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This paper presents an efficient parallel algo-
rithm for solving systems of linear algebraic
equations (SLAE) with block skyscraper matrices
on shared-memory systems. The algorithm is op-
timized for high performance and scalability
through effective workload distribution among
processor cores. It was tested on a modern com-
putational cluster by solving practical structural
strength modeling problems. Performance analy-
sis covered execution time, speedup, and the in-
fluence of block size. Results show significant
time reduction and stable scalability with in-
creasing core count, confirming the method’s
suitability for large-scale engineering simula-
tions in structural mechanics, applied physics,
and other computationally intensive fields.
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Introduction. During the numerical solution of scientific
and technical problems, in many cases there is a need to
solve systems of linear algebraic equations (SLAE). More-
over, as a rule, the solution of SLAE takes a significant part
(75 % or more) of the time of solving the entire problem in
general. For example, SLAE arise as a result of the discreti-
zation of boundary value problems or eigenvalue problems
by the projection-difference method (finite differences, fi-
nite elements). Also, solving of SLAE often is the bottle-
neck in algorithms for solving systems of nonlinear equa-
tions, integrating systems of differential equations, etc.

An important feature of linear algebra problems that arise
as a result of discretization is that the number of nonzero ma-
trix elements of such problems is kn, where k < n, and n
is the order of the matrix, that is, the matrices are sparse.
The structure of the sparse matrix is determined by the
numbering of the unknowns of the problem and is often
band, profile, block-diagonal with framing, etc. Another
feature of matrices is their size, which can reach tens of
millions. This is determined by the desire to work with
more accurate and detailed models of processes and
objects.

The development of methods for solving SLAE with
sparse matrices is covered in the monographs of
A. George and J. Liu, O. Esterbu, M. Zlatov,
S. Pissanetzky, Y. Saad, J. Golub, R.P. Tewarson,
M.Yu. Balandin and others. The monograph [1] highlights
a number of fundamental principles of working with
sparse matrices. In the monograph [2], a wide range of
issues related to both the methods of solving SLAE and
auxiliary problems, such as data storage formats or pre-
ordering optimization algorithms, are considered.

The works of H. Alan, J.M. Ortega, J. Dongarra,
I.M. Molchanov, V.V. Voevodin, V.V. Voevodin,
0O.M. Khimich and others (for example, [3-8]) are devoted
to the development of parallel algorithms for solving sys-
tems with sparse matrices. The monograph [9] considers
the construction and research of parallel algorithms for
solving linear algebra problems on parallel computer
systems of a certain architecture.

ISSN 2707-4501. Kibepnemurxa ma xomn'tomepui mexronoeii. 2025, Ne 3


https://doi.org/10.34229/2707-451X.25.3.6

SOLVING LINEAR SYSTEMS OF EQUATIONS WITH BLOCK SKYSCRAPER STRUCTURE

In [10], a multi-threaded solver for symmetric positive definite linear systems where the coefficient
matrix of the problem features a bordered-band non-zero pattern is presented. Various aspects of parallel
algorithms are discussed in papers [11-17]. In [18], algorithmic software for mathematical modeling of
structural stability is considered, which is reduced to solving a partial generalized eigenvalues problem of
sparse matrices, with automatic parallelization of calculations on modern parallel computers with graphics
processors. In [19], the integrated approach is proposed for the numerical prediction of the strength and
reliability of pipelines with detected defects in corrosion loss of metal with spatially inhomogeneous prop-
erties using the Monte Carlo method to implement a statistical analysis of strength alongside a finite element
description of the state of a specific structure. The perturbation theory and properties of SLAE with approx-
imate initial data and the sensitivity of the solution of the WLS problem with approximate initial data is
considered in [20].

Over the past decades, a humber of libraries have been created based on the developed algorithms,
which include programs for solving SLAE with sparse matrices: SparseBLAS [21], IMSL [22], NAG [23],
and others. Among the software tools designed for parallel computers, effective implementations of algo-
rithms with sparse matrices are offered by Hypre [24], MUMPS [25], SUPERLU [26], SPARSKIT [27]
libraries.

