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FRACTAL-STATISTICAL DETERMINATION OF THE STRUCTURAL WEAKENING
COEFFICIENT OF A ROCK MASS

Abstract. Open-pit slope stability is controlled not only by intact rock strength but also by the spatial organization of
fracture networks that subdivide the rock mass into blocks. In engineering practice the structural weakening coefficient is
often assigned empirically, which limits the reliability of risk-oriented stability assessments. This study develops a fractal-
statistical framework to refine the structural weakening coefficient k and to bridge 2-D fracture traces mapped on slope
images with a 3-D appraisal of the rock-mass state. A grid of boxes with side length ¢ is overlaid on the fracture map,
and N(o) denotes the number of boxes containing at least one fracture segment. The box-counting fractal dimension
D(B) is obtained from the slope of the In N(o)-In(1/0) regression. To reduce sensitivity to grid placement and finite self-
similarity ranges, the analysis incorporates a set of quality and heterogeneity descriptors: the coefficient of determination
(R?), standard error (SE), Y-intercept (YINT), prefactor, and the local non-uniformity index S. These parameters are
embedded into an extended expression for the structural weakening coefficient k that complements the classical V/V,
scaling and accounts for scale effects and spatial variability of jointing. Practical requirements for scale calibration and
image resolution are outlined so the procedure can be repeated for routine and time-lapse surveys, enabling updates of
the structural weakening coefficient k after blasting, weathering or seasonal changes. The approach is demonstrated for
the Yeristovo open pit, where calculated fractal-statistical indicators are extrapolated to adjacent sectors considering
lithology and structural trends, producing a zoning map of the structural weakening coefficient k for the whole pit wall.
Zones with elevated D(B) and unfavourable regression statistics (high YINT and SE, lower R?, higher S) correspond to
more fragmented and heterogeneous rock mass and therefore require enhanced monitoring, targeted inspections and
conservative design assumptions. The proposed workflow provides a transparent, data-driven route to parameterise
structural weakening for slope stability calculations and to prioritise hazardous sectors using routinely collected digital
survey data.

Keywords: open-pit, slope stability, rock mass, fracturing, box-counting.

1. Introduction

The long-term stability of open-pit slopes is governed not only by rock strength
but also by the spatial organisation of fractures that subdivide the rock mass into
blocks. Traditionally, this influence is accounted for through a structural weakening
coefficient, which is mostly assigned empirically; this limits the accuracy of risk-
oriented slope stability calculations [1].

Fractal geometry provides a quantitative description of complex, scale-dependent
fracture networks. Fractal dimension characterises how densely fractures occupy
space across different scales, thereby linking laboratory-scale parameters to the be-
haviour of the rock mass at pit scale. Experimental studies and multifractal analyses
of blasting products demonstrate a stable relationship between fractal dimension and
the degree of rock damage [2-4].

Modern digital surveying techniques (photography, laser scanning, LIDAR, point
clouds), combined with box-counting algorithms, enable the construction of maps of
the fractal dimension of fracture traces. These descriptors have already been integrated
with machine-learning methods to classify rock mass quality and assess its integrity [5].

At the same time, the relationship between fractal characteristics of fracturing and
the structural weakening coefficient remains insufficiently defined. Weakening esti-
mates are often based on simplified indicators such as fracture spacing and block
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size, without accounting for the fractal nature of the fracture network [1-3]. This
hampers the adoption of fractal analysis in practical open-pit slope design.

The aim of this study is to refine the structural weakening coefficient k as a link-
ing element between the ratio V/Vy and an integrated set of fractal and statistical pa-
rameters of fracturing derived from digital slope images using the box-counting
method. This enables a transition from local two-dimensional fracture descriptors to a
three-dimensional appraisal of the rock-mass state and allows k to be used as an in-
formative parameter in open-pit slope stability calculations [6-8].

2. Methods

Quantifying fracture-network complexity on open-pit slopes is a practical task for
stability assessment, hazard zoning, and routine geotechnical monitoring, especially
under conditions of blasting, weathering, and seasonal changes that can rapidly modi-
fy rock-mass discontinuities [9, 10]. In this study, a fractal-statistical method is ap-
plied to derive an objective estimate of the structural weakening coefficient k from
digital representations of slope surfaces.

