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The expressions of spherical functions and their derivatives in a Cartesian coordinate
system are obtained. In opposite to the representation of polynomials in a spherical
coordinate system, the derived recurrence relations make it possible to use them in the
description of physical processes, and the obtained formulae for derivatives of spherical
functions within the sphere allow obtaining the solutions to the problems of mathematical
physics for spherical bodies in a Cartesian coordinate system. This approach has its
advantages precisely in the applied problems. For example, for the determination of the
artificial satellites orbits, it is necessary to represent the external potential of gravitation
and its derivatives for the GPS systems in a Cartesian coordinate system. Investigation
of the internal structure of Earth and astrometric studies of processes in galaxies are
associated with the study of internal potential, and, consequently, there is a necessity for
its presentation in the Cartesian coordinates.
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1. Introduction

When solving problems of mathematical physics for spherical bodies, spherical functions and their
derivatives are used mainly in a spherical coordinate system. However, in applications, it often becomes
necessary to represent them in a Cartesian coordinate system [1,2]. Without emphasizing this problem
in general, let us dwell on a concrete example. The GPS(GNSS) technology provides spatial placement
of the object in a rectangular coordinate system using artificial satellites (AS). Forecasting of AS and
planets orbits is impossible without taking into account their gravitational fields. The trajectories
of the AS are determined by differential equations, which coefficients containing components of the
potential and its derivatives in a Cartesian coordinate system. Investigation of the structure of the
potential expansion coefficients in a series by spherical polynomials also implies their representation in
a Cartesian coordinate system [1,3–5].

2. Statement of the problem

A planet potential τ is determined according to the known formula [6]

V (P ) = G

∫

τ

δ(Q)

r(Q,P )
dτQ, (1)

where G is a gravitational constant; r(Q,P ) =
√
ρ2 − 2ρR cosϕ+R2 is a distance between the points

P (x, y, z) and Q(ξ, η, ζ); ρ, R are the radii-vectors of the points P , Q and ϕ is the angle between them,
respectively.
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Using (1) and series expansions of r(Q,P ), we obtain known representation of the potential by an
infinite sum

V =
GM

ae

(
1 +

∞∑

n=1

1

Rn

(
n∑

k=0

P kn (cos θ) (Cnk cos kλ+ Snk sin kλ)

))
, (2)

where M is a planet’s mass, ae is equatorial radius, P kn (cos θ) is associated Legendre polynomials and
Cnk, Snk are series expansion coefficients which are defined by the following formulae

Cnk =
RR ·GM

ane

∫

τ
ρnP kn

(
cos θ′

)
cos kλ′ dτQ, Snk =

RR ·GM
ane

∫

τ
ρnP kn

(
cos θ′

)
sin kλ′ dτQ, (3)

where RR =

{
1, k = 0,
2, k 6= 0.

Using complex variables, the equalities (3) can be written in the following form

Cnk + iSnk =
RR ·GM

ane

(∫

τ
ρnP kn

(
cos θ′

)
(cos kλ′ + i sin kλ′) dτQ

)

=
RR ·GM

ane

(∫

τ
ρnP kn

(
cos θ′

)
(cos λ′ + i sin λ′)k dτQ

)
.

Here and further (R, θ, λ), (ρ, θ′, λ′) are spherical coordinates of the points P and Q, respectively.
A set of functions

P kn (cos θ) cos kλ

Rn
,

P kn (cos θ) sin kλ

Rn

is defined as external spherical functions and, respectively, ρnP kn (cos θ
′) cos kλ′, ρnP kn (cos θ

′) sin kλ′ are
internal spherical functions.

Further, using a generalized representation, we obtain

Vn,k =
P kn (cos θ) cos kλ

Rn
+ i

P kn (cos θ) sin kλ

Rn
= V 1

n,k + iV 2
n,k,

Un,k =
(n− k)!

(n+ k)!
ρnP kn (cos θ

′) cos kλ′ + iρnP kn (cos θ
′) sin kλ′ = U1

n,k + iU2
n,k.

It is known that series (2) converges outside the sphere S, and inside convergence takes place under
certain restrictions (Bjerhammar convergence sphere is determined [6]).

Usage of the representation (2) enables the practical application of external potential in the study
of Earth and other celestial bodies. The definition of an artificial satellite motion involves numerical
integration of differential equations in the Cartesian coordinate system, which coefficients contain the
components of the external gravitational field and its derivatives in the Cartesian coordinate system.
For external spherical functions, this problem is solved in [3, 7] and adapted for program realization
in [1].