The solution of SLAE with sparse matrices of large orders requires significant computing resources,
which can be provided by modern high-performance computing systems, in particular, computers of MIMD
architecture and computers of hybrid architecture (multicore CPU and GPU). Therefore, it is relevant to
create effective parallel algorithms for solving linear algebra problems with sparse matrices. The effective-
ness of parallel algorithms largely depends on the balance of loading processors, which in solving linear
algebra problems is largely determined by methods of distribution between processes, storage and pro-
cessing of matrices and vectors of the solved problem. At the same time, it is necessary to strive for uniform
loading at every moment of time of all processors involved in solving the problem, minimizing the time the
processors are in the waiting state. This is achieved by structural regularization of the matrix, in particular
by the method of minimum degree. As a rule, as a result of applying such structural regularization, we get
a matrix of a “skyscraper” structure. To effectively use the architectural features of modern hardware and
software solutions in the field of high-performance computing, it is necessary to develop block algorithms.

In this note, a parallel algorithm for solving systems of equations with symmetric nonsingular block
skyscraper matrices on a computer with shared memory is proposed. These matrices arise, in particular, in
the problems of mathematical modeling in the construction industry (linear problems of the statics and dy-
namics of building structures). The results of testing when solving practical problems at nodes of a compute
cluster are presented.

1. Solution of SLAE with block skyscraper matrices
1.1. Formulation of the problem
The problem of solving a system of linear algebraic equations is considered

Ax=b 1)
where A is a square matrix of order n, b is a vector of the right-hand part of dimension n and x is a vector
of solutions of dimension n.

Here, it is assumed that the matrix A resulting from the discretization of the original problem has large
dimensions and is nonsingular, symmetric, and sparse.

1.2. Scheme of storage of block skyscraper matrices

When constructing parallel algorithms for solving SLAE with sparse matrices, the choice of the method
of storing non-zero elements is of particular importance. However, data storage schemes of a general type,
for example, a sparse row format, do not take into account the specifics of the matrix portrait. The use of
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information about the features of the matrix portrait when building a scheme for storing non-zero elements
makes it possible to speed up access to matrix elements and perform operations on them. One such example
is the “skyscraper” scheme [2, 4].

Often in practice, for example, when calculating building constructions, there are problems with sym-
metric matrices of a characteristic structure (fig. 1). In the upper triangular matrix of a LU-type decomposi-
tion like LDLT, the non-zero values of the elements are placed in vertical bands of several adjacent columns,
which look like skyscrapers. Thus, any row of the upper triangle consists of consecutive groups of nonzero
and zero elements. Since non-zero elements are stored in groups, there is no need to store indices of each
element, which makes it possible to reduce the dimension of index arrays. This is the essence of the sky-
scrapers scheme for storing matrix elements. The considered scheme is a modification of the sparse row
format. Such a structure, in addition to saving memory, creates a prerequisite for using blocks. The elements
in the blocks are stored in a column format, which matches well with BLAS routines that implement the
corresponding matrix-matrix operations.

FIG. 1. An example of a skyscraper matrix

1.3. Algorithm for solving SLAE with block skyscraper matrices
It is known [9, 28] that for solving SLAE
Ax=b
with a symmetric positive definite matrix, the most effective direct method is the Choletsky method, which
performs the LDLT-decomposition of 4, where L is a lower triangular matrix with 1 on the main diagonal,
and D is a diagonal matrix.
Therefore, finding a solution to system (1) is reduced to decomposition

A=LDLT (2)

and the following solution of two triangular systems
Ly = b, ®3)
DLTx = y. 4

Since the largest number of operations occurs precisely at the stage of matrix decomposition, a block
parallel algorithm is considered, which takes into account the block-sparse structure of matrices and uses
mainly matrix-matrix operations. To solve systems (3), (4), it is advisable to use existing programs of the
MKL library for solving triangular systems (mkl_dcsrtrsv) with several right-hand side vectors, the matrices
of which are presented in a CSR data format (see, for example, [29]).
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1.4. A parallel algorithm for solving a linear system
Consider the case of matrix decomposition of a block-sparse structure on a computer with p CPUs and
shared memory.

