding is of significant
scientific and practical interest.

Despite the fact that most impacts in mills do not lead to particle fragmentation
due to the absence of particles in the contact zones of the balls, they strongly
influence parameters such as energy absorption levels and the operational regimes of
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vibration mills, particularly in systems like the “grinding chamber — technological
load” [5].

Numerous studies on grinding examine the collisions of grinding bodies, such as
balls, in elastic formulations. For example, [6] applies the classical Hertz theory of
elastic ball collisions, which proposes a nonlinear relationship between contact force
and deformation [7, 8]. However, this theory does not account for the dissipative
properties of materials.

To address this issue, the traditional approach involves using a differential
equation of mutual displacement (approximation of centers of mass) for contacting
bodies, based on the classical second-order linear differential equation of dynamics
[9].

Today, for a more realistic description of oscillations in complex systems,
especially those involving nonlinearities or impact interactions, nonlinear models are
employed, such as the Duffing-type equation [10]:

My + 1y + Cy + ap® =0, (1)

where y is the displacement, m; M is the reduced mass of contacting bodies, kg; u is
the dissipation coefficient, (N-s/m); C is the contact stiffness, N/m; a is the
proportionality coefficient of the nonlinear term, N/m?.

Without the last term, the equation reduces to a linear second-order differential
equation for the classical Rayleigh dissipation model [9].

However, such models have a significant drawback: they cannot explain the
constant value of the coefficient of restitution (COR) [11], e.g., for a ball colliding
with a massive plate. The COR is defined as the negative ratio of post-impact velocity
v; to initial velocity vy :

k=COR=--1. (2)

For steel balls and plates, our experimental results show that COR is
approximately 0.8—0.85. Also, it remains independent of the size, material, or initial
impact velocity, as long as contact deformations stay within the elastic range (no
plastic deformation). This corresponds to the range of contact velocities typical for
the vast majority of grinding equipment types.

This is also confirmed by experimental studies [12] and [13], which determined
that for steel balls the COR remains constant at 0.8—0.9 under relatively low impact
velocities in the elastic zone, and is practically independent of the mass and radius of
the balls.

In study [14], using different types of particle packing in granular materials, it
was experimentally demonstrated that the COR increases with denser packing and
lower impact velocity.

However, these facts cannot be confirmed using an equation of the type (1), since
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at the onset of deformation the dissipative component of the reaction force ()

becomes sharply and unrealistically large even for infinitesimally small deformations,
while the elastic component(Cy) is still infinitesimally small, contradicting the

physical meaning of the process.

Therefore, even if one manages to compute the COR for a single half-cycle of
oscillation during contact, based on reduced mass, dissipation coefficient, contact
stiffness, and initial velocity, it must be recalculated anew for each different case.

Moreover, Hertzian theory provides a clear conclusion regarding the nonlinear
dependence of the contact force on deformation for spherical bodies, something that
cannot be captured by the classical equation.

The second drawback can seemingly be addressed by transitioning to equation
(1), but this still does not resolve the primary issue concerning the constancy of the
COR.

In our view, the only justification for the widespread use of the classical Rayleigh
dissipation model is the possibility of obtaining an analytical solution to the equation
of motion [15].

However, today the rapid development of computational technology and
numerical methods for solving differential equations makes the continued application
of classical approaches impractical, favoring instead modern, accurate computational
methods that better reflect the physical nature of contact interactions between
grinding bodies.

Among nonlinear models, study [16] is noteworthy, where an attempt was made
to extend Hertzian theory by incorporating damping:

My + 'y + 2 =0. 3)

Study [17] presents the following formula for the dissipative force in the case of
nonlinear damping:

Fus ="y N, 4

where n > 0, typically, n values from 0.5 to 1.5 are used.
Other variations on Hertzian theory are also encountered. For example, the
contact force between two particles can be calculated as follows [18]:

F=C/"*(1+ 49) N, (5)

where A4 is the proportionality coefficient, s/m.
If adhesion is present between the particles, the contact force may be defined as
[19]:

F—:E'R”Z 32 _370R + \/67wRE'y N, (6)
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where E' is the effective Young's modulus (accounting for both materials), Pa; R is
the effective radius of curvature of the bodies, m; w is the specific surface adhesion
energy, J/m?.