Internal spherical functions in geodesy are not used practically but their application is wider in
geophysics, which can be explained mainly by the possibility of using Stokes constants in the construc-
tion of three-dimensional models of the interior mass distribution of the planets and involves their
representation in the Cartesian coordinate system.

In the papers [5, 8], the relation between the Stokes constants and power density moments that
are essentially expressions of the internal spherical functions in a rectangular coordinate system were
obtained. However, the functions (coefficients in sums) are presented in different papers in various
forms with an accuracy to a multiplier. Hereinafter, we will follow the notation and the way of
conclusions as in [7].
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3. Derivation of the formulae

First of all, we should consider the relationships between Cartesian and spherical coordinate systems

ξ = ρ sin θ′ cos λ′, η = sin θ′ sinλ′, ζ = ρ cos θ′.

or, conversely,

ρ =
√
ξ2 + η2 + ζ2, cos θ′ =

ζ

ρ
, σ =

√
ξ2 + η2, cos λ′ =

ξ

σ
, sinλ′ =

η

σ
.

Harmonics polynomials within a sphere are defined as follows

Hn,k = (ξ + iη)k Zn,k,

where

Zn,k =
(n+ k)!

2k

[n−k
2 ]∑

m=0

(−1)mζn−k−2mσ2m

22mm!(m+ k)!(n − k − 2m)!
.

In context of binding to the Stokes constants, polynomials Un,k are determined

Un,k =
(n− k)!

(n+ k)!
Hn,k.

Hence,

Un,k =
(n− k)!

2k

[n−k
2 ]∑

m=0

(−1)mζn−k−2mσ2m

22mm!(m+ k)!(n − k − 2m)!
(ξ + iη)k . (4)

Formula (4) is a variant of representation of internal spherical functions in the Cartesian coordinate
system.

Let us proceed to the definition of derivatives

∂t(Un,k)

∂ξα∂ηβ∂ζγ
, (t = α+ β + γ, ν = α+ β). (5)

Firstly, we should define the derivatives by ξ. From formula (4) it follows that values (5) are zero
for γ > n− k. Differentiating this relationship γ times yields

∂γ(Un,k)

∂ζγ
=

(n− k)!

2k

[n−k
2 ]∑

m=0

(−1)mζn−k−2m−γσ2
m
(n − k − 2m)!

22mm!(m+ k)!(n − k − 2m− γ)!
(ξ + iη)k . (6)

Correspondingly,

∂γ(Un,k)

∂ζγ
=





(n− k)!

(n− k − γ)!
Un−γ,k, γ 6 n− k

0, γ > n− k.
(7)

Derivation of expressions for derivatives by variables ξ, η is more complicated. First of all, we
introduce two operators

P =
∂

∂ξ
+ i

∂

∂η
, M =

∂

∂ξ
− i

∂

∂η
.

Hence,
∂

∂ξ
=

1

2
(P +M),

∂

∂η
=

−i
2
(P−M),
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therefore,

∂ν

∂ξα∂ηβ
=

(−i)β
2ν

(P +M)α(P−M)β =
(−i)β
2ν

α∑

s=0

α!

s!(α− s)!
Pα−sMs

β∑

j=0

β!(−1)j

j!(β − j)!
Pβ−jMj

=
(−i)βα!β!

2ν

ν∑

l=0

∑

s+j=l

(−1)j

s!(α− s)!j!(β − j)!
Pν−lMl.

The previous formula will be represented in a more convenient form for further transformations

∂ν

∂ξα∂ηβ
=

(−i)βα!β!
2α+β

[ ν2 ]−λ∑

l=0

(PM)l
(
Dl
α,βP

ν−2l +Dν−l
α,βM

ν−2l
)
+ λD

[ ν2 ]
α,β (PM)[

ν
2 ] ,

where Dl
α,β =

∑
s+j=l

(−1)j

s!(α− s)!j!(β − j)!
and λ =

{
1, ν is even;
0, ν is odd.

We should define the result of operators PM, P, M. Thus,

PM =

(
∂

∂ξ
+ i

∂

∂η

)(
∂

∂ξ
− i

∂

∂η

)
=

∂2

∂ξ2
+

∂2

∂η2
= − ∂2

∂ζ2
.

Taking into account (6) for harmonic function Un,k, from the Laplace equation, we obtain

PM(Un,k) = − (n− k)!

(n− k − 2)!
Un−2,k.

