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THERMOELECTRIC COMPOSITES WITH DIFFERENT
PERCOLATION THRESHOLDS

A modification of the mean-field approximation is considered for describing the behaviour of
effective kinetic coefficients, including for thermoelectric composites. The proposed modification

makes it possible to describe randomly heterogeneous media with different percolation thresholds
at arbitrary values of local kinetic coefficients. Bibl. 16, Fig. 6.
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Introduction

The widely used mean-field approximation (Bruggeman-Landauer approximation, self-consistent
approximation) [1 — 6] has a drawback. It does not allow describing media with different thresholds. In
[7], a term (Sarychev-Vinogradov term, SV-term, SVt) was introduced in the Bruggeman-Landauer
approximation, which allows obtaining concentration dependences of effective galvanomagnetic
coefficients for media with a predetermined percolation threshold. In [8 — 10], this approach was used
to describe magneto-elastomers, and the concept of moving percolation threshold was introduced. In
[11], SVt was used to describe thermoelectric phenomena in randomly heterogeneous media, but the
case of "normal" and "abnormal" local kinetic coefficients [12] had to be considered separately.

This paper proposes a generalization of the SVt term for the description of kinetic phenomena in
randomly heterogeneous media with any percolation threshold and for any («normal» and abnormaly)

values of local kinetic coefficients.

The problem of percolation threshold in the mean-field approximation in the single-
flow case (by the example of effective conductivity)

For a single-flow case, for example, the case of conductivity, when there is one

thermodynamic flow — electric current density j, one thermodynamic force — electric field intensity

E , which are related by the Ohm law
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j=ocE.

Effective conductivity o, is determined as

(i)=0.(E),

(1

)

where <> =1/V J. ..dV is volume average and in the case of a two-phase medium

U(r):{q,req

b
0,,re0,

The Bruggeman-Landauer approximation has the form

e

o, -0, o, -0,
€ + 1-p)=0,
20, +0, P 20'e+0'2( 2

The concentration dependence according to (4) is given in Fig.1
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Fig. 1. Concentration behaviour of effective conductivity
a — final conductivity ratio,

b,c — percolation

Due to great heterogeneity o,/o, -, the so-called percolation concentration range

| p— pc|<<lstands out, for which the percolation dependences are valid [1,2,4], see Fig. 1

—t
O-l(pc_p) 3p<pc

P 1/t+q

) <A, (5)

o =1(oe)) ".[p-p.

2

where A=(0,/0, )

It should be noted that percolation regularities are valid only for very large heterogeneity and

in a very narrow concentration ( | p— p.|< 1) range. However, the numerical value of the percolation

threshold is a characteristic of the entire concentration range and thus a characteristic of the behaviour
of the effective kinetic coefficients in the entire concentration range and at any heterogeneity.
The Bruggeman-Landauer approximation is based on the calculation of fields in a solitary

inclusion; it is surprising that this approximation describes the limiting behaviour of the effective

kinetic coefficients quite well. In particular, at p = p_the concentration dependence of the effective
conductivity O'e( p)has a kink. The sharper, the greater the heterogeneity. Thus, the Bruggeman-

Landauer approximation describes well the concentration behaviour o, ( p) and can be used to

describe experimental data.

There is a drawback of this approximation, the sharp transition of the effective conductivity

O'e( p)(at 0,/ 0, > ©), at the same time, the percolation threshold is always equal to p, =1/3.

However, in real media [7], the percolation threshold may take on different values depending on the
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method of creating the composite. Despite the logic of the derivation and the simplicity of the resulting

expression, the Bruggeman-Landauer approximation needs modification.
In [7], a modification was considered that allows one to set the value of percolation threshold

for the case o, > o, . This modification was used in the model of magnetoelastic composites with the

introduction of the method of moving percolation threshold [8 — 10].

o, -0, c,-o,
20,+0, P+ 20,+0, 1-p)=0 ©6)
.. 0,—0, .., 0,—0, ’
Wrep,p)y ——  1+elpp)y -
o, +0, 20, +o0,

where c(p, p,) is the Sarychev-Vinogradov term

p 1-p
~ - plcll=-p c
c(p,p.)= (1~ 31%)(7} (—Nj (7)
: 1-p.
A more complicated situation is observed in the mean-field approximation in the descriptions
of the effective elastic properties of composites [10]. The mean-field approximation for elasticity is the
Budiansky approximation [13, 14], with a large heterogeneity of elastic properties for the three-

dimensional case, it gives the percolation threshold 1/2, and for the two-dimensional case — 2 /3, which

contradicts the geometric considerations of the percolation structure.
Fig.2 shows the concentration dependence of the effective conductivity with regard to the

Sarychev-Vinogradov term (6, 7). As can be seen from Fig.3, for a large heterogeneity ( o, > o, ), the

percolation threshold coincides, as it should be, with the one specified in the term p, .
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Fig. 2 Concentration behaviour of

the effective conductivity
according to (6, 7)
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The situation is more complicated with a given value of the ratio o,/0o,. The resulting
threshold deviates from the one set in Svt p, . To determine the type and magnitude of the deviation of

p, from p_, we write down the solution of Eq.(6) in an explicit form.