Let A be a square matrix of order n. Let's divide the matrix A into blocks of size s X s. Grid sizes of
n

blocks is , where N = H under the condition that n is divisible by s, otherwise N = (E] + 1). The view
of the lower triangular matrix of the block skyscraper structure is shown in fig. 2. The columns of the blocks
of the lower triangle are cyclically distributed among the processors.

FIG. 2. View of the lower triangular matrix of the block skyscraper structure

On the K-th step (K = 1, 2, ..., N) the submatrix Ag(_l) is processed. This is a square submatrix of
orderR + s = n-Ks + s, (Ag’) = A), which is located at the bottom right of the output matrix.

x)
_ 1 o) . .
Let us denote the matrices of the order R +s: L&) =( (1;) ) is lower triangular, D) =
Ly Ig
DI(K) L (K) - . . - (K) ;
= ) | 18 diagonal, where L7,” is lower triangular block with 1 on the main diagonal, D;"” is
0o AY
x)

diagonal block of order s, L, is rectangular submatrix of size Rxs, that preserves the sparse structure of

the block Ag?, I is a unit submatrix of order R.

Then Ai’? = (Ag?)T

(K) () K) ) (K) T
A(K—l) _ <A11 A12 > _ <L11 0)<D1 0 )<L11 0)
R - K K) | — K K :
A5 aP) LY /N o AP \LY I

Calculations at the K-th step are carried out in the following sequence:
e LDLT block decomposition

K K K
Agl) = L(11)U1(1)’ (5)
T
where Ul('f) = Dl(’f) (L(ﬁ)) is a temporary array only for the K-th step of decomposition;
e calculation of blocks L(ZI?, Ul(;() (solving of the matrix SLAE)
K o\ k) Sk N7 N\,
U1(2) = (L(11)) Agz)’ L(21) = (D1(1)) (UI(Z)) ' (6)
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e s-rank modification of the submatrix Ag;) (submatrix calculation AE?K))
K K K K
40 = )~ L0, 0
The parallel block algorithm can be described as follows.
ForK (K = 1, 2, ..., N — 1) we perform the following macro operations:

o factorization of the diagonal block according to (5); to implement the stage, we use the implemen-
tation of the parallel algorithm for the decomposition of a dense matrix;

e inall streams, we calculate the value of the blocks L(ZI?, Ul(f) according to (6); we use the construc-
tion #pragma omp parallel for (static: 2) [11];

o inall streams, the s-rank modification of the submatrix Ag() is carried out according to (7), we use
the construction #pragma omp parallel for (dynamic: 2) [30].

For K = N, we factorize the diagonal block A%},
Note. Operations (7) are performed cyclically in all threads. Moreover, calculations are performed only

with matrix blocks A%’? for which non-zero blocks from matrices L(ZI‘?, Ul(’;) have been calculated.

2. Verification and application of the algorithm

On the basis of the proposed parallel algorithm, software modules were created, which were tested
when solving the problems of calculating the strength of building structures. The following tasks were cho-
sen for the tests: analysis of the stressed-deformed state of the foundation of the building, static calculation
of the stressed-deformed state of a 27-story residential building and analysis of the structural strength of a
multistory office center.

Testing was carried out on the nodes of the SKIT-5 8-node cluster [31] with a peak performance of 100
TFlops. Each node is built on the basis of two 96-thread AMD EPY C 7642 processors, has 256 GB of RAM,
integrated with the total data storage of the cluster complex with a volume of 200 TB. As operating system,
Ubuntu 20.04 was used.

For the software implementation of the algorithm, the following OpenMP technology was used to or-
ganize parallelism between streams and the distribution of blocks of skyscrapers to the corresponding
streams; modules of the Intel® MathKernelLibrary (Intel® MKL) 2019 library for efficient matrix-matrix
operations.

