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Abstract. The extraction and further processing of minerals are associated with the improvement of existing and
development of new resource-saving technological solutions for underground and open-cycle operationsThe most costly
technology for processing mineral raw materials is destruction itself, which accounts for about 20% of total electricity
production and up to 50% of total capital and operating costs. To determine the stability of the rock mass in an ultimate
state, a stress-strain diagram of rock is used. To analyse these diagrams, it is necessary to know the distribution of
contact normal and tangential stresses. According to classical solutions to this problem, the stress distribution was
determined using the methods of L. Prandtl and E.P. Unksov. However, these methods did not account for the
occurrence of stresses perpendicular to the compression vector.

The article provides further development of the method for refining the distribution of contact stresses and
constructing a “normal stress-longitudinal deformation” diagram and limit curves, taking into account contact friction
under load. A comparative assessment of the proposed method with diagrams constructed using the classical method is
carried out.. The proposed method allows determining the strength limit and residual strength of rock samples based on
parameters that can be easily established experimentally in the laboratories of mining enterprises. The results can be
used to monitor the condition of the rock mass and ensure effective rock destruction.

Therefore, an improved method for determining the distribution of contact normal and tangential stresses in
prismatic samples of brittle, relatively homogeneous rocks under stress is proposed, which takes into account stresses
perpendicular to the load vector and allows for a more accurate assessment of the stress-deformed state of the samples
taking into account contact. It has been established that, especially at small angles of internal friction, the level of current
stresses according to the proposed method is lower than that obtained using classical solutions.

The developed approach allows avoiding the influence of the scale effect and transferring the results of laboratory
studies to real, undamaged and relatively homogeneous arrays. The results are of practical importance for assessing the
stability of rock masses and improving the efficiency of rock destruction during the extraction and processing of solid
minerals.

Keywords: contact, friction, diagram, rock, deformation, stress, destruction.

1. Introduction

The territory of Ukraine has numerous deposits of ore and non-ore minerals,
including coal and granite deposits in the mesomorphic and metamorphic rock mass
of the Ukrainian Shield. These masses are widely used in the construction, coal, and
metallurgical industries. The extraction and further processing are linked to the
improvement of existing and development of new resource-saving technological
solutions for underground and open-cycle operations. This is accompanied by the
need to ensure the stability of the rock mass on the one hand, and to increase the
efficiency of rock disintegration on the other hand. Ensuring rock mass stability is
important for coal mining, especially with increasing mining depth, when rock
pressure increases significantly, rock properties change, and geotechnical processes in
the rock mass around the workings are significantly activated, accompanied by
human and material losses. At the same time, the most costly technology for
processing mineral raw materials is disintegration itself, to which billions of tons are
subjected. These processes account for about 20% of total electricity production and
up to 50% of the total capital and operating costs of mining enterprises. In this regard,
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there is a need for further research into the processes of rock destruction by
improving the accuracy of assessing its bearing capacity under various types of force.

In the mining and processing industries, when assessing the mechanical properties
of rocks, their strength is determined based on production drilling data obtained using
various machines and tools. Tests are conducted under different technological
conditions, which leads to generalization and averaging of results, discrepancies
between the actual strength of rocks and the values accepted at mines, enrichment
plants, and quarries. The strength limit of rock is determined using stress—strain
diagrams during uniaxial compression of samples on special equipment [1-5].
However, the machines are expensive, difficult to operate, require highly skilled
maintenance, and are only available in specialized research institutes in Ukraine.
Therefore, there is an obvious need for an analytical method for calculating the
strength limit and residual strength of rock samples, which could be carried out by
simple means directly at the mining site [6, 7].

Known works on mathematical modelling of sample destruction [8, 9] have not
been developed into complete analytical methods for calculating the parameters of
“normal stress — longitudinal deformation” diagrams beyond the strength limits. In
[10], Coulomb's strength criterion was used to model failure, taking into account
contact friction, but the rule of parity of tangential stresses in angular zones was not
considered. In [11], the formation of a barrel shape due to the inhibition of transverse
deformation by contact friction between the press plate and the sample, which gives
grounds for applying the rule of parity of tangential stresses in corner zones during
deformation and failure of the sample, is used to refine the distribution of contact
normal and tangential stresses.

