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1. Introduction

Fractional integrals and derivatives [1–5] are actively used in researches of anomalous diffusion in
porous media [5–16], disordered systems [17–30], plasma physics [31–36], turbulent [37–39], kinetic and
reaction-diffusion processes [39–48], biological systems [49–51], etc. [5, 52, 53]. An actual problem for
description of nonequilibrium processes in complex systems is construction of generalized diffusion and
wave equations [54, 55] using fractional integrals and derivatives. The dispersion of heat waves in a
dissipative environment using the Cattaneo–Maxwell heat diffusion equation with fractional derivatives
has breen investigated in Ref. [56]. On the basis of this equation, the frequency spectrum, phase and
group velocities of propagation of heat waves in a dissipative environment have been investigated.

In Refs. [30,57–60], the statistical approach has been developed for obtaining the space-time nonlo-
cal transport equations with fractional derivatives using the Zubarev nonequilibrium statistical operator
method [61–64] and the Liouville equation with fractional derivatives, proposed by Tarasov [40].

In the second section, based on the statistical approach within the Renyi statistics, we have obtained
a generalized diffusion equation with fractional derivatives for the nonequilibrium average value of the
number density of particles. This equation is nonlocal in space and time. In the third section, within
the Gibbs statistics and approximation of constant diffusion coefficient, the frequency spectrum of
the Cattaneo–Maxwell–type diffusion equation for the nonequilibrium average value of the number
density of particles has been obtained. The frequency spectrum, phase and group velocities have been
calculated, depending on order of the fractional derivative, characteristic relaxation time and value of
the diffusion coefficient.

2. Generalized diffusion equations with fractional derivatives

To describe the diffusion processes of particle in heterogeneous environments with fractal structure,
one of main parameters of the reduced description is the nonequilibrium density of particle numbers
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n(r; t) = 〈n̂(r)〉tα, where n̂(r) =
∑N

j=1 δ(r − rj) is the microscopic density of the particle. The
corresponding generalized diffusion equation for n(r; t) can be obtained on the base of approach [57],
by using the Zubarev nonequilibrium statistical operator method within the Renyi statistics for solution
of the Liouville equations with fractional derivatives,

∂

∂t
〈n̂(r)〉tα = Dα

r ·
∫
dµα(r′)

∫ t

−∞
eε(t

′−t)Dq(r, r
′; t, t′) ·Dα

r′βν
∗(r′; t′)dt′, (1)

Dq(r, r
′; t, t′) =

〈
v̂(r)T (t, t′)v̂(r′)

〉t
α,rel

(2)

is the generalized coefficient of particle diffusion within the Renyi statistics, averaging of which is
performed with a power-law Renyi distribution,

ρrel(t) =
1

ZR(t)

(
1 − q − 1

q
β

(
H −

∫
dµα(r) ν∗(r; t) n̂(r)

)) 1
q−1

, (3)

where

ZR(t) = Îα(1, . . . , N)T̂ (1, . . . , N)

(
1 − q − 1

q
β

(
H −

∫
dµα(r) ν∗(r; t) n̂(r)

)) 1
q−1

(4)

is the partition function of the relevant distribution function, H is a Hamiltonian of system, 0 < q 6 1,
q is the Renyi parameter;

ν∗(r; t) =
ν(r; t)

1 + q−1
q

∫
dµα(r) ν(r; t) 〈n̂(r)〉tα

,

T (t, t′) = exp+

(
−
∫ t
t′(1 − Prel(t

′′))iLαdt
′′
)

is the evolution operator in time containing the projection;

exp+ is the ordered exponentia, Prel(t
′′) is the generalized Kawasaki-Gunton projection operator de-

pended on a structure of the relevant statistical operator (distribution function), ρrel(x
N ; t′). iLα is

the Liouville operator for a system of particles in heterogeneous environment with fractal structure.
Parameter ν(r; t) is the chemical potential of particle, which is determined from the self-consistency
condition,

〈n̂(r)〉tα = 〈n̂(r)〉tα,rel . (5)

β = 1/kBT , kB is the Boltzmann constant, T is the equilibrium value of temperature; v̂(r) =∑N
j=1 vjδ(r−rj) is microscopic flux density of the particle. The average values in Eq. (2) are calculated

by (see Ref. [57])
〈(. . .)〉tα,rel = Îα(1, . . . , N)T̂ (1, . . . , N)(. . .)ρrel(x