Study [20] generalizes various collision models and focuses on how energy loss
depends on the specific form of the contact force.

Thus, works [16-20] reflect the nonlinear nature of contact forces and account for
the presence of damping, but they do not provide a means to analytically justify the
independence of the restitution coefficient from mass, particle radius, and impact
velocity.

In view of the above, the objective of this study is to derive analytical equations
of motion for grinding bodies under forceful contact with each other or with the
milling chamber/drum, where the magnitude of the dissipative force depends on
dimensionless energy absorption parameters that are solely linked to the coefficient
of restitution and are independent of dimensional quantities.

The core idea of this study is to find a definitive relationship between the
dimensionless energy loss coefficient for grinding body contacts and the
dimensionless coefficient of restitution during impact.

2. Methods

The equations of motion for grinding bodies during contact interactions were
derived using principles of theoretical mechanics and solid body mechanics,
including Hertzian contact theory for elastic bodies. Numerical methods were applied
to solve the nonlinear differential equations of motion of the grinding bodies, in
particular, the fourth-order Runge—Kutta method.

3. Results and discussion

Modern mills feature a variety of designs and principles for the movement of their
working elements. Among the main types of mills with grinding bodies are drum-
type rotating mills, vibratory mills, and planetary mills.

In this study, we focus on the cases of interactions both between the grinding
bodies themselves and between grinding bodies and the mill chamber, which is
usually assumed to be a massive and flat (i.e., with a much larger radius compared to
the grinding body) obstacle.

The following types of interactions are considered, taking into account the
geometrical features of the grinding bodies and the trajectories of their motion:

- collision between two balls (relevant for all types of ball mills, inside the milling
load);

- collision of a ball with a massive flat plate (similarly, at the interface between
the load and the mill chamber);

- end-on collision of a rod with a massive flat plate (vibratory mills with vertical
rods);

- radial collision between two rods (rod mills, within the milling load);

- radial collision of a rod with a massive plate (rod mills, at the interface between
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the load and the drum).

It should be noted that we consider interactions only between grinding bodies and
between grinding bodies and the mill chamber or drum, without taking into account
the presence of crushed material in the contact zone. On the one hand, this simplifies
the formulation of the problem, and on the other hand, the vast majority of grinding
body contacts in a mill occur without any material particles in the contact zone —
which partly explains the generally low efficiency of grinding equipment compared
to, for example, crushers. Nonetheless, the motion energy of grinding bodies is
absorbed by all contact impacts, regardless of whether material is present or not.
Therefore, we define the dissipative properties of the mill load consisting exclusively
of grinding bodies.

Determination of the absorption coefficient in the end-on collision of a rod with a
massive rigid plate.

Figure 1 presents the impact scheme. A rod with height (2H) and diameter D (in
meters) strikes a massive rigid plate with an initial velocity vy. At the moment of im-
pact, the center of mass of the rod is located at a height H (in meters) above the sur-
face of the plate, and this level is taken as the reference point for measuring the dis-
placement y (in meters) of the rod’s center of mass.