A digital-survey workflow based on fracture-trace extraction and multi-scale box-
counting analysis is proposed [9, 11-13]. The method is designed to determine the
fractal dimension D(B) of fracture patterns from slope photographs and photogram-
metry-derived point-cloud products, and to evaluate the reliability of the obtained
scaling law [11-14]. The procedure includes image/point-cloud pre-processing, con-
trast enhancement and noise suppression, delineation of fracture traces (binary mask),
and repeated grid placement to reduce sensitivity to the initial position of the count-
ing mesh.

To process the experimental data, a combined approach of fractal measurement
and regression-quality control is used. The box-counting algorithm counts the number
of occupied boxes N at a sequence of box sizes o, and D(B) is calculated from the
slope of the In N — In(1/0) regression [14]. Alongside D(B), the coefficient of deter-
mination (R?), standard error (SE), Y-intercept (YINT), prefactor, and a local non-
uniformity index (S) are computed to characterise both the scaling behaviour and spa-
tial heterogeneity of fracturing. These descriptors are then incorporated into an ex-
tended expression for the structural weakening coefficient k, which complements the
classical V/Vy scaling and enables the transition from local 2-D fracture indicators to
a 3-D appraisal of the rock-mass state and k-based zoning of the pit wall.

3. Theoretical and experimental parts

Fractal dimension provides a compact measure of fracture-network complexity;
however, by itself it does not fully describe the reliability of the scaling law or the
spatial variability of discontinuities that control mechanical behaviour. In practice,
fracture traces extracted from images may contain noise, illumination artefacts, and
limited self-similarity ranges, which can distort the In N-In(1/0) relationship and lead
to unstable D(B) estimates across different sectors and survey campaigns.

Therefore, fractal analysis should be complemented with statistical descriptors
that quantify model fit, uncertainty, and heterogeneity. Regression-quality metrics
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(e.g., R?, SE, YINT) help to verify whether the observed scaling is robust within the
selected scale range, while parameters such as the prefactor and local non-uniformity
index (S) capture differences in fracture density and clustering that may be critical for
identifying potentially hazardous zones. Joint use of fractal and statistical indicators
allows the structural weakening coefficient k to be derived in a more objective, re-
producible, and engineering-relevant manner.

Six key parameters are employed to evaluate structural weakening of the rock
mass due to fracturing and to assess the accuracy of fractal-dimension estimation:

1. Fractal dimension (D(B))

2. Coefficient of determination (R?)

3. Standard error (SE)

4. Y-intercept (YINT)

5. Prefactor (Py)

6. Local non-uniformity index (S)

These parameters were selected because they provide a comprehensive and robust
assessment of fracture-network structure.

Fractal dimension (D(B)). This is the primary parameter describing the degree to
which fractures fill space. It quantifies the geometric complexity of fracturing, char-
acterises scale invariance of fracture distribution, and serves as a key indicator for
comparing different structures.

Coefficient of determination (R?). This metric evaluates how well the mathemati-
cal model fits the measured data. A high R? indicates that the estimated fractal model
adequately describes the real fracture structure, which is essential for validating the
calculation.

Standard error (SE). SE characterises the scatter of the data around the regression
line. A low SE indicates higher modelling precision and helps to avoid significant
errors in the determination of fractal dimension.

Y-intercept (YINT). The intercept of the regression line with the Y axis helps to
characterise the initial conditions of the fracture distribution. It provides insight into
how structures develop at the micro-scale and reflects their initial density.

Prefactor (Pr). This parameter describes a scaling characteristic of fracturing. It
accounts for the influence of fracture size on its distribution and provides additional
information about the physical properties of rocks that control fracture development.

Local non-uniformity index (S). This index is used to assess spatial irregularity of
fracture distribution. It helps to identify zones with intensified fracturing as well as
areas where fracturing is less developed, which is important for evaluating rock-mass
stability.

Taken together, these parameters enable a deep and multi-aspect assessment of
fracturing, providing both quantitative analysis and qualitative interpretation of the
results.