N ; t),

where Îα(1, . . . , N) for system of N particles has the form

Îα(1, . . . , N) = Îα(1) . . . Îα(N), Îα(j) = Îα(rj)Î
α(pj)

and defines the integration operation,

Îα(x)f(x) =

∫ ∞

−∞
f(x) dµα(x), dµα(x) =

|x|α
Γ(α)

dx. (6)

The operator T̂ (1, . . . , N) = T̂ (1) . . . T̂ (N) defines the operation

T̂ (xj)f(xj) =
1

2

(
f(. . . , x′j − xj, . . .) + f(. . . , x′j + xj , . . .)

)
.

In the generalized diffusion equation (1), dα is a fractional differential [65] that is defined by

dαf(x) =
2N∑

j=1

Dα
xjf(x)(dxj)

α,
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where

Dα
xf(x) =

1

Γ(n− α)

∫ x

0

f (n)(z)

(x− z)α+1−n
dz (7)

is the Caputo fractional derivative [1, 2, 66, 67], n− 1 < α < n, f (n)(z) = dn

dzn f(z) with the properties
Dα
xj1 = 0 and Dα

xjxl = 0, (j 6= l).
At q = 1, the generalized diffusion equation within the Renyi statistics goes into the generalized

diffusion equation within the Gibbs statistics with fractional derivatives. If q = 1 and α = 1, we
obtain the generalized diffusion equation within the Gibbs statistics. In the Markov approximation,
the generalized coefficient of mutual diffusion in time and space has the form Dq(r, r

′; t, t′) ≈ Dqδ(t−
t′)δ(r − r′), by excluding the parameter ν∗(r′; t′) via the self-consistency condition, we obtain the
diffusion equation with fractional derivatives from Eq. (1)

∂

∂t
〈n̂(r)〉tα = DqD

2α
r ν∗(r; t). (8)

The generalized diffusion equation takes into account spatial fractality of system and memory
effects in the generalized coefficient of particle diffusion Dq(r, r

′; t, t′) within the Renyi statistics. Ob-
viously, spatial fractality of system influences on particle transport processes that may manifest as
multifractal time with characteristic relaxation times. It is known that the nonequilibrium correlation
functions Dq(r, r

′; t, t′) can not be exactly calculated, therefore the some approximations based on
physical reasons are used. In the time interval −∞ ÷ t, ion transport processes in spatially hetero-
geneous system can be characterized by a set of relaxation times that are associated with the nature
of interaction between of the particle and particles of environment with fractal structure. For ope-
ning of multifractal time in the generalized diffusion equation, we use the following approach for the
generalized coefficient of the particle diffusion

Dq(r, r
′; t, t′) = W (t, t′)Dq(r, r

′), (9)

where W (t, t′) can be defined as the time memory function. In view of this, Eq. (1) can be represented
as

∂

∂t
〈n̂(r)〉tα =

∫ t

−∞
eε(t

′−t)W (t, t′) Ψ(r; t′) dt′, (10)

where

Ψ(r; t′) =

∫
dµα(r′)Dα

r ·Dq(r, r
′) ·Dα

r′βν
∗(r′; t′). (11)

Further we apply the Fourier transform to Eq. (10), and as a result we get in frequency represen-
tation

iωn(r;ω) = W (ω) Ψ(r;ω). (12)

We can represent frequency dependence of the memory function in the following form

W (ω) =
(iω)1−ξ

1 + (iωτ)ξ
, 0 < ξ 6 1, (13)

where the introduced relaxation time τ characterizes of the particle transport processes in system.
Then Eq. (12) can be represented as

(
1 + (iωτ)ξ

)
iωn(r;ω) = (iω)1−ξΨ(r;ω). (14)

Further we use the Fourier transform to fractional derivatives of functions,

L
(
0D

1−ξ
t f(t); iω

)
= (iω)1−ξL(f(t); iω), (15)

where 0D
1−ξ
t f(t) = 1

Γ(ξ)
d
dt

∫ t
0

f(τ)
(t−τ)1−ξ dτ is the Riemann–Liouville fractional derivative. By using it, the

inverse transformation of Eq. (14) to time representation gives the Cattaneo-type generalized diffusion
equation with taking into account spatial fractality, in the expanded form
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0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) =

∫
dµα(r′)Dα

r ·Dq(r, r
′) ·Dα

r′βν
∗(r

′
; t), (16)

is the new Cattaneo-type generalized equation within the Renyi statistics with time and spatial non-
locality. At q = 1 from Eq. (16), we get the Cattaneo-type generalized equation within the Gibbs
statistics with time and spatial nonlocality.

