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A non-Markov kinetic equation with fractional derivatives for a nonequilibrium one-
particle distribution function is obtained. The resulting equation contains the generalized
diffusion and friction coefficients in the space of coordinates and momentums of particles.
This equation can be used, in particular, for mathematical modeling of kinetic processes
of particle transport in porous media with fractal structure.
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1. Introduction

Studies of nonequilibrium processes with spatio-temporal nonlocality are relevant in the statistical
physics of soft matter. Mathematical modeling of diffusion (sub-, super-diffusion) electrodiffusion
transfer processes in porous and complex nano-structured (with characteristic fractality) systems re-
quires the use of transfer equations with significant spatial inhomogeneity and temporal memory. In
our works [1–9] a statistical approach to obtain generalized spatio-temporal nonlocal transfer equa-
tions was developed by using the Zubarev nonequilibrium statistical operator method [10–13] and the
Liouville equation with fractional derivatives [14,15]. In particular, the generalized diffusion equations
of Cattaneo [2, 4], Cattaneo–Maxwell [5] and electrodiffusion [6–9] with spatio-temporal fractional
derivatives were obtained.

In this paper a generalized kinetic equation with spatio-temporal fractional derivatives for a
nonequilibrium one-particle distribution function of a classical system is obtained on the basis of [4].
It is important to note that the chain of BBGKY kinetic equations with fractional derivatives was
obtained in works [14, 16, 17] and the kinetic equations in the Klimontovich’s approach for systems
with fractal structure, in particular for describing the diffusion processes in the space of coordinates
and momentums, were obtained in works [18, 19].

The second section presents a method for obtaining the generalized spatio-temporal nonlocal trans-
port equations by using the Liouville equation with fractional derivatives and the Zubarev nonequi-
librium statistical operator method in the Renyi statistics. On this basis, a new generalized kinetic
equation with fractional derivatives for a nonequilibrium one-particle distribution function is obtained
in the third section.

2. Liouville equation with fractional derivatives for classical system of particles

We use the Liouville equation with fractional derivatives obtained by Tarasov in Refs. [14, 15] for a
nonequilibrium particle function ρ(xN ; t) of a classical system
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∂

∂t
ρ(xN ; t) +

N∑

j=1

Dα
rj

(
ρ(xN ; t)vj

)
+

N∑

j=1

Dα
pj

(
ρ(xN ; t)F j

)
= 0, (1)

where xN = x1, . . . , xN , xj = {rj,pj} are dimensionless generalized coordinates, rj = (rj1, . . . , rjm),
and generalized momentum, pj = (pj1, . . . , pjm), [20] of jth particle in the phase space with a fractional
differential volume element [15, 21] dαV = dαx1 . . . d

αxN . Here, m = Mr0
p0t0

, M is the mass of particle,
r0 is a characteristic scale in the configuration space, p0 is a characteristic momentum, and t0 is a
characteristic time. dα is a fractional differential [21] that is defined by

dαf(x) =

2N∑

j=1

Dα
xjf(x)(dxj)

α,

where

Dα
xf(x) =

1

Γ(n− α)

∫ x

0

f (n)(z)

(x− z)α+1−n
dz (2)

is the Caputo fractional derivative, [22–25] n− 1 < α < n, f (n)(z) = dn

dzn f(z) with the properties
Dα
xj1 = 0 and Dα

xjxl = 0, (j 6= l). vj are the fields of velocity, F j is the force field acting on jth
particle. If F j does not depend on pj, vj does not depend on rj , and the Helmholtz conditions are
satisfied,

∂vj
∂pl

− ∂vl
∂pj

= 0,
∂vj
∂rl

+
∂Fl
∂pj

= 0,
∂Fj
∂rl

− ∂Fl
∂rj

= 0,

we get

∂

∂t
ρ(xN ; t) +

N∑

j=1

vjD
α
rj
ρ(xN ; t) +

N∑

j=1

F jD
α
pj
ρ(xN ; t) = 0,

vj = Dα
pj
H(r,p), F j = −Dα

rj
H(r,p),

where H(r,p) is a Hamiltonian of a system with fractional derivatives [20]. We get the Liouville
equation in the form

