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The paper presents the results of testing the sto-
chastic smoothing method for global optimiza-
tion of a multiextremal function in a convex fea-
sible subset of the Euclidean space. Preliminari-
ly, the objective function is extended outside the
admissible region so that its global minimum
does not change, and it becomes coercive. The
smoothing of a function at any point is carried
out by averaging the values of the function over
some neighborhood of this point. The size of the
neighborhood is a smoothing parameter.
Smoothing eliminates small local extrema of the
original function. With a sufficiently large value
of the smoothing parameter, the averaged func-
tion can have only one minimum. The smoothing
method consists in replacing the original func-
tion with a sequence of smoothed approxima-
tions with vanishing to zero smoothing parame-
ter and optimization of the latter functions by
contemporary stochastic optimization methods.
Passing from the minimum of one smoothed
function to a close minimum of the next
smoothed function, we can gradually come to
the region of the global minimum of the original
function. The smoothing method is also applica-
ble for the optimization of nonsmooth nonconvex
functions. It is shown that the smoothing method
steadily solves test global optimization problems
of small dimensions from the literature.

Keywords: global optimization; Steklov smooth-
ing; averaged functions; stochastic optimiza-
tion; nonsmooth nonconvex optimization.
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Introduction. Function smoothing has long been used in
computational mathematics [1]. In the works [2-7] the
Steklov local smoothing was used to study and optimize
nonsmooth nonconvex functions. In the works [6, 8 — 11]
it is proposed to use function smoothing for global opti-
mization purposes.

The smoothing method in global function optimization
consists in replacing (approximation) of the original multi-
extreme function with a sequence of so-called smoothed (or
averaged) functions and optimization the latter with one or
another method [6, p. 135-137], [9]. As the smoothing pa-
rameter decreases, the averaged functions uniformly con-
verge to the original function, so the global minima of the
approximate functions converge to the global minima of the
original function. Concerning global optimization, the idea
behind the method is that smoothing eliminates small local
minima and little changes deep minima.

In the works [10, 11] the behavior of critical points of
smoothed functions when changing the smoothing param-
eter is described by a system of ordinary differential
equations. If we take the minimum of a strongly smoothed
function as the starting point, then having solved the
equations, we can come to the global minimum of the
original function. This approach is applied to the global
optimization of functions given by analytic expressions,
for example, for polynomial functions.

In this paper, a stochastic smoothing method is devel-
oped, in which the sequence of smoothed functions is
minimized by contemporary stochastic optimization algo-
rithms. The method is applicable for global optimization,
in general, non-smooth functions, as well as for solving
problems with constraints. The results of testing the
method on numerous examples of multi-extremal func-
tions from the literature are presented. This method con-
fidently finds global optimums of small-scale multi-
extremal functions. As the dimension of the space in-
creases, the time for solving problems increases signifi-
cantly, which is due to the need for multiple estimations
of multidimensional integrals by the Monte Carlo method.
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The problem setting. Suppose that the problem of conditional global optimization is solved:
f(x)—> min , 1)

xeDcR"

where f(x) is a continuous on a closed set D<= R" function such that f(x) —+oo for |x|— +« and

xeD; R" isan n -dimensional arithmetic Euclidean space; ||| is some normin R".

There are several ways to reduce the conditional optimization problem (1) to an unconditional opti-
mization problem.

For example, if D={x|gj(x)50, i=1..,3;h =0,k=1,...,K}, then in the exact penalty function
method the Lipschitz function f(x) is replaced by

F(x)=f(X)+M (zjmax{O,gj(x)}+zk|hk(x)|)
with a sufficiently large penalty parameter M and then consider the problem of unconditional optimiza-
tion of F(x). In this approach, the problem is in the correct choice of the penalty parameter M .

If some internal point x, of a convex set D is known, then the exact penalty function can be con-
structed as follows. Let y(x) be the point of intersection of the line connecting x, and x with the
boundary of the set D. Then the penalty function can be taken as

F(x):{ f(x), xeD,
f(y(x)+|x=yx)|, xeD.