[

|
g ok

Figure 1 — Scheme of an end-on collision of a rod with a plate

Assuming simplistically that the inertial force F, reduced to the center of mass
compresses only the lower part of the rod, the stiffness of the rod under this defor-
mation scheme is given by the formula:

2
C= Eﬂ N/m, (7)
AH

where FE 1s the Young’s modulus of the rod material, Pa.
The elastic (potential) energy of deformation in the rod is given by:
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2
W:% J. (8)

We assume that the work of the dissipative force during an elementary defor-
mation is proportional to the change in elastic deformation energy and is always di-
rected opposite to the motion of the system:

Fy -dy =1-dW -sign(yp), 9)

where 7 is the energy loss coefficient;
aw . ..
Fy =1-——-sign(p); (10)
dy

F, =nCy - sign(). (11)

Therefore, the equation of motion for the system with a rod-based contact takes
the form:

M3+ Cy[l+17 - sign(7)]=0. (12)

This equation is derived for a one-sided elastic connection that acts only in com-
pression, under the condition:

y2>0. (13)

For the case of a two-sided elastic connection, to compare the trajectory shape
with that of traditional damped harmonic oscillations, equation (12) takes the form:

My +Cly +[y| - - sign()] = 0. (14)

The results of the numerical solution of this equation using the fourth-order
Runge—Kutta method are illustrated in Figure 2.

As can be seen, the displacement trajectory only slightly differs from that of
damped harmonic oscillations, but the velocity graph shows more significant
differences.

From the velocity graph, the coefficient of restitution after impact can be
determined using expression (2).

In this case, the integration step was set as 4¢ = 0.001-7, where T is the oscillation
period, s. According to the properties of the fourth-order Runge—Kutta method, the
error per integration step is of the order O(4#°), and the total accumulated error at the
end of the interval is O(4¢*), which ensures high computational accuracy [21].

It is also of interest here to examine how the restitution coefficient depends on the
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energy loss coefficient. The corresponding dependency is shown in Figure 3 (solid

line). _
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a is the displacement; b is the velocity

Figure 2 — Calculation results for the end-on collision of a rod with a plate (with a conditional
continuation of oscillations as for a two-sided elastic connection),
with a loss coefficient of # = 0.35
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solid line is the end-on rod collision with a plate;
dots are the ball impact with a plate (or with another ball)

Figure 3 — Dependence of the restitution coefficient on the energy loss coefficient

Determination of the absorption coefficient for radial rod collisions.

As can be seen from the graph, the greater the energy loss coefficient, the lower
the restitution coefficient, which aligns with the physical meaning of the process. For
small values of the loss coefficient, the dependence of the restitution coefficient tends
to be nearly linear. At higher values, the relationship becomes slightly nonlinear.

A purely radial rod collision is only possible in mills that use long rods whose
length is significantly greater than their diameter, specifically, in drum-type rotating
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rod mills. A strictly radial impact implies symmetrical compressive loading along the
entire length of the rods, with their axes being perfectly parallel. In practice, such
cases are nearly impossible, even in the absence of material in the drum, and
therefore will not be considered further.

Determination of the absorption coefficient for ball impacts.

To derive the equation for the approach of two colliding balls, we use Hertzian
contact theory [7].

In this case, the contact stiffness is nonlinear and defined by the formula:

C,=a >y N/m'?, (15)

where D is the radius of the balls, m; E is the Young’s modulus of the ball material,
Pa; v is the Poisson’s ratio of the ball material; a is the proportionality coefficient
depending on the type of contact, namely:

- for the contact between two balls of equal radius and elastic properties:

; (16)

a="= (17)

The potential energy of elastic deformation for ball contacts is given by:

2.5
W:% J. (18)

An analog of equation (11) (dissipative force) takes the following form:

Fus =nCo|y| -sign(7) N. (19)

Here, displacement is taken as a modulus, since only positive values can be raised
to a non-integer power.
The equation of motion for spherical contacts is:

My + CJy|[sign(y) + 1 - sign(7)]= 0. (20)

The expression for the elastic force with the function sign(y) is:
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Fy=C,y|" -sign(y) N, 1)
since the modulus of displacement is always positive, and the elastic force must be
negative when the displacement is negative.

The nature of the displacement and velocity curves for ball approach is similar to
that shown in Figure 2.