The Y-intercept obtained from linear regression, together with its associated pa-
rameters, indicates the following:

— A high Y-intercept may point to a risk of local deformations or stress concen-

trations.
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- A low Y-intercept often suggests a more uniform distribution of micro-

structures, which promotes stability.

For the conditions of the Yeristovo open pit, the following classification of Y-
intercept values is adopted. The Y-intercept (YINT) is classified according to its mag-
nitude, which reflects the initial properties of the rock-mass structure. Based on ex-
amples of fractal analysis of geological rock masses, YINT values can be conditional-
ly divided into the categories below:

1. Critical (YINT > 1.0)

~ Characteristic: Very high density or heterogeneity at the finest scale.
— Interpretation:
—Strong stress concentration within the structure.
- Risk of instability development, active crack growth, or local fail-
ures.
- Example: Rock masses with intense fracturing within tectonic fault
Zones.
2. High (0.7 < YINT < 1.00)
~ Characteristic: Significant heterogeneity or high initial fracture density.
— Interpretation:
~ Potential for additional crack formation.
— May indicate a risk of local deformations.
—-  Example: Zones with numerous microcracks or elevated tectonic stress-
es.
3. Moderate (0.4 < YINT < 0.70)
— Characteristic: Moderate fracture density and structural heterogeneity.
— Interpretation:
— The rock mass can sustain substantial loads without noticeable de-
formation.
— More uniform distribution of micro-loads.
- Example: Typical rock masses in stable geological settings.
4. Low (0.2 < YINT < 0.40)
— Characteristic: Nearly uniform structure with a low density of heteroge-
neities.
— Interpretation:
—  The rock mass is characterised by high stability.
— Low risk of crack development.
- Example: Rocks that have not undergone significant anthropogenic dis-
turbance.
. Very low (YINT <0.2)
— Characteristic: Highly homogeneous structure.
— Interpretation:
— The rock mass is practically free of fractures or structural defects.
- Maximum resistance to external impacts.
- Example: Slightly fractured rocks, e.g., igneous intrusions.

o1
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The estimation of fractal dimension depends on the position of the initial grid;
therefore, the optimal grid for multifractal analysis is selected using a probability cri-
terion. The probability distribution is determined by the number of pixels N contained
in each i-th element of size ¢ required to cover the object:

N
P(i,e)=Ngiz)/ 2 Ni,. 1)
i—1

Thus, P(i,e) is derived from the probability distribution of weights for all elements
I as the element size ¢ varies.
Q=1

%P(iﬁ) =1, (2)
i=1

N Q=0

ZP(I,E) :N(g), (3)
i=1

where Q is an arbitrary exponent used to define multifractal scaling. It is typically a
negative number; however, it should be selected with regard to the maximum Q value
to be applied. For the evaluation of the open-pit area image, the following range was
adopted: minimum —10 and maximum +10. Using the software, the optimal distribu-
tion (placement) of the overlaid grid was obtained. D(Q) is the general dimension,
I.e., an averaged value of the fractal dimension. The formula for determining the gen-
eralised dimension takes the form:

D(Q)=z(Q)/(Q1), (4)

where 7(Q) is the slope of the regression line (Fig. 1); in our case it equals 0.03.
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Figure 1 — Variation of D(Q) with Q.
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Thus, to obtain the most accurate assessment of fracturing within the analysed
rock-mass sector, the grid takes the following configuration with an element size of
5x5 pixels. Figure 2a shows the general view of the sector, whereas Figure 2b pre-
sents a magnified fragment of the rock mass with the 5x5-pixel grid. Figure 2c illus-
trates a grid with an element size of 10x10 pixels. The grid overlay was performed
over 15 iterations until the grid size reached a level that covers 30% of the vertical
dimension of the image (Fig. 2d).
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(a) General view of the sector with a 5x5-pixel grid overlay; (b) zoomed-in fragment of the rock
mass with a 5x5-pixel grid; (c) zoomed-in fragment of the rock mass with a 10x10-pixel grid;
(d) final grid-overlay iteration: the grid element covers 30% of the image’s vertical dimension

Figure 2 — Multi-scale grid overlay used for box-counting analysis of the analysed rock-
mass sector.