Therefore, reusing this operator leads to

(PM)l(Un,k) = (−1)l
(n− k)!

(n− k − 2l)!
Un−2l,k. (8)

Since [9]

(
∂

∂ξ
+ i

∂

∂η

)µ (
f(ζ, σ2)

)
= (ξ + iη)µ 2µ

∂µf(ζ, σ2)

∂(σ2)µ
,

(
∂

∂ξ
− i

∂

∂η

)χ (
f(ζ, σ2)

)
= (ξ − iη)χ 2χ

∂χf(ζ, σ2)

∂(σ2)χ
. (9)

Applying the previous properties to (4), we determine the result of the operator P

Pµ(Un,k) =
(n− k)!

2k

[n−k
2 ]∑

m=0

(−1)mζn−k−2mσ2(m−µ)2µ

22m(m+ k)!(n − k − 2m)!(m− µ)!
(ξ + iη)k+µ .

Substituting m′ = m− µ, we obtain

Pµ(Un,k) =
(n− k)!

2k+µ

[n−k−2µ
2 ]∑

m′=0

(−1)µ(−1)m
′
ζn−k−2m′−2µσ2m

′

22m′m′!(m′ + k + µ)!(n − k − 2m′ − 2µ)!
(ξ + iη)k+µ

or

Pµ(Un,k) =
(−1)µ(n− k)!

(n− k − 2µ)!
Un−µ,k+µ.
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When differentiating, we take into account that the factor (ξ + iη)k is constant with respect to the
operator P. It also follows that Pµ(Un,k) = 0 if µ >

[
n−k
2

]
. Therefore, we can write

Pµ(Un,k) =





(−1)µ(n− k)!

(n− k − 2µ)!
Un−µ,k+µ, µ 6

[
n−k
2

]
,

0, µ >
[
n−k
2

]
.

Such approach application for determining the operator M is impossible, since the multiplier will
not be constant with respect to this operator. Thus, we represent a function Un,k using the operator P

Un,k = − (n− k)!

(n− k + 2)!
P(Un+1,k−1), k > 0.

Consequently,

M(Un,k) = − (n− k)!

(n− k + 2)!
MP(Un+1,k−1)

= − (n− k)!

(n− k + 2)!

∂2

∂ζ2
(Un+1,k−1) = Un−1,k−1.

where from
M(Un,k) = Un−1,k−1, k > 0. (10)

Applying (10) again, we obtain

Mχ(Un,k) = Un−χ,k−χ = . . . = Un−k,0. (11)

For χ > k, we can make the following transformations, taking into account (11)

Mχ(Un,k) = Mχ−k
(
Mk(Un,k)

)
= Mχ−k (Un−k,0) . (12)

Now, we apply the equation (9) to the relationship (12), therefore

Mχ−k(Un−k,0) = (n− k)!

[n−k
2 ]∑

m=0

(−1)mζn−k−2mσ2(m−χ+k)2χ−k

22mm!(n− k − 2m)!(m− χ+ k)!
(ξ − iη)χ−k .

Substituting m′ = m− χ+ k, we obtain

Mχ−k(Un−k,0) =
(n− k)!(−1)χ−k

2χ−k

[n+k−2χ
2 ]∑

m′=0

(−1)m
′
ζn+k−2m′−2χσ2m

′

22m′m′!(m′ + χ− k)!(n + k − 2m′ + 2χ)!
(ξ − iη)χ−k . (13)

The right side in (13) can be interpreted as the expression U∗
n−χ,χ−k conjugates to the function

Un−χ,χ−k, hence

Mχ(Un,k) =





(−1)χ−k(n − k)!

(n+ k − 2χ)!
U∗
n−χ,χ−k, β 6 χ 6

[
n+k
2

]
,

0, χ >
[
n+k
2

]
,

where (ξ + iη)χ−k =
(
(ξ − iη)χ−k

)∗
.

Obviously, the functions U∗
n,k are also harmonic, and the following identities hold

Re(U∗
n,k) = Re(Un,k) and Im(U∗

n,k) = − Im(Un,k).
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Let us proceed to obtain the final formulae. Substituting (8) to the right side of (7), we obtain

∂ν(Un−γ,k)

∂ξα∂ηβ
=

(−i)βα!β!
2ν

[ ν2 ]−λ∑

l=0

(−1)l
(n− k)!

(n− k − 2l − γ)!