∂

∂t
ρ(xN ; t) + iLαρ(x

N ; t) = 0, (3)

where iLα is the Liouville operator with the fractional derivatives,

iLαρ(x
N ; t) =

N∑

j=1

[
Dα

pj
H(r,p)Dα

rj
−Dα

rj
H(r,p)Dα

pj

]
ρ(xN ; t). (4)

A solution of the Liouville equation (4) will be found with the Zubarev nonequilibrium statistical
operator method [10, 11]. After choosing parameters of the reduced description, taking into account
projections we present the nonequilibrium particle function ρ

(
xN ; t

)
(as a solution of the Liouville

equation) in the general form

ρ(xN ; t) = ρrel
(
xN ; t

)
−
∫ t

−∞
eε(t

′−t)T (t, t′)(1− Prel(t
′))iLαρrel(x

N ; t′)dt′, (5)

where T (t, t′) = exp+

[
−
∫ t
t′(1− Prel(t

′))iLαdt
′
]

is the evolution operator in time containing the pro-

jection, exp+ is ordered exponential, ε→ +0 after taking the thermodynamic limit, Prel(t′) is the
generalized Kawasaki–Gunton projection operator depended on a structure of the relevant statistical
operator (distribution function), ρrel(xN ; t′). By using the Zubarev nonequilibrium statistical oper-
ator method [10–12] and approach, [13] ρrel

(
xN ; t′

)
will be found from the extremum of the Renyi
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entropy at fixed values of observed values 〈P̂n(x)〉tα, taking into account the normalization condition
〈1〉tα,rel = 1, where the nonequilibrium average values are found respectively, [14]

〈P̂n(x)〉tα = Îα(1, . . . , N) T̂ (1, . . . , N) P̂nρ(x
N ; t). (6)

Îα(1, . . . , N) has the following form for a system of N particles

Îα(1, . . . , N) = Îα(1), . . . , Îα(N), Îα(j) = Îα(rj)Î
α(pj)

and defines operation of integration

Îα(x)f(x) =

∫ ∞

−∞
f(x) dµα(x), dµα(x) =

|x|α
Γ(α)

dx. (7)

The operator T̂ (1, . . . , N) = T̂ (1), . . . , T̂ (N) defines the operation

T̂ (xj)f(xj) =
f(. . . , x′j − xj , . . .) + f(. . . , x′j + xj, . . .)

2
.

Accordingly, the average value, which is calculated with the relevant distribution function, is defined
as

〈(. . .)〉tα,rel = Îα(1, . . . , N) T̂ (1, . . . , N)(. . .) ρrel(x
N ; t).

According to Ref. [13], from the extremum of the Renyi entropy functional

LR(ρ
′) =

1

1− q
ln Îα(1, . . . , N) T̂ (1, . . . , N) (ρ′(t))q

− γ Îα(1, . . . , N) T̂ (1, . . . , N) ρ′(t)

−
∑

n

∫
dµα(x)Fn(x; t) Î

α(1, . . . , N) T̂ (1, . . . , N) P̂n(x)ρ
′(t)

at fixed values of observed values 〈P̂n(x)〉tα and the condition of normalization

Îα(1, . . . , N) T̂ (1, . . . , N) ρ′(t) = 1,

the relevant distribution function takes the form

ρrel(t) =
1

ZR(t)

[
1− q − 1

q
β

(
H −

∑

n

∫
dµα(x)Fn(x; t) δP̂n(x; t)

)] 1
q−1

, (8)

where ZR(t) is the partition function of the Renyi distribution, which is determined from the normal-
ization condition and has the form

ZR(t) = Îα(1, . . . , N)T̂ (1, . . . , N)

×
[
1− q − 1

q
β

(
H −

∑

n

∫
dµα(x)Fn(x; t) δP̂n(x; t)

)] 1
q−1

. (9)

The Lagrangian multiplier γ is determined by the normalization condition

Îα(1, . . . , N) T̂ (1, . . . , N) ρ′(t) = 1.
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The parameters Fn(x; t) are determined from the self-consistency conditions

〈P̂n(x)〉tα = 〈P̂n(x)〉tα,rel. (10)

It is important to note that the relevant distribution function corresponded to the Gibbs entropy
follows from (8) at q = 1 [1].