Nonlinear growth of the fractal dimension of discontinuities as a function of the
applied load on a rock specimen.
The relationship is described by the following equation:

d=dg+a-(c®-m-o), (5)
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where dp is the initial fractal dimension of the analysed rock-mass sector; a is an em-
pirical scaling coefficient governing the intensity of the nonlinear increase in fractal
dimension with increasing applied normal stress; m is an empirical coefficient; and o
Is the applied normal stress.

In this way, the application of the above methodology makes it possible to obtain
a quantitative estimate of the fractal dimension of rock masses based on the analysis
of photographs of their slopes.

Using the fractal approach allows a more complete interpretation of the size effect
in rock strength, which is expressed by the dependence of the failure strength o (i.e.,
the limiting stress at which rupture occurs) on the geometric dimensions of the body
[13, 14].

Given that, in a real solid, defects form a hierarchical structure, increasing the
characteristic volume of a specimen raises the probability of the occurrence of a criti-
cal defect cluster within it. The intensity of this effect is described by the exponent m,
which essentially reflects the material heterogeneity: at low m the structure is strong-
ly “disturbed”, whereas at high m it approaches a homogeneous state.

Further development of the model is based on the assumption that the ensemble of
defects can be represented as a self-similar fractal cluster with fractal dimension d. In
this case, the material heterogeneity coefficient is related to the fractal dimension of
the defect subsystem: the larger the value of d, the more pronounced the strength size
effect, and the lower the effective strength of large rock volumes. Comparing the lim-
iting cases (nearly homogeneous material versus highly defective material) makes it
possible to express the relationship between the strength of the real rock mass and
that of an idealised intact rock as a function of d.

The ratio of the design stresses of intact rock to the stresses in the disturbed mass
is interpreted as the structural weakening coefficient kc. Substituting the fractal di-
mension into the corresponding power-law relationships and performing a logarith-
mic transformation yields an expression in which k¢ is directly linked to the fractal
dimension of the fracture structure. Hence, we obtain a formula for determining the
structural weakening coefficient of the rock mass as a function of its fractal dimen-
sion [15]:

(2-dylg "
ke =10 " 6)

To transition from an image-based description to a three-dimensional appraisal of
the rock mass, it is necessary to account for scale effects and spatial features of the
fracture structure, which are represented by the ratio of the rock volume within the
potential sliding prism V to the rock volume of a characteristic structural block Vj.
This ratio is expressed by the coefficient k, which makes it possible to generalise lo-
cal two-dimensional parameters for evaluating the three-dimensional state of the rock
mass. The use of k is essential because it incorporates the influence of physical and
statistical characteristics of the rock that cannot be captured solely by the V/V, ratio;
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therefore, the formulation is refined by introducing additional parameters, resulting in
the following equation:

\Y

) 10( R2.1ogyq( Ps +1)+(Y int))

(7)
Vo 1+SE+S

This equation enables an accurate transition from a two-dimensional assessment
of fracture structure to its three-dimensional prediction, preserving scale invariance
while incorporating key statistical parameters.

After determining all required parameters, a zonal distribution of the structural
weakening coefficient is performed by extrapolating (approximating) the fractal-
dimension results obtained for individual zones to adjacent sectors. In doing so, the
geological-lithological composition of the rocks and the spatial variation of fractur-
Ing across the entire open pit are taken into account. This approach makes it possible
to integrate local fractal-dimension indicators at the scale of the whole deposit. The
zonal distribution of the structural weakening coefficient is shown in Fig. 3.

(O- sample collection points; [}~ — sectors denote the analysed zones, the short line attached to
’ each sector indicates the viewing direction and photograph position;
E.}?Z?j “Zone No.” is the zone identifier, the numerical value inside each zone is the structural weaken-

ing coefficient k

Figure 3 — Zonal distribution of the structural weakening coefficient

Thus, the proposed refinement of k and the consistent linkage between the geome-
try of the fracture network derived from digital slope data form an integrated engi-
neering—mathematical assessment of the structural weakening of the rock mass.
Combining the fractal description of discontinuities with statistical indicators of re-
gression quality and spatial heterogeneity enables reproducible k-based zoning of the
pit wall and provides a basis for regularly updating the input parameters of stability
calculations as mining operations progress.