The work aims to develop an improved analytical method for determining the
distribution of contact normal and tangential stresses in prismatic rock samples under
compression, taking into account normal stresses that are neglected in classical
approaches (e.g., Prandtl or E.P. Unksov). By improving the construction of the
stress—strain diagram and taking into account the effects of contact friction, the
proposed method increases the accuracy of fracture prediction and residual strength
assessment. The results provide a practical tool for assessing the stability of rock
masses and optimising the processes of destruction during the extraction and
enrichment of minerals using experimentally measured parameters (shear strength,
friction coefficients, elastic modulus).

2. Methods

In the theory of metal deformation under pressure, it is recommended to
determine the distribution of contact stresses during the deformation of a metal strip
of unlimited length by solving two differential equations of balance and an algebraic
equation of plasticity (limit state) of metal.

0
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where k, — is the shear strength of the material (constant plasticity), Pa; 7, — is the

tangential stress, Pa; o, — is the horizontal normal stress, Pa; o, — is the vertical

y
normal stress, Pa.

The boundary conditions for system (1-3) are the condition of compressive
loading of the strip and the absence of loading on the side. However, accounting
contact friction creates insurmountable difficulties in the theory of metal processing
by pressure when accurately integrating these three equations. As a result, when
solving practical problems involving the determination of deforming forces, certain
simplifications must be introduced. In [12], based on the theory of plastic
deformation, a detailed analysis of the possibility of simplifying the equations was
carried out and the limits of their applicability within the limits of practically
acceptable accuracy were determined experimentally. To do this: a) the problem is
reduced to a symmetrical problem or plane one; b) it is assumed that normal stresses
depend only on one coordinate, in particular on x, and the dependence of tangential
stresses on the coordinate y is assumed to be linear.

As a result, the differential equations are simplified. Their number is reduced to
one, which contains simple derivatives instead of partial ones.

Consider the second equation (2) of the system. It is satisfied if o, does not

depend on y. The contact tangential stresses7; are assumed to be equal to the limiting
value of constant plasticity k,. Then equation (3) 1s reduced to the expression

do, 0o, ..
= T It should be noted that the latter expression is recommended to be used
X Y
under the condition 7, > 0.7k,,. Then the stresses at the tip of the crack are
2f.x
o, =c., e 4)
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where o, —stress at the root of a crack, Pa; f,. — coefficient of contact friction; A —

sample height, and specific pressure
2fa
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where a; — sample width.
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Determining the maximum specific deformation pressure is sufficient in the field
of metal pressure forming. Verification of the approximate method of calculating
deformation forces obtained in this way using experimental data confirmed its
satisfactory practical accuracy. However, the stresses 7;, are usually not equal to %,,.

Moreover, these stresses are not equal to &, with respect to rock samples. During the

deformation of rocks with internal friction, it has a different appearance [13—16].

The M.S. Poliakov Institute of Geotechnical Mechanics of the National Academy
of Sciences of Ukraine has developed a theory of local failure, which proves that
expression (3) for rock with internal friction has a different form [13—16], which
made it possible to analytically determine the stability of rock masses. However, it
does not fully take into account the influence of the friction properties of rocks on
their stress—strain state and does not reveal the relationship between the derivatives of
normal vertical stresses and stresses perpendicular to the compression vector, which
affects the distribution of contact stresses.

In the solution of [21], the tangential contact stresses do not depend on the x-axis
and on the vertical stress variables, but according to the Coulomb-Amonton law, the
tangential stresses are directly proportional to the vertical stresses, which we will take
into account.

We will supplement the system of differential equilibrium equations (1-2) with an
algebraic equation describing the behavior of rocks in compression, which was
proposed by [22].

o, =M[Sinp—w/l—bi2j+0'y (6)

cos p

A

ky, + uo,

In the resulting system of equations, the variables are o, Oy Tyys X5 ).

where b; = ; p— angle of internal friction, rad.