Another way to construct a penalty function for a convex set D is as follows. Denote by m,(x) the
projection of a point x on the set D, and by p,(x) the distance between x and D,
ie. ny(X)= ar%glin”x— y|| and p,(x) = ryei[p |ly —x||. For a simple set D, the projection search problem is

either solved analytically or reduced to the quadratic programming problem. Consider the following exact
continuous penalty function

F(X) = f (m5(X))+pp(X) .
Now, instead of problem (1), let us consider the following equivalent unconditional global optimiza-
tion problem:

F(x) > min
xeR"

where F(X) =400 as [|x| — +o.
Averaged functions and their gradients. Let p(x)be some probabilistic kernel in R", i.e.,

u(x) =0 and f . p(x)dx =1. Along with function F(x), we consider the so-called smoothed functions

h

(it is assumed that the integrals exist), where h>0 is the smoothing parameter. Properties of smoothed
functions were studied in [2, 3, 5 — 7]. If function F(x)is locally Lipschitz, then F,(x) is continuously

differentiable and its gradient VF,(x) can be represented as

F.(x)= h_ln.[R F(x+y)u(y/h)dy = IRn F(x+hz)u(z)dz = hi" j F(y)u[ujdy,

VF,(x) = hinJ.RnﬁF(X+ y)u(y/h)dy = [ oF (x+hz)u(z)dz )
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(assuming that the integrals exist), where oF (y) is the Clark subdifferential of function F(-) at point y.

The integral of a multi-valued mapping is understood here as the set of integrals of measurable single-
valued selections of this mapping [6, 12].
If the kernel function p(-) is differentiable, then gradients of the smoothed function F,(x) can also

be represented as (assuming that the integrals exist),

1 IR" F(y)Vu[u] dy = _%IRn F(x+hz)Vu(z)dz. 3)

VFh (X) == hn+1 h

Steklov smoothing [1]. Denote V,(x) some solid h-neighborhood of point x, for example,
Vh(x)={yeRn |||y—x||£h}, such that V;,(x) >x as h—0. Here ||| is some norm in space R", for
example, |x||=max|x]|. Let v, be the volume of the set V; (x), S,(x) be the surface of the set V,(x),

1<i<n

N(y) be the external normal to S, (x) at point y € S;,(x). Consider the so-called smoothed (or averaged)
functions of the following form:

RO0=— [ F(ydy.

M Vi (%)
The gradient VF,(x), when F(x) continuous, is calculated by the surface integral
VR0 = [ F(y)N(y)ds. @)
Sp (x)
If the function F(-) is Lipschitz with a subdifferential oF(-), then its gradient can be represented as
1
VR ()= | oF(y)dy. (5)
h v, (%)

If the neighborhood V;,(x) has the form of hypercube,
Vo0 =]y = (91 30) € R” Imax]y; ~x[ <,
I<i<n

then Steklov’s function
x+h/2  x,+h/2

[ F(y)dy,...dy,
x—h/2  x,-h/2

1
Fn(x) = h_”
is differentiable and its partial derivatives have the form [1, 2, 6].

OF. (x 1 x+h/2  xi4+h/2x4+h/2  x,+h/2
M:W I I J J. A (X)dy;...dy; 5dy;q-..dy, (6)

%, x,—h/2  %_—hi2%,,—-h/2  x,~h/2
where Ap(Y) =™ (F(Ygn Yicts X /2, Yiggi Vo) = F (Ve Vit X =12, Yisg,o0 V) -

Critical points of the smoothed functions. The critical points of a function F,(x) are those
points x at which the gradient VF,(x) vanishes. Consider the structure of the set of critical points of
function F,(x) in space {(X,h)|X€Rn, hZO}. The picture is especially transparent in the one-
dimensional case [6, p. 135-137], [9].

Let F(x) depends on a scalar variable x and F(x) —>-+o for |x|—>+oo. Consider smoothed func-
tions (h>0)
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x+h/2

FM=s | TOd,  RE=F®.

x-h/2

Their derivatives in this case have the form @ = {F (x +gj— F (x —gﬂ h’l, h>0.
X

Let us construct a picture of stationary points of smoothed functions F,(x) in the plane (x,h),

i.e., constructaset T = {(x, h)| @ = O} :
X

Note that if F(x})=F(x?) (x1 = xz), then ((x1+x2)/2,| x2 —xt |)eT . Thus, to construct the set

T, it suffices to trace all segments parallel to the x axis whose ends lie on the graph of F(x). By contin-
uously moving these segments up or down and monitoring their length, you can easily build T.