Eq. (16) contains significant spatial heterogeneity in Dq(r, r
′). If we neglect spatial heterogeneity,

Dq(r, r
′) = Dqδ(r − r′), (17)

we get the Cattaneo-type diffusion equation with of space-time nonlocality and constant coefficients
of diffusion within the Renyi statistics

0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) = DqD

2α
r βν∗(r

′
; t), (18)

or in the expanded form

0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) = DqD

2α
r β

ν(r; t)

1 + q−1
q

∫
dµα(r)ν(r; t) 〈n̂(r)〉tα

, (19)

and at q = 1 we get the Cattaneo-type diffusion equation with of space-time nonlocality and constant
coefficients of diffusion within the Gibbs statistics,

0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) = DD2α

r βν(r; t). (20)

3. Dispersion relations for the time-space-fractional Cattaneo–Maxwell diffusion
equation

Using the self-consistent condition (5) and the approved approximations, Eq. (20) can be written as

0D
2ξ
t n(r; t)τ ξ + 0D

ξ
tn(r; t) −D′D2α

r n(r; t) = 0, (21)

where D′ is the renormalized diffusion coefficient. For simplicity, we consider the one-dimensional case
and a solution of Eq. (21) will be sought in the form of the plane wave,

n(x; t) ∼ e−iωt+ikx, (22)

then we get the corresponding frequency spectrum,

(
τ ξ(−iω)2ξ + (−iω)ξ

)
−D′(ik)2α = 0. (23)

It should be noted that the real part ωr(k) of the frequency spectrum ω(k) = ωr(k) + iωi(k)
describes propagation of process, the imaginary part of ωi(k) describes damping of process in time.
The real part k(ω)r of the wave spectrum k(ω) = k(ω)r + ik(ω)i describes propagation of the process,
the imaginary part k(ω)i describes damping of the process in space. In addition, the real part of the
frequency spectrum determines the wave dependence of the phase and group velocities of process:

vp(k) =
1

k
ωr(k), vg(k) =

∂

∂k
ωr(k),

and the real part of the wave spectrum determines the frequency dependence of the phase velocity of
process,

vp(ω) =
ω

k(ω)r
.
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First, let us consider the case α = 1 and 0 < ξ < 1. The similar problem is solved in Ref. [56]
at investigating dispersion relations for the Cattaneo-Maxwell heat transfer equation with fractional
derivatives. At α = 1, we get the equation

(
τ ξ(−iω)2ξ + (−iω)ξ

)
+D′k2 = 0, (24)

the solution of which has the form:

(−iω)ξ =
−1 ±

√
1 − 4τ ξD′k2

2τ ξ
(25)

or

ωξ = iξ
−1 ±

√
1 − 4τ ξD′k2

2τ ξ
. (26)

Next we find imaginary and real parts of the frequency by putting ω = |ω|eiθ, |ω| > 0, −π < θ < π,
then we get

|ω|ξeiξθ = eiξ
π
2
−1 ±

√
1 − 4τ ξD′k2

2τ ξ
. (27)

The solution of Eq. (27) will be rewritten depending on a sign of expression under the root, B(k) =
1 − 4τ ξD′k2.

In the case of B(k) > 0 we have that

|ω| =
1

τ

∣∣∣∣∣
−1 ±

√
1 − 4τ ξD′k2

2

∣∣∣∣∣

1
ξ

, θ =
π

2
+
π

ξ
. (28)

Then the real and imaginary parts of the frequency spectrum ω(k) = ωr(k)+ iωi(k) will have the form:

ωr(k) = |ω| cos θ = −1

τ

∣∣∣∣∣
−1 ±

√
1 − 4τ ξD′k2

2

∣∣∣∣∣

1
ξ

sin
π

ξ
, 0 6 k 6

1√
4τ ξD′k2

, (29)