(
Dl
α,βP

ν−2l +Dν−l
α,βM

ν−2l
)
Un−2l−γ,k

+ λ (PM)[
ν
2 ] (Un,k) = Wn−γ,k

α,β +WWn−γ,k
α,β + λWWWα,β, (14)

the operators Wn−γ,k
α,β , WWn−γ,k

α,β and WWWα,β are as follows

Wn−γ,k
α,β =

(−i)βα!β!
2ν

[ ν2 ]−λ∑

l=0

(−1)l
(n− k)!

(n − k − 2l − γ)!
Dl
α,βP

ν−2lUn−2l−γ,k

=
(−i)β(−1)να!β!

2ν

[ ν2 ]−λ∑

l=[k−n+t+ν
2 ]

(−1)ν−l
(n− k)!

(n− k − t− ν + 2l)!
Dl
α,βUn−t,k+ν−2l, (15)

WWn−γ,k
α,β =





[ ν2 ]−λ∑

l=0

(−1)l(n− k)!

(n− k − 2l − γ)!
Dν−l
α,βUn−t,k−2l, ν < k;

[ ν−k
2 ]−λ∑

l=0

(−1)ν−l(n − k)!

(n − t+ k + 2l − ν)!
Dν−l
α,βU

∗
n+ν−2l−γ,ν−2l−k

+

[ ν2 ]−λ∑

l=[ ν−k
2 ]+1

(−1)l(n− k)!

(n− k − 2l − γ)!
Dν−l
α,βUn−t,k−ν+2l, ν > k.

(16)

and

WWWα,β = (PM)[
ν
2 ] (Un,k) = (−1)[

ν
2 ]

(n− k)!

(n− k − ν)!
Un−ν,k. (17)

Combining the formulae (7), (14)–(17), we obtain a general expression for the derivatives ∂t(Un,k)

∂ξα∂ηβ∂ζγ

(t = α+β+γ), which is not written here because of bulkness. In addition, they are easier to be analyzed
in this form. Since the purpose of the work is not to establish the properties of such relations, detailed
research is not performed. Therefore, we give only some of the features of the above relationships. First
of all, it follows from formula (7) that the result of differentiation of the function Un,k by the variable
ζ t times is the spherical function of the order n − t. Derivatives with respect to two other variables
already generate a set of spherical functions of the same order, except the case for an expression Un,n
where the result is a polynomial Un−t,n−t (t is an order of derivative).

Based on these observations and analysis of the results, we can draw the following conclusions.

4. Conclusions

The derivatives of internal spherical functions can be represented in a Cartesian coordinate system as
a sum of spherical functions of lower orders using the sequence of the formulae (7), (14)–(17). At the
same time, these derivatives are harmonic polynomials within the sphere.

The obtained formulae can be used for finding the solutions to problems of mathematical physics for
spherical bodies in a Cartesian coordinate system. In addition, such expressions provide a mechanism
for studying the structure of the expansion coefficients of the planetary gravitational field potential,
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since they provide an opportunity to present them as a linear combination of geometric parameters
and the mass distribution function of a physical body.
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Представлення внутрiшнiх кульових функцiй та їх похiдних
у планетарнiй системi координат

Фис М. М., Бридун А. М., Юркiв М. I.

Нацiональний унiверситет “Львiвська полiтехнiка”,
вул. С. Бандери, 12, Львiв, 79013, Україна

Отримано вирази для сферичних функцiй та їх похiдних у прямокутнiй системi ко-
ординат. На противагу запису многочленiв у сферичнiй системi координат, виведенi
рекурентнi спiввiдношення дають змогу використовувати їх в описi фiзичних процесiв
у декартовiй системi координат, а виведенi формули для похiдних кульових функцiй
всерединi кулi дозволяють застосовувати їх для отримання розв’язкiв у прямокутнiй
системi координат задач математичної фiзики для тiл кульової форми. В прикладних
задачах такий пiдхiд має свої переваги. Наприклад, для визначення руху штучних су-
путникiв (їх орбiт) необхiдно подати зовнiшнiй потенцiал притягання та його похiднi
для систем GPS у прямокутнiй системi координат. З iншого боку, астрометричнi до-
слiдження процесiв у галактиках та внутрiшньої будови Землi пов’язанi з вивченням
внутрiшнього потенцiалу, отже, виникає потреба його подання в прямокутнiй системi
координат.

Ключовi слова: розподiл мас планети, формула Кошi, многочлени Лежандра,
тривимiрна модель густини, коефiцiєнти розкладу.
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