The picture of the set T is most transparent when all extrema of F(x) are different. Then T con-
sists of continuous disjoint lines or bands associated with extrema on the axis x. Moreover, any line start-

ing at a local extremum (x*,O) (on the axis x) is bounded and locked to another local extremum (x**,O)

(on the axis x). The critical lines do not stick at stationary non-extreme points. And only the line starting
at the global minimum (X;,,0) goes to infinity in the plane (x,h).
If not all extrema of F(x) are different, then the picture of T is somewhat more complicated (see

fig. 1, a, 2, a). However, the set T still splits into connected bounded components, in particular, connect-
ing local extrema, and an unlimited connected component connecting all global minima of F(x) and in-

finity, as well as the main maxima between neighboring global minima.
Let us illustrate the said with examples.

Example 1. Consider the function of one variable f;(x) =sinx+sin(10x/3)+Inx—0.84x and the
corresponding penalty function
f1(0.01) +10(0.01-x), x<0.0%

F(x) =1 f(x), 0.01<x<8;
f1(8) +10(x -8), X > 8.
0 The structure of critical points Minimization tragectory for f1(x)

N ® ®©

[}

Function values

y

Smoothing h
N w -~ (4]

0
Ayl

-1 0 1 2
Variable x B Variable x

a b
FIG. 1, a - the structure of the critical set {(x, h)|0 eaxFlh(x)} ; b — the trajectory of stochastic smoothing method when
global minimizing F, (x)
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Example 2. Consider the function of two variables

2
fB(x)z(xz—S—'lzxf+§xl—6j +10(1—ijcosx1+10, X ={(x,%,)|-5<x <10,0< x, <15},
4n i 8n
dth di lty function F, (x) { fa (%), xex
and the corresponding penalty function X) =
® fo (mty (X)) +[x =y (X)]|, x & X.

Critical paths

Minimization path for fB(x)
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FIG. 2, a — the structure of the critical set {(X, h)|0eo,Fgy, (X)} ; b — the trajectory of the stochastic smoothing method
when minimizing Fg(x)

The smoothing method in global optimization. The smoothing method in global optimization con-
sists in replacing (approximating) the original multiextremal function by a sequence of the so-called
smoothed (or averaged) functions and minimizing the latter by some optimization method [6, p. 135-137], [8].
When decreasing the smoothing parameter, the average functions uniformly converge to the original func-
tion, so the global minima of the approximate functions converge to the global minima of the original
function. The smoothing operation eliminates shallow local minima and little changes the global ones.

By minimizing F,(x) with a sufficiently large smoothing parameter, we obviously fall on a station-
ary line from T leading to a global minimum. However, it is not easy to go along this line to a global ex-
tremum, since it can behave very bizarrely, in particular, it can have kinks. Points on this line can be local
minima, local maxima, or just stationary over x for the corresponding smoothed functions F,(x) .

To minimize smoothed functions F,(x), any smooth optimization methods can be applied if gradi-
ents of F,(x) can be calculated analytically or numerically. This is easy to do for one-dimensional func-

tions and for separable functions F(x) with separable variables, F(x) = Zi i () x..x fi,(X,) -

In a general case, to minimize smoothed functions F,(x), stochastic gradient methods can be used
[2, 6, 13 — 16], that exploit representations of gradients VF, (x) in the form of multidimensional integrals
(2) — (6). The latter, in turn, can be estimated using the Monte Carlo method.

Without any changes, the smoothing method is also applicable to minimize nonsmooth functions un-
der (convex) constraints. Its local convergence was validated in [2, 5, 6, 15].
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An experimental study of the stochastic smoothing method in global and non-differentiable
optimization.

The algorithm of the stochastic smoothing method.

1. Reduce the conditional optimization problem to the problem of unconstrained optimization of a
coercive function.

2. Select a decreasing sequence of smoothing parameters with a sufficiently large initial value of the
smoothing parameter.

3. Consequently minimize smoothed functions by any effective deterministic or stochastic method,
using the results of minimizing previous smoothed functions to minimize the subsequent smoothed func-
tion.