ωi(k) = |ω| sin θ =
1

τ

∣∣∣∣∣
−1 ±

√
1 − 4τ ξD′k2

2

∣∣∣∣∣

1
ξ

cos
π

ξ
, 0 6 k 6

1√
4τ ξD′k2

. (30)

According to definitions of the phases and group velocities:

vp(k) =
ωr(k)

k
, vg(k) =

∂

∂k
ωr(k), (31)

we obtain the following expressions for vp(k) and vg(k):

vp(k) = − 1

τk

∣∣∣∣∣
−1 ±

√
1 − 4τ ξD′k2

2

∣∣∣∣∣

1
ξ

sin
π

ξ
, 0 6 k 6

1√
4τ ξD′k2

, (32)

vg(k) = ∓ 2

τξ

τ ξD′k2√
1 − 4τ ξD′k2

(
1 ±

√
1 − 4τ ξD′k2

2

) 1−ξ
ξ

, 0 6 k 6
1√

4τ ξD′k2
. (33)

In the case of B(k) < 0 we have that

|ω|ξeiξθ = eiξ
π
2

−1 ± i
√∣∣1 − 4τ ξD′k2

∣∣

2τ ξ
. (34)
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It is convenient to submit the fraction in an exponential form:

−1 ± i
√∣∣1 − 4τ ξD′k2

∣∣

2τ ξ
= Keiψ

where

K =

∣∣∣∣∣∣

−1 ± i
√∣∣1 − 4τ ξD′k2

∣∣

2τ ξ

∣∣∣∣∣∣
=

√
D′k2

τ ξ
, ψ = ∓ arctan

√
4τ ξD′k2 − 1.

Taking this into account, we get that

|ω|ξ =

√
D′k2

τ ξ
, ξθ =

ξπ

2
+ ψ

or

|ω| =



√
D′k2

τ ξ




1
ξ

, θ =
π

2
∓ 1

ξ
arctan

√
4τ ξD′k2 − 1. (35)

Accordingly, for the real and imaginary parts of the frequency spectrum, we find that

ωr(k) = |ω| cos θ = ±



√
D′k2

τ ξ




1
ξ

sin

(
1

ξ
arctan

√
4τ ξD′k2 − 1

)
, (36)

ωi(k) = |ω| sin θ =



√
D′k2

τ ξ




1
ξ

cos

(
1

ξ
arctan

√
4τ ξD′k2 − 1

)
. (37)

In this case, the phase and group velocities obtain the following form:

vp(k) = ±1

k



√
D′k2

τ ξ




1
ξ

sin

(
1

ξ
arctan

√
4τ ξD′k2 − 1

)
, (38)

vg(k) = ± 1

ξk



√
D′k2

τ ξ




1
ξ (

sin

(
1

ξ
arctan

√
4τ ξD′k2 − 1

)

+
cos
(
1
ξ arctan

√
4τ ξD′k2 − 1

)

√
4τ ξD′k2 − 1

)
. (39)

Using the analytic expressions for the frequency spectrum, phase and group velocities in the cases
B(k) > 0 and B(k) < 0, numerical calculations are carried out at two values of the relaxation time
τ = 0.2, 0.5 and the diffusion coefficient D′ = 0.5 with different values of the order ξ of the fractional
derivative ξ = 0.3, 0.5, 0.8, 1. The results of the calculations are presented in Figs. 1–4. For ξ = 1, we
have the usual Cattaneo–Maxwell equation with the corresponding behavior of the frequency spectrum.
From analysis of the frequency spectrum for ξ = 0.3, 0.5, 0.8, we see nonlinear wave behavior in
both the propagation and the damping of the diffusion process. In the behavior of ωr(k) there are
discontinuities, which is also manifested in phase velocity, respectively. This may indicate a sharp
change in the nature of the diffusion wave process. The group velocity has λ-like form with a sharp
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Fig. 1. The frequency spectrum for τ = 0.2, D′ = 0.5.
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Fig. 2. The frequency spectrum for τ = 0.5, D′ = 0.5.
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Fig. 3. The phase and group velocities for τ = 0.2, D′ = 0.5.

peak that, with increasing relaxation time, decreases. It is model research and it is obvious that features
of the frequency spectrum studies would be important and interesting in investigating diffusion wave
processes for specific real systems.
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Fig. 4. The phase and group velocities for τ = 0.5, D′ = 0.5.