The obtained values of k fall within the range 0.017-0.054, indicating pronounced
heterogeneity of jointing and, consequently, structural disturbance of the rock mass.
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The minimum values (approximately 0.017—0.021) delineate relatively “intact”
zones, whereas the maximum values (approximately 0.051-0.053) correspond to are-
as with increased intensity/complexity of the fracture network. The map shows an
evident clustering of elevated k values within several blocks (with a concentration of
local “peaks™), which is consistent with the presence of structural heterogeneities and
zones of intensified fracturing that may be regarded as potentially more hazardous in
terms of degradation of strength properties.

From an interpretative standpoint, an increase in k reflects an increase in structur-
al weakening; therefore, the resulting zoning can be used to rank areas by priority for
parameter refinement and engineering decision-making (enhanced monitoring, more
conservative assumptions, local stabilisation measures, etc.). In addition, within this
study, laboratory refinement of the physical and mechanical properties of the rocks
was performed, and the factor of safety was determined based on data obtained at the
preceding stages; the derived k values were directly incorporated into numerical
modelling using the MIDAS GTS NX software package (finite-element modelling of
geotechnical problems).

4. Conclusions

This study presents a fractal-statistical workflow for characterising fracture-
network complexity on open-pit slopes and for obtaining a more objective estimate of
the structural weakening coefficient k from routine digital survey products. The pro-
posed concept supports stability assessment and hazard zoning by translating geomet-
rical information extracted from slope-surface data into an engineering parameter
suitable for design and monitoring updates.

Fracture patterns are quantified using multi-scale box-counting applied to slope
photographs and photogrammetry-derived point-cloud products. The fractal dimen-
sion D(B) is determined from the InN-In(1/5) scaling regression, while the reliability
of the scaling law is controlled through a set of complementary descriptors (R?, SE,
YINT, prefactor, and the local non-uniformity index S). This combination reduces
sensitivity to grid placement, limited self-similarity ranges, and image/point-cloud
artefacts, and it provides an interpretable measure of spatial heterogeneity of discon-
tinuities.

An extended k formulation is introduced to complement the classical V/V, scaling
by embedding the above fractal and statistical indicators. As a result, the method ena-
bles a consistent transition from local 2-D fracture-trace metrics to a 3-D appraisal of
rock-mass condition and provides a transparent basis for comparing slope sectors and
survey epochs.

The workflow is demonstrated for the Yeristovo open pit (Ferrexpo Yeristovo
Mining, FYM), where the calculated indicators are used to produce a zoning scheme
of k along the pit wall, accounting for lithology and structural trends. Sectors charac-
terised by higher D(B) together with unfavourable regression statistics (higher YINT
and SE, lower R?, higher S) correspond to a more fragmented and heterogeneous rock
mass and should be prioritised for enhanced monitoring, targeted inspections, and
conservative stability assumptions.
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Future work should focus on expanding the database via time-lapse surveys (e.g.,
before/after blasting and across seasonal periods), validating k-zoning against inde-
pendent geotechnical observations, and integrating the workflow into routine risk-
oriented slope management.
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®PAKTANbHO-CTATUCTUYHWUIA NIAXIA 0O BUSHAYEHHS KOE®ILIEHTA CTPYKTYPHOIO
OCJIABJIEHHA FNPHUY0Iro MACUBY
PomareHko A.O.