In the general case of the parameters 〈P̂n(x)〉tα of the reduced description of nonequilibrium pro-
cesses according to (5) and (8), we get the nonequilibrium statistical operator in the form

ρ(t) = ρrel(t) +
∑

n

∫
dµα(x)

t∫

−∞

eε(t
′−t)T (t, t′) In(x; t

′) ρrel(t
′)βF ∗

n (x; t
′)dt′, (11)

where

F ∗
n(x; t

′) =
Fn(x; t

′)

1 +
q − 1

q

∑

n

∫
dµα(x)Fn(x; t

′) 〈Pn(x)〉tα
,

In(x; t
′) = (1− P (t))

1

q
ψ−1(t)iLα P̂n(x) (12)

are the generalized flows, P (t) is the Mori projection operator [1], and the function ψ(t) has the
following structure

ψ(t) = 1− q − 1

q

∑

n

∫
dµα(x)Fn(x; ṫ)Pn(x).

By using the nonequilibrium statistical operator (11), we get the generalized transport equation
for the parameters 〈P̂n(x)〉tα of the reduced description,

∂

∂t
〈P̂n(x)〉tα = 〈iLαP̂n(x)〉tα,rel

+
∑

n′

∫
dµα(x

′)

t∫

−∞

eε(t
′−t)ϕPnPn′ (x, x

′; t, t′)βF ∗
n′(x′; t′) dt′, (13)

where

ϕPnPn′ (x, x
′; t, t′) = Îα(1, . . . , N)T̂ (1, . . . , N)

(
iLαP̂n(x)T (t, t

′)In′(x′; t′)ρrel(x
N ; t′)

)
(14)

are the generalized transport kernels (the memory functions), which describe dissipative processes in the
system. To demonstrate the structure of the transport equations (13) and the transport kernels (14),
we will consider, for example, electrodiffusion processes. In the next section, we obtain generalized
kinetic equations with fractional derivatives.

3. Generalized kinetic equation for a nonequilibrium one-particle distribution function
with fractional derivatives

To describe the kinetic processes for the systems of classical particles (gases, liquids) in porous media,
one of the main parameters of the reduced description is a nonequilibrium one-particle distribution
function f1(x; t) = 〈n̂(x)〉tα, where n̂(x) =

∑N
j=1 δ(r−rj)δ(p−pj) =

∑N
j=1 δ(x−xj) is the microscopic

phase density for number of particles in the system. With such a set of the reduced description
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parameters, the relevant distribution function is as follows:

ρrel(t) =
1

ZR(t)

(
1− q − 1

q
β

(
H −

∫
dµα(x) a(x; t) δn̂(x; t)

)) 1
q−1

, (15)

where

ZR(t) = Îα(1, . . . , N)T̂ (1, . . . , N)

(
1− q − 1

q
β

(
H −

∫
dµα(x) a(x; t) δn̂(x; t)

)) 1
q−1

(16)

is the statistical sum of the relevant distribution function, δn̂(x; t) = n̂(x) − 〈n̂(x)〉tα are the density
fluctuations and parameter a(x; t) is determined by the condition of self-agreement:

〈n̂(x)〉tα = 〈n̂(x)〉tα,rel . (17)

It is important to note that when q = 1 the relevant distribution function (15) in the Renyi statistics
transforms into the Gibbs statistics distribution. The distribution (15) can be represented as:

ρrel(t) =
1

ZR(t)

(
1− q − 1

q
β

(
H −

∫
dµα(x) a

∗(x; t) n̂(x)

)) 1
q−1

, (18)

where

ZR(t) = Îα(1, . . . , N)T̂ (1, . . . , N)

(
1− q − 1

q
β

(
H −

∫
dµα(x) a

∗ (x; t)n̂(x)

)) 1
q−1

, (19)

a∗(x; t) =
a(x; t)

1 + q−1
q

∫
dµα(x) a(x; t) 〈n̂(x)〉tα

.