2.1. Analysis of the stress-strain state of the foundation of the building

The general view of the structure and the used finite-element mesh are shown in fig. 3 on the left. The
structure is divided into 94,346 finite elements. The corresponding finite element mesh contains 97,412
nodes. As a result of the discretization, the SLAE of the order of 283,031 was obtained, the portrait of the
upper matrix of decomposition is shown in fig. 3 on the right.

FIG. 3. Construction of the foundation and a portrait of the corresponding upper triangular matrix of the decomposition
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The graphs of times and accelerations obtained when solving the problem with different number of
threads using the block size of 160 are shown on fig. 4.
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FIG. 4. Dependencies of time and acceleration on the number of threads for SLAE of the order of 283,031

2.2. Static calculation of the stress-strain state of a 27-story residential building

The general view of the structure of a residential building and the finite element grid used to study its
structural stability are shown in fig. 5 on the left. The structure is divided into 121,761 finite elements. The
corresponding finite element mesh contains 110,265 nodes. As a result of the discretization, an SLAE of
order 661,590 was obtained, the portrait of the upper triangular matrix of its decomposition is shown in
fig. 5 on the right. The graphs of the factorization time and accelerations obtained when solving the problem
with different numbers of threads using a block size of 256 are shown in fig. 6.

FIG. 5. Construction of a 27-story residential building and a portrait of the corresponding upper triangular matrix
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FIG. 6. Dependencies of time and acceleration on the number of threads for SLAE of the order of 661,590

2.3. Static calculation of the stress-strain state of a multi-story office center.

The general view of the construction of a multi-story office center and the finite element mesh used are
shown in fig. 7 on the left. The structure is divided into 139,839 finite elements. The corresponding finite
element mesh contains 124,490 nodes. As a result of the discretization, an SLAE of order 746,937 was
obtained, the portrait of the upper triangular matrix of its decomposition is shown in fig. 7 on the right. The
graphs of factorization time and accelerations obtained when solving the problem on different number of
threads using block size 256 are shown in fig. 8.
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FIG. 7. Construction of a multi-story office center and a portrait of the corresponding upper triangular matrix
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FIG. 8. Dependencies of time and acceleration on the number of threads for SLAE of the order of 661,590
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Table shows the results of testing the parallel algorithm on several SLAEs of different orders with
sparse matrices of the skyscraper structure.

TABLE. Time (minutes) of program operation for different number of threads

Task Count_ of equa- |Count of non-zero 1 8 16 32 64 128
tions elements

1 283,031 4 306,879 5.38 0.83 0.54 0.28 0.18 0.35

2 661,590 11,673,464 | 32.45 | 5.17 3.08 1.57 1.01 1.55

3 746,937 15,039,703 | 24045 | 4522 | 2531 | 14.83 | 10.23 | 149

The results presented in fig. 4, 6, 8, and in Table demonstrate the dependence of algorithm characteris-
tics (time to solve the problem, acceleration) on the balance of process loading. The conducted studies indi-
cate that the size of the block with which the calculations are performed has a significant impact on the
acceleration of calculations, as it affects both the speed of sequential operations and the number of opera-
tions that can be performed in parallel. An important role is also played by filling the columns of the block
skyscraper matrix with non-zero blocks, because it actually determines how many operations are performed
in parallel.

The strong scaling is demonstrated in our graphs and table for a fixed problem size and a variable
number of processors p. The overhead shown in the graphs is explained by the effect of Amdahl's law, the
costs of caching calculations and the different structure of skyscrapers in each core for different p. The
graphs demonstrate the good scalability of the algorithm up to 64 threads, after which the block-sizes
become too small.

As for weak scaling, when the size of the load on each processor remains constant, this case is interest-
ing in theory, but in this case it is difficult to implement for a skyscraper structure. Weak scalability can
really be demonstrated in the case of a matrix of a regular structure, for example, a strip (if the width of the
strip is preserved).