The following multi-extreme test functions are taken from [17], where also the primary sources of
these examples are indicated. All calculations were carried out with the same fixed parameters of the al-
gorithm. Calculations always started from the point with the maximum possible coordinates (in a valid
hypercube). The only parameter that was changed from an example to an example was the number of
smoothing stages.

One-dimensional test functions:

fl(x)=sinx+sin10TX+lnx—0.84x, 27<x<75;
. . 2X

fz(x)zsmx+sm?, 3.1<x<20.4;

f3() =-> > sin((i +)x+i), ~10<x<10;

f, () = (x+sin x)e‘xz, -10< x <10;

n 1
f =— , 0<x<10.
(%) E(ki(x_ai))z'“:i =

Two-dimensional test functions.
fo () =4x2 —2.1x +%x16 + XX —4x5 +4x5, -5<x <5, =12
the global minimum —-1.0316285 is attained at (0.08983, —0.7126) and (-0.08983,0.7126).
fo(x) = (xz —%xf +%x1 —6}2 Jrlo(l—i)cosx1 +10, -5<x <10, 0<x, <15

8n

the global minimum is approximately 0.398 and it is reached at the three points (-3.142, 12.275),
(3.142, 2.275) and (9.425, 2.425).

fo (X) = [1+ (X4 + Xy +1)2 (19 —14x, +3%2 —14X, + 6% X, +3x§)}<

x| 30+ (2~ 3%,)? (18-32x +12x¢ + 48x, ~ 363, +273) |,

2<x<2,  1=12
the global minimum is equal to 3 and the minimum point is (0, -1).
fo(X) = X2 + X2 —cos(18%, ) —cos(18x,), “1<x <1, =12

the global minimum is equal to —2 and the minimum point is (0,0).
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Multidimensional test functions.

fH(x)z—Zitlci exp[—zr;zlaij(xj - pij)z}, 0<x; <1 =1,...,n;
| aij,1:1,2,3 Ci pij,1=1,2,3
1 3 10 30 1 .3689 1170 2673
2 A 10 35 1.2 4699 4387 7470
3 3 10 30 3 1091 .8732 .5547
4 A 10 35 3.2 .03815 5743 .8828

For n=3 the global minimum is equal to —3.86 and it is reached at the point (0.114,0.556,0.852).

where a' =[926487],d" =[265002],

6
foer () = aix’ +x Bx+d'x,

2<% <2,

i=1..,6,

BT =[449341;437992,974766;397426;496283;126635].

In this example, the stochastic smoothing method found a deeper minimum,

min
max; |x; |<2

foe1(X) = —29.1601,

Xmin = (—0.559657, —1.572471,0.636230, 1.072193, 0.759148, —0.767645),

than the one found in [11, 18].
Nonsmooth test functions:

fon () =20 iMx| . X ={x|-1<x <Li=1..n}.

Test results of the stochastic smoothing method. The performance of the method on functions
fi(x) and fg(x) isillustrated in fig. 1, b, 2, b.

TABLE 1. Test results of the stochastic smoothing method for global optimization problems

Function Reference m;?\?rfr?;f?/gleue Achieved value E‘g?g;;g;?:ﬁs
f1(X) [17, p. 177] —4.6013075 —4.5992 58
f,(X) [17, p. 177] —1.9059611 —1.9053 156
f3(x) [17, p. 177] -3.3729 —-3.3630 830
f,(x) [17, p. 177] —0.8242394 —.8241 156
f5(x) [17, p. 177] —14.5926520 —14.4499 690
fg (X, %) [17, p. 184] 0.3980 0.4042 840
fo (%, %) [17, p. 183] —1.0316285 —-0.9140 1020
fo (X, %5) [17, p. 184] 3.0000 3.0988 2400
fr(Xq, %) [17, p. 185] -2 -1.9021 250
fry (%, %9, X3) [17, p. 185] —3.86 —3.8403 766
fry (X0 Xg) [17, p. 185] -3.32 -3.3017 952
foe1 (X, X6) [18] —28.942817 —29.1601 6384
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TABLE 2. Test results of the stochastic smoothing method for nonsmooth convex optimization problems

Function Reference min- | Achieved val- Error, Numbt_ar
Zn :m . of function nbatch