~ 1| ,3p—-1+c 2-3p
o lo,o,,p,p)=—|2 o +2 o, +
e(l 2ppc) 4[ 2 te 1 Tre 2
3p-1 2-3 S ®
+ 4| 2P 2P | f16-—C oo, ]
2+c 2+c 2+c

(for ease of notation c(p, p,)is written as c¢), and from the equation that determines the inflection
point,
d3
—o0,(0,,0,,p,p.)=0 9
ap (01,05, 1.7.) 9)
we find the “percolation” threshold (in which the value of p is fulfilled (9)) for a given ratio o,/ oc,—

Fig. 3. As can be seen, the deviation values are not very large.
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Fig.3 Percolation threshold at a given

phase conductivity ratio

Term modification

A s is obvious from the direct solution of the self-consistency equation (the Bruggeman-

Landauer approximation) the term works only at o, > o,. Thus, for instance, see Fig. 4, on setting
p. =0.2 ato, > o, the obtained percolation threshold is really equal to 0.2, however, at o, <o, (in

both cases we have strongly inhomogeneous composite) the threshold is not 0.2, but 0.737.
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Fig.4 Percolation thresholds

4a — incorrect case, 46 — correct case

It is necessary to modify the term so that it gives correct values of percolation threshold both at

o, >o0,and at 0, <0,.

Based on the symmetry of the behaviour of o, (0'1 N p) depending on the concentration and

phase conductivity values

O'E(Gl,O'Z,p)ZO'e(O'z,O'l,l—p) ,

and term (7), one can define the type of term for the case o, < o,

C

B -5
C(p,ﬁc)=(3p—2)[~£j ¢ [1‘—”] ¢

1-p,

10

(10)

(11

Journal of Thermoelectricity Nel, 2022

ISSN 1607-8829



A. Snarskii, V. Fedotov
Thermoelectric composites with different percolation thresholds

Combining these terms into one, so that at o, > o, term (7) would occur, and at o, < o, term

(11) would have the form

- 1 3 -
C(p,pc):—54‘5(1—2]76)(](61,02), (12)

where U (0'1 ,0'2) function is related to sign function sgn(x) and has the form

l,o, >0,
U(o,,0,)=10,0,=0, . (13)

-l,0, <0,
The function U (0'1, 0'2) can be selected in the following way

0,0,

U(o,,0,)= (14)

|01 _02|

If there is a need to differentiate the expression from 3 U (0'1 ,0'2) , it can be approximated by a

smooth function U (c)'1 , 0'2) that has derivatives at any point

:—_, (15)

where the larger the parameter /3, the closer the function U (01,02) to a step function.
Fig.4 b shows the dependence of the effective conductivity on the concentration at a given

percolation threshold p, =0.lat o, =1,0,=10" (conditional units) and the opposite case,
wheno, =107,0, =1
Now, having a term in the form (12,13) or (12,15), it is possible to find various dependences of

the effective coefficients for any inequality o,,0, in a uniform way.

Effective thermoelectric properties of randomly heterogeneous media

In [11], the thermoelectric properties of composites with different percolation thresholds were
considered. A mean-field approximation with a term similar to Svt was used [7]. Here, we use a
modified term (12-15), which allows us to consider any cases of inequalities in the local kinetic
coefficients of phases in a uniform way.

We choose the following values of the kinetic coefficients of the first and second phases [15],

at a temperature 7' =300 K:
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0,=5-10°0Om'm", k, =36.1 Br/(M-K), @, =0 B/K,
o, =10°0m '™, x, =0.963 Br/(m-K), o, =173-10°B/K, (16)

where « is thermal conductivity, « is thermoEMF. Thus, in the selected variant o, >o,and

K, > K, the thermoelectric figure of merit of phases is equal to

2
zr=0, z7=22%27-12 (17)
K

We introduce parameter A, which allows us to consider a set of values o, and «, . The figure of merit

Z,T remains unchanged, but inequality o, > o, is reversed

-1/2

o,(A)=0,(1+1), a(A)=a,(1+1) ", 2€[0,9] (18)

At A = 0 there is an initial set of values of local kinetic coefficients, and at 1 =9, o, =10° Ohm™'m!
and 02=63 -10°° /K. Now the reverse inequality o, > o, holds for conductivity.