As a result of solving the system of equations, we obtain
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where 1 — coefficient of internal friction.
Contact tangential stresses according to the Coulomb-Amonton law

Ly THOy - (8)
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Then we get
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Let us denote the expression between derivatives by @ , we obtain

X — o (10)

Using the first differential equations (1) and (10), we have @

0 0 0
00y Tl _ 9% Tt (11)
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Tangential stresses 7, decrease in absolute value with distance from each contact

surface according to Saint-Venant's principle and, at y = 0.5, rotate to zero, as on the
axis of symmetry. Therefore, after integration:

2fx
c,=C-e™ . (12)

Considering that constant C will be equal to o), — the vertical normal stress at the

corner point of the sample x =0. Then, taking into account the boundary conditions,
we have:

=g, e (13)

Using this convention, we can write that the tangential stresses

2/.x
T = [0y e ah, (14)

3. Results and discussion
Based on the above decision, it was found that the ratio between the derivatives of
normal stresses arising in the direction perpendicular to the compression vector to the
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compression stresses is inversely proportional to the internal friction and directly
proportional to the sum of the contact and internal friction. This, in turn, made it
possible to refine the distribution of contact normal and tangential stresses [22]

. o .. 0 oo
against the known distribution under the condition 99x _“"V  For a clearer

ox oy
understanding, let us compare the calculation of the strength limit of a sample for a
truncated wedge-shaped fracture using equation (10). Taking into account the
destruction of the sample along two cracks, we can write that the distribution of
normal stresses on the area that does not come out from under the load during
development from the upper corners has the form

2fc (al_zxf)
oh
o, =0 ‘e ! : (15)
where o, — vertical normal stress at the crack tip, Pa; xz — crack development

coordinate.
The specific contact force at the given location is determined by

t 2f.t fc(al_zx)
ZO'yO wh oh :

P ap —2xg Oe Ve fcia1—2x§i ‘ (16)

Thus, a refined method for calculating the distribution of normal and tangential
stresses has been developed by solving two differential and one algebraic equations
of equilibrium of forces from normal and perpendicular stresses in accordance with
the requirements of the theory of mechanics of deformed objects.

The tangential stress 7., =7,, (x,y) on the contact surface is equal to the

tangential stress 7, which is caused by friction between the tool and the rock under

load. The distribution of contact normal and internal tangential stresses under
symmetrical and asymmetrical loading is shown in Fig. 1.
By obviousness, we assume that on the horizontal line of symmetry of the sample

Ty, is equal to zero. Therefore, assuming that the decay of contact tangential stresses

from friction along the longitudinal axis occurs according to a linear law, we write
that the internal tangential stresses are determined by the formula

2f.x
2 2
Ty =rk[l—h—yJ=fcay§[ —h—yje he (17)
1 1

where 7; — internal tangential stresses, Pa;
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Figure 1 — Diagrams of contact normal o, and internal tangential 7; stresses at 7; = fcay_

y
by the author, [22]

This equation allows determining internal tangential stresses. It is important to
note that the equations given contain the geometric dimensions of the objects under
study, which allows the results of the calculation of the parameters of the rock sample
to be transferred in accordance with the laws of stress distribution to a rock mass of
any size, excluding the influence of the scale geometric effect, (but not the influence
of layering and fracturing of the rock).

The parameters of the stress—strain diagrams of truncated wedge-shaped samples
are determined by the iteration method. For this purpose, the sample is divided into
several layers n. The solution allows determining the limit values of vertical and
perpendicular to them - horizontal normal stresses, deformations and a number of
intermediate parameters at the tops of cracks during their development.

Figure 2 shows the calculated diagrams “stress—crack tip ordinate” for
comparison, and Figure 3 shows the calculated “stress—deformation” diagrams, the
parameters of which are determined by formulas (15) and (16) using the distribution
of contact stresses by the improved and traditional methods.

At high values of internal friction angles, the decay modulus takes the form of a
concave quadratic function, while the residual strength is not preserved, but the
current strength value using the improved method of stress distribution is always
lower than that using the traditional method. This conclusion implies that the decay
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module depends on the physical, mechanical, and friction properties of rocks and is
not a constant value.