A" x| imal value ue max; X, ;

i=1 calculations
m=0,n=1000 0 1.5120 0.0248 12486304 31
m=1n=10 0 0.0141 0.0032 120000 3
m=1 n=50 0 0.1958 0.0077 2100560 7
m=1 n=100 0 0.8438 0.0078 5501800 10
m=1 n=500 0 18.5758 0.0421 56121560 22
m=3n=50 0 10.4876 0.0043 42000560 7
m=5n=10 0 1.0601 0.0013 2400000 3
m=10,n=3 0 0.0309 0.0318 519986 1

Conclusions. The paper describes the stochastic smoothing method for global optimization of non-

smooth nonconvex functions under (convex) constraints. The constrained problem is reduced in one or
another way to the problem of unconstrained global optimization of a nonsmooth coercive function. The
method consists in optimizing the sequence of smoothed functions with a gradually decreasing smoothing
parameter. The initial smoothing parameter (diameter of the smoothing region) should be large enough to
erase small local extrema. The justification of the method consists of observing that in the plane “variable
— smoothing parameter” among the set of critical points there is a curve connecting the global extremum
with infinity. The method is tested on numerous examples of global optimization problems from the liter-
ature. It stably finds global minima for low dimensional problems. With increasing the dimension of the

pr

oblem, the solution time increases significantly due to the need for multiple estimates of multidimen-

sional integrals using the Monte Carlo method.
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CTOXACTUYHUIN METO/I 3TJIAJIKYBAHHS IJIS1 HETJIAIKOI IJTOBAJIBHOI ONITUMI3 AL

Incmumym xibepnemuxu imeni B.M. I'nywkoea HAH Vkpainu, Kuie
Hayionanonui mexuivnuii ynisepcumem Yxpainu «KIII imeni Ieopsa Cikopcokoeoy, Kuig
Jlucmysanus: vladimir.norkin@gmail.com

Beryn. TIpoGiiema rio6ansHOT ONTHMI3AIT HEONMYKINX HEMNIAAKUX (YHKIIH 3 OOMEKCHHSIMH € aKTyajlb-
HOIO [t 6arathoX 1HKEHEPHUX 3aCTOCYBaHb, 30KpeMa, Uil HABYAHHS HEOMYKIHX HETNIAJKUX HEHPOHHHX Me-
pex. Y poboTi mpeAcTaBieH] pe3ylbTaTd TECTYBAHHS METOMLY 3IVIa/DKYBaHHS 0arato eKCTpeMasbHOI HiIbOBOT
GyHKIIT 11 3HAXOKEHHS 11 MI00ATbHOTO MIHIMyMYy B €Kil OMyKJIiH MOMYCTHMii 00JacTi €BKIIIJOBOTO
npocropy. [lomepentpo minboBa (GyHKI[sSI JOBU3HAYAETHCS [M03a OMYKJIOI JOIycTUMOI obmacti Tak, mob He
3MIHUTH ii TJI00ABHOTO MIHIMYMY, Ta 3pOOUTH ii KOCPIMTUBHOK. 3riaKyBaHHS QYHKINT B Oyab-sKiil TouI
3IIHCHIOETHCS IUISIXOM YCEPEAHEHHS 3HAUCHb (PYHKIIT 110 JeTKOMY OKOITy Li€i Touku. Po3mip okoiy € mapame-
TPOM 3INADKYBaHHs. TPaMIiiHO JOKAIbHE 3INIADKYBAHHS BUKOPHCTOBYBAIOCH IS TJIAAKOI alpOKCHMALLT
HeaudepeHIiioBaHnX ab0 PO3pUBHUX QYHKIIH. Bkl MIMpOKe 3rIapKyBaHHS JTIKBiye MiJIKI JIOKaJIbHI €KCT-
pemymu BuXigHOT GyHKIil. [Ipy BelMKOMY mapamMeTpi 3riaKyBaHHS yCepeIHeHa KOSPIUTUBHA QYHKIIIS MOXKE
MaTH JIMIIE OWH MiHIMYM. MeToJ 3MIaKyBaHHs [T rI00anbHOi onTuMizallii GyHKIIH mossirae y 3aMiHi BU-
X11HOT (PYHKIIi# TOCTIIOBHICTIO 3T71aDKEHUX alpOKCHUMAIlii 13 3MEHIIICHHSM JI0 HyJIS ITapaMeTpa 3r71a/KyBaHHS
Ta ONTUMIi3amii OCTAHHIX CYJaCHHMH METOIAMH CTOXACTHYHOI ONTHMi3alii (METOJ ycepeIHEHHs TPaeKTOpil,
BaXKKO1 KYJIBKH, SIPY>KHOTO KpOKY). IIpy bOMY Ipali€HTH 3rJaJUKeHUX (QYHKIINA NPeIcTaBisIFOThCS Y BHTIISIIL
0araTOBHMIPHUX IHTETpajiB Ta OLIHIOWTHCS MeTomoM Monrte-Kapio. IlepecyBarouuch Bif MiHIMyMy OmHiel
3rIaPKEHOT (GYHKUIT 10 OJM3bKOr0 MiHIMYMY JAPYroi 3riIaJKeHOT (YHKIIT 3 MEHIIUM MapamMeTpoM 3riapKy-
BaHHs, MOXKHA TIOTPAITUTH B 00JNACTh IMIOOATEHOrO MiHIMYMY BHXigHOI QyHKIiI. OCTaTOYHY DOONTHMI3aLiio
GbyHKLIT MOXKHA 3pOOHTH OYIb-SKUM ITiIXOIAIINM METOOM HENIHIHHOTO POrpaMyBaHHs. MeTo 3riaKyBaH-
HS 0e3 sKUX-HeOynb 3MIH Moxke OYyTH 3aCTOCOBAaHHMU IJIsl ONTUMI3alil HEIMaiKuX SpYKHUX (YHKOIH 3a
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V.1. NORKIN