The dependence of the restitution coefficient for ball impacts on the energy loss
coefficient is shown in Figure 3 (dots). It almost completely coincides with the corre-
sponding dependence for end-on rod impacts (solid line).

Applications of the research results.

The results of this study can be primarily applied in the design of grinding
equipment, particularly drum-type rotating and vibratory mills.

The level of energy absorption in the milling load directly influences the
outcomes of dynamic calculations of mill structures. Furthermore, the ability to
ensure the existence of specific vibro-impact interaction regimes—most relevant for
processing hard and ultra-hard materials, as well as for producing micron-sized
particles—strongly depends on the accurate determination of both the elastic and
dissipative parameters of the mill's technological load.

The major part of this load typically consists not of the material being ground, but
of the grinding bodies themselves, and it is precisely their dissipative properties that
most significantly affect the overall energy absorption level.

Another important aspect of applying the findings is the potential to increase the
energy efficiency (coefficient of performance) of the mill by accounting for and
controlling the energy absorption level within the grinding load.

All of this enables the integration of grinding equipment into smart manufacturing
systems and automated production lines.

4. Conclusions

1. An analytical framework has been developed for determining dimensionless
parameters that account for the dissipative properties of the grinding media load in
mills. Unlike traditional approaches, this method is based on the use of nonlinear
differential equations and numerical techniques for their solution.

2. A new nonlinear equation of motion is proposed for grinding bodies during
contact interactions, depending on the type of contact. The study covers interactions
between rods and balls, both with each other and with a relatively massive mill
chamber or drum.

3. A hypothesis is substantiated that the dissipative force during contact
interaction between grinding bodies is proportional to the product of a dimensionless
energy loss coefficient and the gradient of the elastic deformation energy at the
contact.

4. In the present study, the analytical model is limited to the first half-cycle of
oscillation during contact between two grinding bodies. However, it can be extended
to a greater number of oscillation cycles and other types of elastic connections
between bodies with constant mechanical characteristics across a wide range of
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energy loss coefficients.

5. The results of this work are planned to be used in further studies of the
dynamics of grinding system components, to identify operational domains of vibro-
impact interaction regimes between grinding bodies, and to improve the energy
efficiency of milling equipment.
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BU3HAYEHHA PIBH TMOrMWHAHHA EHEPrli B TMPOLIECI KOHTAKTHOI B3Aemopli
NOAPIBHIOBANBHUX TIN
Llles4eHko I"., Tumos O., Camodpuea O.