Figure 3 shows line 5 of the true “stress—longitudinal deformation” diagram,
which is determined without taking into account the ratio of the current bearing area
of the sample to its initial cross-section. This line is straight, and the trajectories of
the maximum effective tangential stresses (TMETS) on the outer branches of the
conditional diagrams are shown as curved lines.

Oc
MPa

60 — 4—41/__
® §t<¥\ E
30 : \\

15

Stress

\

0 0.2 0.4 0.6 0.8 Y

Crack tip ordinate
1,2—-p=45°, £, =025;3,4— p=55°, f. =025

Figure 2 — Calculated diagrams of “stress - crack tip ordinate” according to the improved (1, 3) and
E.P. Unskov's law (2, 4) distributions for two TMETS ¢ at &, =10.0 MPa

JC
MPa 4
P ~ N
15 147
5\ &\<2 3
40 /

Stress

N Wika

0 20 40 60 £-1072
Crack tip ordinate

Opes ‘/
I

1,2— p=45°, f.=0.25;3,4— p=55°, f.=0.25; 5 —line of the true diagram

Figure 3 — Calculated conditional diagrams of “stress - crack tip ordinate” according to the
improved (1, 3) and E.P. Unskov's law (2, 4) distributions for two TMETS ¢ at k,, =10.0 MPa

The proposed method demonstrates that taking into account perpendicular stresses
and contact friction significantly changes the stress distribution compared to classical
solutions. The decrease in current strength values observed in the “stress—crack tip
coordinate” and “stress—strain” diagrams (Figs. 2-3), especially at low internal
friction angles, indicates that traditional approaches may overestimate the stability of
rocks under certain loading conditions. This discrepancy becomes more noticeable
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under conditions of high internal friction, when the dependence graph takes on a
concave quadratic shape, which once again confirms the need to refine the model. It
should be noted that the correspondence of the residual strength at the points of
breakage (for example, p =45°, f.=0.25) 1s consistent with empirical observations

of brittle destruction of prismatic samples, which brings theoretical and practical
conclusions closer together.

The linearity of the true stress—strain diagram (Fig. 3, line 5) contrasts with the
curved trajectories of traditional diagrams, emphasizing the influence of contact
friction and geometric scaling effects. This conclusion is of direct practical
importance: eliminating the geometric scale effect. The method allows the results of
laboratory studies to be extrapolated to rock masses of arbitrary sizes, which is an
important advantage for assessing stability in deep mining or large-scale excavation
works. However, the dependence of the deformation modulus on rock properties
(e.g., friction coefficients) means that calibration of the input data for a specific rock
site remains important.

4. Conclusions

A method has been developed for calculating the parameters of the “stress—crack
tip ordinate” and ‘“‘stress—deformation” diagrams with an improved distribution of
normal and tangential contact stresses, which can be used for brittle, relatively
homogeneous rocks under static loading.

A comparison of the calculated “stress—crack tip ordinate” and “stress—
deformation” diagrams using the improved method and the method of E.P. Unskov
shows that the level of current strength values on the outer branches of the diagrams
decreases with the development of two cracks at small angles of internal friction,
while the decline module according to the improved distribution has a lower value
than according to the traditional method, with the exception of points bb and b'b’
where two TMETS exit onto the lower contact surface, in which case, at p =45°,

f. =0.25 the residual strength has the same values.

At high values of internal friction angles, the nature of the decay module changes.
It takes the form of a concave quadratic function, while the equality of residual
strength is not preserved, but the current value of strength according to the improved
stress distribution method is always less than that according to the traditional method.