AHorauis. CTiltkicTb yKOCIB kap'epy BM3HAYaeTbCA HE JULIE MILHICTIO HEMOPYLUEHOI NOpoaM, a i NPOCTOPOBOKD
OpraHisalieto Mepex TpillyH, WO PO34NEHOBYIOTb MPCbKMA MacuB Ha Onoku. B iHxeHepHin npaktuui koedilieHT
CTPYKTYPHOTO OCNabneHHs 4acTo 3a4aeTbCs EMMIPUYHO, L0 0OMEXYE HaRINHICTL PU3MK-OPIEHTOBAHMX OLLIHOK CTIAKOCTI.
Y poboTi po3pobneHo thpakTanbHO-CTaTUCTUYHWA NiaXia [0 YTOUHEHHS KoedilieHTa CTPYKTYpHOro ocnabnerHs k Ta
noeaHaHHs 2-D cnigis TpilmH, BinobpaxeHux Ha 306paxeHHsX YKOCiB, i3 3-D oLiHKO CTaHy ripcbkoro Macusy. Ha kapTy
TPILYMH HAKNaAAETbCA CiTka KOMIPOK 3i CTOPOHO 0, a N(0) No3Havae KinbKiCTb KOMIPOK, WO MICTATb LOHAMMEHLLE OAWH
tbparmeHT TpilmHu. OpakTanbHa po3MipHICTb 3a MeToaoM box-counting D(B) BU3HAYaETbCA 3@ HaxwioMm perpecii In
N(o)-In(1/0). Llob 3MeHWWTM YyTNMBICTb [0 PO3MILLEHHS CiTKM Ta CKIHYEHHMX Aiana3oHiB camonogibHocTi, aHania
BKITI0Ya€E Habip NOKa3HWKIB SKOCTi Ta HEOAHOPIAHOCTI: kKoedilieHT aeTepmiHauii (R?), cTaHgapTHy noxubky (SE), nepetuH
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3 Biccto Y (YINT), npecbaktop i nokanbHuit iHgekc HeopHopiaHocTi S. Lli napameTtpu BOyaoBaHO B po3LUMPEHMIA BUpa3
ANs KoedoilieHTa CTPYKTYPHOro ocnabnexHs K, kuid LJOMOBHIOE KnacyHe MaclwtabysaHHs V/V, Ta BpaxoBye MacLUTaOH
ehekTM N NpOCTOPOBY MIHAMBICTb TpiLLMHYBATOCTI. [pakTyHi BUMOrM A0 KanibpyBaHHS MaclwTaby Ta pO3ginbHOI
30aTHOCTI 306paxeHb BUKNAZeHO Tak, Wob npoueaypy MoxHa 6yno NoBTOPIOBATY ANSt PYTUHHWX i MOBTOPHWX Y Yaci
3HiMaHb, 3abe3neyyio4n OHOBMEHHS KoediLlieHTa CTPYKTYpHOrO ocrabneHHst k nicnst BubyxoBux pobiT, BUBITPIOBAHHA
abo ce3oHHMX 3MmiH. MMigxin anpoboBaHo AN €pUCTIBCLKOTO Kap'epy, A€ PO3paxoBaHi (PpaKTanbHO-CTATUCTUYH
MOKA3HUKWN EKCTPanomniOITLCH Ha CyMDKHI CEKTOPU 3 ypaxyBaHHSM NITONOrii Ta CTPYKTYpHUX TPEHAiB, WO [aE 3Mory
nobyayBaT KkapTy 30HyBaHHA koedilieHTa CTPYKTypHOro ocnabneHHs k ans Bcboro 6opTy kap'epy. 30HM 3
NiABMLLEHUMM 3HaYeHHsMU D(B) Ta HECTIPUATAMBOIO PErPECiHOI CTaTUCTUKOK (BUCOKI YINT i SE, Huxdi R?, Buwji S)
BiONOBIAaOTh 6Ginbl (hparMeHTOBaHOMY 11 HEOAHOPIGHOMY TFipCbkOMY MacuBy i TOMy nOTPebyloTb MOCUNEHOro
MOHITOPUHTY, LinboBuX OOCTEXEHb | KOHCEPBATUBHUX MPOEKTHWX MpUMyLLEHb. 3anponoHOBaHWA nigxin 3abesnedvye
MPO30pWI, KEPOBaHUIA AAHUMW IHCTPYMEHT AN napameTpusalii CTPYKTYpHOro ocriabneHHs B po3paxyHkax CTiMKOCTi
YKOCIB Ta npioputu3ayii Hebe3neYHUX CEKTOpIB i3 BUKOPUCTAHHAM [aHWX UMMPOBMX 3HIMaHb, WO PerynspHo
36mpatoThbCs.
Knto4osi cnosa: kap’ep, CTilKICTb YKOCIB, FipCbKWA MacuB, TpiLLMHYBaTICTb, box-counting.
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