4. Conclusions

By using approach of Ref. [57,60], the new non-Markovian diffusion equations of particles in spatially
heterogeneous environment with fractal structure have been obtained. By using approaches for the
memory functions and fractional calculus [1–5], the generalized Cattaneo–Maxwell diffusion equations
with taking into account nonlocality of space-time have been obtained. Dispersion relations for the
Cattaneo–Maxwell-type diffusion equation are found, taking into account the time–spatial nonlocality
in fractional derivatives. The frequency spectrum, phase and group velocities of the particles have
been calculated for two values of the relaxation time τ = 0.2, 0.5 and the diffusion coefficient D′ = 0.5
with the change in the value of the order of the fractional derivative ξ = 0.3, 0.5, 0.8, 1. It is shown
that the frequency spectrum of the diffusion process is of wave behavior with discontinuities, which
also manifests itself in the behavior of the phase velocity.

[1] Oldham K. B., Spanier J. The Fractional Calculus: Theory and Applications of Differentiation and Integra-
tion to Arbitrary Order. Dover Books on Mathematics, Dover Publications (2006).

[2] Samko S. G., Kilbas A. A., Marichev O. I. Fractional Integrals and Derivatives: Theory and Applications.
Gordon and Breach Science Publishers (1993).

[3] Podlubny I., Kenneth V. T. E. Fractional Differential Equations: An Introduction to Fractional Deriva-
tives, Fractional Differential Equations, to Methods of Their Solution and Some of Their Applications.
Mathematics in Science and Engineering 198, Academic Press (1998).

[4] MandelbrotB. B. The fractal geometry of nature. W. H. Freeman and Company (1982).

[5] Uchaikin V. V. Fractional Derivatives Method. Artishock-Press, Uljanovsk (2008), (in Russian).

[6] Sahimi M. Non-linear and non-local transport processes in heterogeneous media: from long-range correlated
percolation to fracture and materials breakdown. Physics Reports. 306 (4–6), 213–395 (1998).

[7] Koros̆ak D., Cvikl B., Kramer J., Jecl R., Prapotnik A. Fractional calculus applied to the analysis of spectral
electrical conductivity of clay–water system. Journal of Contaminant Hydrology. 92 (1—2), 1–9 (2007).

[8] Metzler R., Klafter J. The random walk’s guide to anomalous diffusion: a fractional dynamics approach.
Physics Reports. 339 (1), 1–77 (2000).

[9] Hilfer R. Fractional Time Evolution, chapter II, pp. 87–130. World Scientific, Singapore, New Jersey,
London, Hong Kong (2000).

[10] Bisquert J., Garcia-Belmonte G., Fabregat-Santiago F., Ferriols N. S., BogdanoffP., Pereira E. C. Doubling
Exponent Models for the Analysis of Porous Film Electrodes by Impedance. Relaxation of TiO2

Nanoporous in Aqueous Solution. The Journal of Physical Chemistry. 104 (10), 2287–2298 (2000).

Mathematical Modeling and Computing, Vol. 6, No. 1, pp. 58–68 (2019)



66 Kostrobij P., MarkovychB., ViznovychO., Zelinska I., Tokarchuk M.

[11] Bisquert J., Compte A. Theory of the electrochemical impedance of anomalous diffusion. Journal of Elec-
troanalytical Chemistry. 499 (1), 112–120 (2001).

[12] Koszto lowicz T., Lewandowska K. D. Hyperbolic subdiffusive impedance. Journal of Physics A: Mathema-
tical and Theoretical. 42 (5), 055004 (2009).

[13] Pyanylo Y. D., Prytula M. G., Prytula N. M., Lopuh N. B. Models of mass transfer in gas transmission sys-
tems. Mathematical Modeling and Computing. 1 (1), 84–96 (2014).

[14] Zhokh A., Trypolskyi A., Strizhak P. Relationship between the anomalous diffusion and the fractal dimen-
sion of the environment. Chemical Physics. 503, 71–76 (2018).

[15] Zhokh A. A., Strizhak P. E. Effect of zeolite ZSM-5 content on the methanol transport in the ZSM-5/alumina
catalysts for methanol-to-olefin reaction. Chemical Engineering Research and Design. 127, 35–44 (2017).