The proposed approach requires further study of the influence of contact friction
on the stress—strain state not only of homogeneous but also of layered rocks, taking
into account their moisture content and other physical and mechanical factors.
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20% 3aranbHoro BUpobHMUTBA enektpoeHeprii Ta 40 50% 3aranbHuX kaniTanbHUX i ekcnnyatauiiiux Butpart. [ns
BWU3HAYEHHS CTIMKOCTI MOPOAHOTO MacuBY Y NO3aMEXHOMY CTaHi BUKOPUCTOBYHIOTb diarpamy «HanpyXeHHs - NO3[0BXHS
aedopmayisy ripcbkux nopig. [Ang aHaniTMYHOrO BM3HAYEHHS LMX Adiarpam noTpibHO 3HATW PO3NOZIN KOHTaKTHWX
HOPMarbHUX i JOTUYHWX HanpyXeHb. 3a KNacW4HUMW PILLEHHAMM Liei 3adadi po3nofin HanpyxeHb BU3Ha4Yamu 3a
metogamu J1. Mpanatna T1a €.01. YHkcoBa. OpHak Ui METogM He BpPaxXOBYBanM BWHUKHEHHSI HaMpyXeHb, SKi
nepneHauKYNApHi BEKTOPY CTUCKaHHS.

B craTTi HaBedeHO NoAanbLUUA PO3BUTOK METOLY YTOYHEHOrO BU3HAYEHHS PO3MOAINY KOHTAKTHUX HanpyeHb Ta
nobyaoBu fdiarpamu «HOpManbHe HamnpyxeHHs - MO3hOoBXHS Aedopmauisy i rpaHUYHUX KPUBMX 3 YpaxyBaHHAM
KOHTaKTHOrO TEpTS MpW HaBaHTaxeHHi. MMpoBefeHO NOPIBHAMbHY OLiHKY 3anpornoHOBaHOrO MeTody 3 Adiarpamamu,
nobyaoBaHUMK 32 KNAacUMYHUM MeTOAOM. 3anponoHOBaHWUA METOL LO3BOMSIE BU3HAYATU MEXKY MILHOCTI Ta 3anuLLKoBy
MIUHICTb 3paskiB ripCbkux MOpiA 3a napameTpamu, SKi NPOCTUMKM MeToAaMu  MOXYTb OyTW BCTaHOBMEHI
eKkcnepuMeHTanbHo B nabopaTopisix ripHM4ogobyBHUX nignpuemcT. Pesynbtat MOXyTb OyTu BUKOpUCTaHi Ans
KOHTPOITIO CTaHy FMPHUYOro MacuBy Ta ePEKTUBHOTO PYHHYBaHHA Npu AesiHTerpauji ripcbkoi nopoau.

TakumM YMHOM 3ampOMOHOBAHO BOOCKOHANEHWA METOL BW3HAYEHHS PO3NOAiNY KOHTAKTHWX HOPManbHUX Ta
JOTUYHUX HanpyXeHb Y NPU3MATUYHWX 3pas3kax KPUXKMX, BiZHOCHO OOHOPIGHMX TPCbKMX MOpig Npu CTUCKaHHI, SIKMIA
BPaxXOBYE HamnpyXeHHs, NepneHauKynspHi 4O BEKTOpa HaBaHTaXEHHS Ta AO03BONSE TOUHILE OLHATW HanpyXeHo-
AedopMOoBaHMIA CTaH 3paskiB i3 ypaxyBaHHAM KOHTAKTHOro. BCTaHOBMEHO, WO npu 0cobnMBO NpU Manux Kytax
BHYTPILUHBOrO TEPTS, PiBEHb NOTOYHMX HAMPYXEHb 3@ 3anpONOHOBAHUM METOLOM € HKYMM MOPIBHSHO 3 KNaCU4HUMM
PiLLEHHSIMM.

Po3pobneHnin nigxig fO3BONSE YHUKHYTW BNNAWBY MaclLTabHOro edhekTy i nepeHocUTI pesynstati nabopaTopHux
JOCRipKeHb Ha peanbHi HEeYLWKOMKeHI Ta BiQHOCHO OAHOPIAHI MacuBuW. PesynbTaTit MaloTb NPaKTUYHE 3HAYEHHS Ons
OL{iHKM CTIMKOCTi FipCbKWUX MacwBIB Ta MigBMLLEHHS €DEKTUBHOCTI PyIHYBaHHS nopia nig yac BuaobyTKy Ta AesiHTerpai
TBEPAMX KOPUCHMX KOMAMH.

KntoyoBi cnoBa: KOHTaKT, TepTs, diarpama, nopoga, aedopmalisi, HaNPYXeHHs, pyiHyBaHHs!