Conclusions. For problems with sparse symmetric matrices of block skyscraper structure, a parallel
implementation of a direct factorization-based method is proposed, which ensures high efficiency of paral-
lelization, takes into account the structure of sparse matrices and their filling with data. The developed
algorithm makes it possible to distribute among the processes the calculation with blocks of non-zero ele-
ments of the triangular decomposition of the sparse matrix in such a way that they are carried out simulta-
neously by the majority of processes.

Testing of the proposed algorithm was carried out when solving the problems of modeling the strength
of building structures. The obtained results testify to the good scalability and efficiency of the proposed
algorithm. These results are the basis for choosing an effective block size and the number of threads for
solving structural strength modeling problems on SKIT 5 computing nodes.

It is advisable to direct further research to the search for algorithms for rearranging sparse matrices,
which would ensure the highest efficiency of parallel algorithms for solving linear algebra problems, pri-
marily due to the balanced loading of processes.
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V. SYDORUK, O. CHYSTIAKOV, P. BENNER, O. NIKOLAIEVSKA

YK 519.6
Bostionumup Cunopyk b, Onexciii Uncrsikos 1, Ilitep Bennep 2, Onena Hikonaepebka ™
Po3B’si3yBaHHs cuCTeM JIiHIHHUX PIBHAHDb 3 0JI0YHOK0 «XMapPO4Y0CHOI0» CTPYKTYPOIO

Y Inemumym xiGepnemuxu imeni B.M. Inywixosa HAH Yxpainu, Kuis
2 [ucmumym Ounamixu ckiaouux mexuiunux cucmem imeni Maxca Inanka, Mazoebype, Himeuuuna
" Jlucmyeanns: elena_nea@ukr.net

V wiil crarTi npeacTaBiaeHo epeKTUBHUN NapalleIbHUN alropUTM PO3B’A3yBaHHS CUCTEM JIIHIMHUX anreo-
paiunux piBHAHb (CJIAP) i3 BUKOpHCTaHHIM OJ0YHO-«XMAPOUOCHUX» MaTPHILb HAa OOUUCIIIOBAIBHUX CUCTEMAX
13 pO3/ILTFOBAHOO TaM ITTIO. AJITOPUTM ONTHUMi30BaHO JJIsl BACOKOI POIYKTUBHOCTI Ta MacIITaOOBaHOCTI IILJIsI-
XOM e()eKTHBHOTO PO3IO/IiTy HABAHTAKEHHS MiK MPOIECOPHUMH sapamu. Horo 6yio mpoTecToBaHo Ha Cydac-
HOMY O0YMCIIOBAILHOMY KJIACTepi IiJ 4ac po3B’sI3yBaHHS NMPUKIAIHUX 3a7ad MOJEIIOBaHHs MII[HOCTI Oy/iBe-
JBHUX KOHCTPYKIii. AHaJi3 MPOJYKTUBHOCTI OXOIUTIOE YaC BUKOHAHHS, KOe(illieHT MPUCKOPEHHS Ta BILIUB PO-
3Mipy OJoKiB. Pe3ynbpTaTi moka3yroTh 3Ha4HE CKOPOYEHHS 4acy OOYHCIIEeHb i CTablIbHy MaclTabOBaHICTh 3i
30LIBLICHHSM KUIBKOCTI Si7Iep, IO MiITBEPAXKYE MPUIATHICTH METOLY JJISl BEIMKOMACIITAOHUX 1HXKEHEPHUX CH-
MYJISIIN Y ramy3siX MeXaHiKd KOHCTPYKILiH, TPUKIaaHOT (Di3UKH Ta IHIIMX 00UHCITIOBATBHO IHTCHCUBHUX HATIPSI-
MiB.

Kuro4uoBi c10Ba: BUCOKONPOIYKTHBHI OOYMCIICHHS, CHUCTEMa JIHIMHUX anreOpaluHuX pPiBHSHB, METOJ
XoINenbpKoro, po3pikeHi MaTpHIli, 6JI0YHI MATPHUIli-XMapOUYOCH, MapaleibHi aITOPUTMH, CHCTEMH 31 CITIJIBHOIO
am'sTTIO.
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