[16] Zhokh A., Strizhak P. Non-Fickian diffusion of methanol in mesoporous media: Geometrical restrictions or
adsorption-induced? The Journal of Chemical Physics. 146 (12), 124704 (2017).

[17] Scher H., Montroll E. W. Anomalous transit-time dispersion in amorphous solids. Phys. Rev. B. 12 (6),
2455–2477 (1975).

[18] Berkowitz B., Scher H. Theory of anomalous chemical transport in random fracture networks. Phys. Rev.
E. 57 (5), 5858–5869 (1998).

[19] Bouchaud J. P., Georges A. Anomalous diffusion in disordered media: Statistical mechanisms, models and
physical applications. Physics Reports. 195 (4), 127–293 (1990).

[20] Nigmatullin R. R. To the Theoretical Explanation of the “Universal Response”. Physica Status Solidi (B).
123 (2), 739–745 (1984).

[21] Nigmatullin R. R. On the Theory of Relaxation for Systems with “Remnant” Memory. Physica Status Solidi
(B). 124 (1), 389–393 (1984).

[22] Nigmatullin R. R. The realization of the generalized transfer equation in a medium with fractal geometry.
Physica Status Solidi (B). 133 (1), 425–430 (1986).

[23] Nigmatullin R. R. Fractional integral and its physical interpretation. Theoretical and Mathematical
Physics. 90 (3), 242–251 (1992).

[24] Nigmatullin R. R., Ryabov Y. E. Cole–Davidson dielectric relaxation as a self-similar relaxation process.
Physics of the Solid State. 39 (1), 87–90 (1997).

[25] Nigmatullin R. R. Dielectric relaxation phenomenon based on the fractional kinetics: theory and its expe-
rimental confirmation. Physica Scripta. T136, 014001 (2009).

[26] Khamzin A. A., Nigmatullin R. R., Popov I. I. Microscopic model of a non-Debye dielectric relaxation: The
Cole–Cole law and its generalization. Theoretical and Mathematical Physics. 173 (2), 1604–1619 (2012).

[27] Popov I. I., Nigmatullin R. R., Koroleva E. Y., Nabereznov A. A. The generalized Jonscher’s relationship for
conductivity and its confirmation for porous structures. Journal of Non-Crystalline Solids. 358 (1), 1–7
(2012).

[28] Grygorchak I. I., Kostrobij P. P., Stasjuk I. V., Tokarchuk M. V., Velychko O. V., Ivaschyshyn F. O.,
Markovych B. M. Fizichni procesy ta ih mikroskopichni modeli v periodychnyh neorganichno/organichnih
klatratah. Rastr-7, Lviv (2015), (in Ukrainian).

[29] Kostrobij P. P., Grygorchak I. I., Ivaschyshyn F. O., Markovych B. M., Viznovych O. V., Tokarchuk M. V.
Mathematical modeling of subdiffusion impedance in multilayer nanostructures. Mathematical Modeling
and Computing. 2 (2), 154–159 (2015).

[30] Kostrobij P., Grygorchak I., Ivashchyshyn F., Markovych B., Viznovych O., Tokarchuk M. Generalized Elec-
trodiffusion Equation with Fractality of Space—Time: Experiment and Theory. The Journal of Physical
Chemistry A. 122 (16), 4099–4110 (2018).

[31] Balescu R. Anomalous transport in turbulent plasmas and continuous time random walks. Phys. Rev. E.
51 (5), 4807–4822 (1995).

[32] Tribeche M., Shukla P. K. Charging of a dust particle in a plasma with a non extensive electron distribution
function. Physics of Plasmas. 18 (10), 103702 (2011).

[33] Gong J., Du J. Dust charging processes in the nonequilibrium dusty plasma with nonextensive power-law
distribution. Physics of Plasmas. 19 (2), 023704 (2012).

Mathematical Modeling and Computing, Vol. 6, No. 1, pp. 58–68 (2019)



Generalized Cattaneo–Maxwell diffusion equation with fractional derivatives. Dispersion relations 67

[34] Carreras B. A., Lynch V. E., Zaslavsky G. M. Anomalous diffusion and exit time distribution of particle
tracers in plasma turbulence model. Physics of Plasmas. 8 (12), 5096–5103 (2001).