AHoTauif. Y craTTi po3rngHyTo npobrnemy KinbKiCHOro OnMCY MOMNMHAHHS €HEprii NpW KOHTaKTHI B3aemopii
nogpibHIOBanbHUX Tin 'y MAKHAX pisHoro Tuny. MeTa gocnimkeHHs nonsrae B po3pobneHHi aHaniTMYHoro anapaty ans
ONUCYy PyxXy MOMOMbHUX Tifl 3 ypaxyBaHHAM AMCMNATWBHUX BNACTMBOCTEW, SKi BW3HAYalOTbCs 6e3po3mipHUMM
napameTpamu, 30kpema, KoeqillieHTOM BigHOBNEHHS LUBMOKOCTI Npu yAapi. MponoHyeTbea HOBWIA NiaXid, Wwo 6asyeTbes
He Ha TpaauLiHin hopmyni aucunavii eHeprii Penes Ta knackyHOMY PIBHAHHI 3aTyXakumX rapMOHIYHUX KOMNMBaHb, a Ha
BUKOPWUCTAHHI HENiHIMHUX audepeHLianbHuX PiBHAHb PYXy i3 AMCMNATMBHUMW CUiamMu, MPOMOPLIMHO TPagieHTy
MOTEHLNHOI eHepril NPpYXHKUX aedopmalyin. [ns po3s’sa3aHHs TakuX PiBHSHb 3aCTOCOBAHO YMCEMNbHI METOAM, 30KpeEMa,
metog PyHre-KyTTa yetBepToro nopsaky. Y poboti 4oCnigxeHo Mogeni B3aemogii Ans HaTUNOBILLMX BUNALKIB: yAapy
ABOX Kyrb, Kyni 06 MacuBHy NnuTy, CTPUXHS 06 NAUTY TOLO. BUBEEHO PIBHSHHSA PyXy N1 KOXKHOIO 3 LMX CLeHapiiB 3
ypaxyBaHHsAM reoMeTpii Tin, TUMY KOHTaKTy Ta KoediljieHTa BTpaT. Mpu LbOMY XOPCTKICTb NPYXHOr0 KOHTAKTY ANns yaapy
Kynb BpaxoBye HEMiHiHWA xapakTep Aedopmauii BignosigHo Ao Teopii Mepua. Ans yaapy CTPWKHS 3aCTOCOBAHO
CnpoLieHy Mopenb OaHOGIYHOrO MpyKHOro 3B'A3Ky. [lokasaHo, L0 MpU 3pOCTaHHi KoedilieHTa BTpaT KoeqiljieHT
BiHOBIIEHHS LUBMAKOCTI NpM yaapi 3MeHLYeTbCs, WO Bignosigae isnyHoMy 3MiCTy npouecy. PesynbTatit yncensHoro
MOZLES0BaHHS MPOIMtOCTPOBaHO rpadikamn NEpeMILLEHHs Ta LIBWUAKOCTI, 3 SAKUX TakOX OTPUMAHO 3anexHOCTi Mix
koediLieHTOM BigHOBEHHS Ta koediljeHToM BTpaT. [JoBeaeHo, Lo y baratbox BUNagkax L 3anexHicTb HabnmkaeTbes
[0 NiHINHOT 419 ManuX 3HaueHb koedilieHTa BTpaT, OQHaK 3rofOM CTae CYTTEBO HeniHinHow. OTpuMaHi pesynbrati
MatoTb BaXMMBE NPaKTUYHE 3HAYEHHS], OCKISTbKW JO3BONSAOTH TOYHILLE BUSHAYUTY PiBEHb EHEPTETUYHIX BTPAT Y MIIUHAX,
MOKPaLLWTN MOZENi AMHAMIYHOTO PO3PaxyHKy iX KOHCTPYKLii Ta OOIPYHTOBAHO BCTAHOBUTM napameTpu edeKTUBHOIO
BibpoydapHOro pexumy. 3asHaveHo, Wo Ginblia YyacTuHa eHeprii NOrMWHAETLCA caMe Mif Yac KOHTAKTHOI B3aeMofii
NOMOIbHUX Tin MiX COBOI0, HaBITb 3a BiACYyTHOCTI 06pOBMOBAHOrO MaTepiany B 30HI KOHTaKTY, LIO YaCTKOBO MOSICHIOE
HWU3bKM  KOEMILIEHT KOPUCHOI Aii MAMHIB. Takum YMHOM, pe3ynbTaT [OCTIMKEHHS MOXYTb OyTM edeKTUBHO
BMKOPUCTaHI SIK y cdepi NpoekTyBaHHS eHeproedekTUBHOMO noapibHI0BanbHOr0 0bnaaHaHHs, Tak i Ang onTumisalii
TEXHOMOMYHMX MNpOLECiB Yy cucTemMax "pO3yMHOro BUMPODHWUTBA", g€ BaXNMBUM € TOYHUA KOHTPONb Hag
€HEeProcroX1BaHHAM Ta AMHAMIKOK MeXaHiYHOT B3aeEMOSIT YaCTUHOK.

KniouoBi cnoBa: MnuH, nogpiGHIOBanbHe Tino, MOMMMHAHHA  eHeprii, KOoediljeHT BiOHOBMEHHS, HEMiHiiHe
AudepeHLiiiHe PiBHAHHS, YACenbHI MeToaN.
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