We write the expression for current densities and heat flux in the form

<]> =0, <E> +o0,0, <—V T> ,

1+ 2T

Lyzaae<E>+Ke

e

(-vT), (19)

where VT is temperature gradient.

We introduce the matrix of local and effective kinetic coefficients €

(o o.Q;
Q, = 1+2ZT |5 (20)
o, K, T

where i is phase number.
In such notation, the mean-field approximation for thermoelectric phenomena can be written as

(details are given in [11])

A1p+A2(l—p):0, 21
where
Q-0 Q-0
A] — Ae ,\l , A2 :A"—AZ, (22)
2Q,+Q, 2Q,+Q,
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A A

Q _Q ~ ~ Jay ~ -1
where expressions of the type ———— are understood as (Qe -Q )(ZQ + Q1) .
20 +€Q,

The self-consistency equation with a modified term is given by
A] AZ

" 1-p)=0, 23
1+ca, l 1+CA2( 2 @)

where now the term is written in the form of a matrix

¢, (p,P,) 0 j

C(p’ﬁc)z[ 0 cp.p)

Here, ¢ (p, p.)is taken from (12-15), and c_(p, p, ) is found therefrom with a corresponding
replacement of o, by x,and o, by «,.

Let us analyse the resulting solution (23) for the figure of merit. Fig.5 shows the dependence of

Z,T on parameter A . With a change in parameter A, the phase figures of merit remain unchanged.

Surprisingly enough, the effective figure of merit in this case is a function of parameter A . Note also

the nonlinear dependence of the effective figure of merit on parameter A .

1.21
I—\
o
N 0.8
0.6
0.4 t t t
0 5 10 15

A
Fig.5 Dependence of Z,T on parameter A .

The upper curve at a concentration
of 0.1, the other — at 0.3

Fig.6 shows the dependence of the effective figure of merit Z T on the concentration of the

first phase p for different values of parameter A . Note that these dependences change the ranking by
the values of parameter A (the larger the parameter, the larger the maximum) when passing through the

percolation threshold.
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Fig.6 Dependence of the effective figure of merit Z T on the concentration

of the first phase for different values of parameter A (from top to bottom in the left part)
the parameter is equal to 0, 9, 15

Conclusion

Using the modification of the term proposed in [11], the behaviour of the effective figure of

merit Z,T with a different set of local kinetic coefficients was considered. As it turned out, with

constant values of local figures of merit Z T =const, Z,T =const the value Z,T changes with a

change in the set of kinetic coefficients. It is interesting to consider a similar modification of the term
for the task of determining effective elastic moduli.

This approach makes it possible to describe composites with different percolation thresholds
within the framework of the mean-field theory. Note that the values of the effective coefficients, even
far from the percolation threshold, depend on the value of the percolation threshold. Composites with
nanoparticles exhibit [16] unusual percolation threshold values from the point of view of standard
mean-field theory and percolation theory (there is, among other things, a difference between the
experimentally obtained percolation threshold values for, for example, electrical conductivity and
elasticity). The approach proposed in this paper makes it possible (formally, without elucidating the

physical reason for such a phenomenon) to describe the effective properties of such composites.
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TEPMOEJIEKTPUYHI KOMIIO3UTH 3 PI3BHUMMU
ITOPOI'AMM ITPOTIKAHHA

Posensdaemvcs moougixayis HabaudxicenHs cepednbo2o nos 01 ONUCy NOBeOIHKU eDeKmusHUX
KIHeMUYHUX KoepiyicHmis, y momy 4ucii 011 mepmMoeneKmpuiHux KomMnosumie. 3anpononosaua
Moougixayis 0038015€ ORUCYBAMU BUNAOKOBO-HEOOHOPIOHI cepedosuwja 3 pPisHUMU HOpO2aMU
NPOMIKAHHA NPU OOBIILHUX 3HAYEHHAX IOKAbHUX KIHeMuyHuX Koeiyienmis. bion. 16. puc. 6.

Kuro4oBi cjioBa: TepMoenieKTpuyHi KOMIIO3UTH, KiHETHUHI Koe(ilie€HTH.
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