[35] Tarasov V. E. Electromagnetic field of fractal distribution of charged particles. Physics of Plasmas. 12 (8),
082106 (2005).

[36] Tarasov V. E. Magnetohydrodynamics of fractal media. Physics of Plasmas. 13 (5), 052107 (2006).

[37] Monin A. S. Uravnenija turbulentnoj difuzii. DAN SSSR, ser. geofiz. 2, 256–259 (1955), (in Russian).

[38] Klimontovich J. L. Vvedenie v fiziku otkrytyh sistem. Moskva, Janus (2002), (in Russian).

[39] Zaslavsky G. M. Chaos, fractional kinetics, and anomalous transport. Physics Reports. 371 (6), 461–580
(2002).

[40] Tarasov V. E. Fractional Dynamics: Applications of Fractional Calculus to Dynamics of Particles, Fields
and Media. Nonlinear Physical Science, Springer Berlin Heidelberg (2010).

[41] Zaslavsky G. M. Fractional kinetic equation for Hamiltonian chaos. Physica D: Nonlinear Phenomena. 76

(1), 110–122 (1994).

[42] Saichev A. I., Zaslavsky G. M. Fractional kinetic equations: solutions and applications. Chaos. 7 (4), 753–
764 (1997).

[43] Zaslavsky G. M., Edelman M. A. Fractional kinetics: from pseudochaotic dynamics to Maxwell’s Demon.
Physica D: Nonlinear Phenomena. 193 (1–4), 128–147 (2004).

[44] Nigmatullin R. ‘Fractional’ kinetic equations and ‘universal’ decoupling of a memory function in mesoscale
region. Physica A: Statistical Mechanics and its Applications. 363 (2), 282–298 (2006).

[45] Chechkin A. V., Gonchar V. Y., Szyd lowski M. Fractional kinetics for relaxation and superdiffusion in a
magnetic field. Physics of Plasmas. 9 (1), 78–88 (2002).

[46] Gafiychuk V. V., Datsko B. Y. Stability analysis and oscillatory structures in time-fractional reaction-
diffusion systems. Phys. Rev. E. 75 (5), 055201 (2007).

[47] Koszto lowicz T., Lewandowska K. D. Time evolution of the reaction front in a subdiffusive system. Phys.
Rev. E. 78 (6), 066103 (2008).

[48] Shkilev V. P. Subdiffusion of mixed origin with chemical reactions. Journal of Experimental and Theoretical
Physics. 117 (6), 1066–1070 (2013).

[49] Hobbie R. K., Roth B. J. Intermediate Physics for Medicine and Biology. Springer-Verlag, New York (2007).

[50] Jeon J. H., Monne H. M. S., Javanainen M., Metzler R. Anomalous Diffusion of Phospholipids and Choles-
terols in a Lipid Bilayer and its Origins. Phys. Rev. Lett. 109 (18), 188103 (2012).
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Узагальнене рiвняння дифузiї Кеттано–Максвелла у дробових
похiдних. Дисперсiйнi спiввiдношення

Костробiй П.1, Маркович Б.1, Вiзнович О.1, Зелiнська I.1, Токарчук М.1,2

1Нацiональний унiверситет “Львiвська полiтехнiка”,
вул. С. Бандери, 12, Львiв, 79013, Україна

2Iнститут фiзики конденсованих систем НАН України,
вул. Свєнцiцького, 1, Львiв, 79011, Україна

Отримано нове немарковське рiвняння дифузiї частинок у просторово неодно-
рiдному середовищi з фрактальною структурою та узагальнене рiвняння дифузiї
Кеттано–Максвелла з урахуванням просторово-часової нелокальностi. Знайдено дис-
персiйнi спiввiдношення для рiвняння дифузiї типу Кеттано–Максвелла з урахуван-
ням просторово-часової нелокальностi у дробових похiдних. Розраховано частотний
спектр, фазову та групову швидкостi й показано його хвильову поведiнку зi стрибко-
подiбними розривами, якi проявляються також у змiнi фазової швидкостi.

Ключовi слова: узагальнене рiвняння дифузiї, нерiвноважний статистичний опе-
ратор, статистика Ренi, часова мультифрактальнiсть, просторова фракталь-
нiсть, просторово-часова фрактальнiсть.
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