ONMYKJIUX OOMEXKEHb, a TAKOXK Yy KOMOIHaIi 3 METOJIOM TOYHHUX Hernaakux mrpadis. [TokazaHo, 1m0 METOx
3MIIa/KyBaHHS BIICBHEHO PO3B’s3y€ TECTOBI 3a/1a4i II00ALHOI ONTHMI3allii HEBEIMKOT pO3MIPHOCTI 3 JliTepa-
Typu. [Ipu 301IbIICHH] PO3MIPHOCTI 33/1a4i Yac po3B’sI3aHHS 3HAUYHO 3POCTAE Y 3B'SI3Ky 3 HEOOXIAHICTIO Oararo-
KpaTHOI OIIHKK 0araToBUMipHHUX iHTerpaiiB MmetogoM MonTe-Kapio.

KawuoBi ciaoBa: miobanebHa ontuMizallis, 3miamKyBaHHs 3a CTEKJIOBHM, ycepeaHeHi (QyHKIII, croxa-
CTHYHA ONTUMI3allis, HEerJIa/Ika HEOIyKJia ONTHMI3allisl.

YK 519.85
B.U. Hopkun

CTOXACTUYECKHI METO/I CTJIAYJKUBAHUS JIUISI HETJIAJIKOM TJIOBAJIBHOM ONITUMU3 AU

Hucmumym kubeprnemuxu umenu B.M. I'nywixosa HAH Ykpaunvl, Kues
Hayuonanvuwiti mexnuueckuii ynusepcumem Yxpaunwvl « KITH umenu Heops Cuxopckozo», Kueg
Iepenucka: vladimir.norkin@gmail.com

Beenenue. IIpoGinema rio6anbHON ONTUMM3ALMY HEBBITYKIIBIX HEMNIAAKUX (YHKIUNA NPpU OrpaHUUCHUSIX
aKTyalbHa I8 MHOIMX HMH)XXEHEPHBIX IPHIOXKEHWH, B YaCTHOCTH, JUIL OOy4eHMs HEBBITYKJIBIX HEIJIaJKHX
HeHpoHHBIX ceTeil. B paboTe mpencraBieHbl pe3yabTaThl TECTUPOBAHUS METOJA CIIIaXXMBAaHUS MHOTO3KCTpe-
MaJbHOM 11e1eBOi (QYHKIMU JUI HAXOXKJICHUS €€ [NI00aNbHOI0o MUHUMYMa B HEKOTOPOH BBIITYKJIOH A0OIyCTUMOM
o0JlacTi €BKIMJOBOrO IpocTpaHcTBa. IIpenBapuTesbHO 1ieeBas QyHKIMA JOOIPEAENAeTCs BHE JOIyCTUMOMN
00J1acTu Tak, YTOObI HE U3MEHUTD €€ IVI00AIbHBIM MUHUMYM, a C/eJIaTh ee KO3pUUTHBHOH. CriaxusaHue GyHK-
IIUM B KaKOH-THOO0 TOUKE OCYLIECTBILIETCS IIyTeM YCpEeTHEHHs 3HaUeHUH (YHKIUY [0 HEKOTOPOH OKPECTHOCTH
9TOH ToYkU. PazMep OKpeCTHOCTH SIBISIETCS MapaMeTpoM CIIaXKHBaHMs. TpaJULIUOHHO JIOKaJIbHOE CIVIAKUBA-
HHE MCIIOJIB30BAJIOCH [UIS IVIAJIKON anmnpokcuManuy HequddepeHupyeMbIX WiIK pa3pblBHBIX (QyHKIMH. Bonee
OOIINPHOE CrIaXUBAaHUE JUKBUAUPYET MEJKUE JIOKAJIbHbIE SKCTpeMyMbl ucxonHoi ¢yHkimu. [Ipu Gonbuiom
3HAUEHUHU IIapaMeTpa CrIaXHUBaHUS yCpeAHEHHas (DYHKIUS MOXKET MMETb TOJbKO OJMH MMHUMYM. Meron
CIVI2)KUBAHUSI COCTOUT B 3aMEHE UCXOAHON (YHKIUM IOCIIENOBATEIbHOCTBIO CITIAXKEHHBIX AaIlllPOKCHUMAIUi
¢ YOBIBAIOIIUM K HYJIIO TapaMeTPOM CIVIaXKUBAHUS U ONTUMH3ALHUHU IOCIETHUX COBPEMEHHBIMU METOAAMU CTO-
XacTu4eckoil ontummsanuu. [Ipy 3TOM rpagueHThl CriIaXeHHbIX QYHKIUN IPeICTAaBIIOTCS B BUAE MHOTOMED-
HBIX UHTETPAJIOB U OLIeHUBaoTCst MeTooM Monre-Kapio. Ilepexoast oT MUHUMYMa OAHOM CIIaXKeHHOH (yHK-
MU K OJIN3KOMY MUHUMYMY JpYyroil CriakeHHOH QyHKIMN, MOXHO IPUHTH B 007aCTh II100aJIbHOTO MUHUMYMa
ucxoHOH GyHKIMU. OKOHYATENBHYIO JOONTHMHU3AMIO (YHKIIMK MOXKHO CIIENIATh JIFOOBIM MOJIXOASIINM METO-
JIOM HEIUHEHHOro MpOrpaMMHUPOBAHUSA. METOJ CriIaKUBaHUA 0e3 KaKuX-TM00 M3MEHEHHH MOXKET ObITh IpH-
MEHEH JUI1 ONTUMHU3AlUM HETJaJKUX OBPAXKHBIX (YHKIMH @pH BBIIYKIBIX OrPAaHUYEHHAX, a TakoKe
B KOMOMHAILIMM ¢ METOJIOM TOUHBIX Hernaakux mrpados. [TokazaHo, YTO METOX CIJIaXKUBAHUS YBEPEHHO pellla-
€T TeCTOBbIE 3a7a4yM IT00aNbHOI ONTUMM3AIMU HEOOJBIION Pa3sMEPHOCTH U3 JUTEpaTypsl. IIpu yBenuueHuu
Pa3sMEpHOCTH 3aJauu BpeMs PELICHUs] 3HAUUTEIbHO BO3PACTaeT, YUUTHIBAs HEOOXOIMMOCTb MHOTOKPaTHON
OLIEHKM MHOTOMEPHBIX HHTErpasioB MeTogoM Monre-Kapio.

KnroueBble cioBa: rinobanbHas ONTUMu3anus, criaxuBaHue 1mo CTEKIOBY, yCpelHEHHbIE (GYHKIUH,
CTOXacCTUUECKasi ONTUMHU3AINS, HEeTJIaIKasi HEBBIITYKJIasi ONTUMHU3ALUsL.
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