Substituting (18) into (11) we get for the nonequilibrium statistical operator

ρ(t) = ρrel(t) +

∫ t

−∞
eε(t

′−t)T (t, t′)

∫
dµα(x

′) In(x
′, t′) ρrel(t

′)βa∗(x′; t′) dt′, (20)

where

In(x; t) = (1− P (t))
1

q
ψ−1(t)iLαn̂(x) (21)

is the generalized flow in which function ψ(t) is equal to

ψ(t) = 1− q − 1

q
β

(
H −

∫
dµα(x) a

∗(x; t) n̂(x)

)
,

P (t) is the projection operator with the following structure:

P (t) . . . =

∫
dµα(x)

∫
dµα(x

′) 〈. . . n̂(x)〉tα,rel [〈n̂(x)δ{[qψ(t)]−1n̂(x′)}〉tα,rel]−1δ{[qψ(t)]−1n̂(x′)},

where δ{A} = A− 〈A〉tα,rel.
By using the nonequilibrium statistical operator (20) one can obtain for the parameter of reduced

description a generalized kinetic equation for the nonequilibrium one-particle distribution function:

∂

∂t
〈n̂(x)〉tα = 〈iLαn̂(x)〉tα,rel +

∫
dµα(x

′)

∫ t

−∞
eε(t

′−t)φnn(x, x
′; t, t′)βa∗(x′; t′) dt′, (22)
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where
φnn(x, x

′; t, t′) = Îα(1, . . . , N)T̂ (1, . . . , N)iLαn̂(x)T (t, t
′)In(x

′; t′)ρrel(x
N ; t′) (23)

is the generalized transport kernel describing the kinetic processes in which averaging is performed
according to power–distribution (18). Exposing the action of the Liouville operator iLα on n̂(x)

iLαn̂(x) = −Dα
r · p(x)−Dα

p · F (x), (24)

where

p(x) =

N∑

j=1

pj δ(r − rj) δ(p − pj), F (x) =

N∑

j=1

F j δ(r − rj) δ(p − pj) (25)

is the microscopic density of momentum and force in the phase space of coordinates and momentums
of all particles, we get:

φnn(x, x
′
; t, t

′
) = Dα

r ·Dpp(x, x
′; t, t′) ·Dα

r′ +Dα
r ·DpF (x, x

′; t, t′) ·Dα
p′

+Dα
p ·DFp(x, x

′; t, t′) ·Dα
r′ +Dα

p ·DFF (x, x
′; t, t′) ·Dα

p′ , (26)

where Dpp(x, x
′; t, t′) is the generalized diffusion coefficient and DFF (x, x

′; t, t′) is the generalized co-
efficient of friction in the space of coordinates and momentums, DpF (x, x

′; t, t′) describes the spatio-
temporal correlations between p(x) and F (x). Substituting (24) and (26) into (22) we get a generalized
kinetic equation for a nonequilibrium one-particle distribution function with fractional derivatives

∂

∂t
〈n̂(x)〉tα = Dα

r 〈p(x)〉tα,rel +Dα
p 〈F (x)〉tα,rel

+

∫
dµα(x

′)

∫ t

−∞
eε(t

′−t)
(
Dα

r ·Dpp(x, x
′; t, t′) ·Dα

r′ +Dα
r ·DpF (x, x

′; t, t′) ·Dα
p′

+Dα
p ·DFp(x, x

′; t, t′) ·Dα
r′ +Dα

p ·DFF (x, x
′; t, t′) ·Dα

p′

)
βa∗(x′; t′) dt′, (27)

which takes into account memory effects and spatial inhomogeneity.

4. Conclusions

On the basis of approach [1,4] a non-Markov kinetic equation with fractional derivatives for a nonequi-
librium one-particle distribution function is obtained. It is important to note that given equation
contains the generalized diffusion and friction coefficients in the space of coordinates and momentums
of particles and is one of the problems for mathematical modeling in specific applications. One of
important application for given equation is describing kinetic processes of particle transport (in par-
ticular, of ions) in porous media (with fractal structure), when changes in momentum can significantly
change the transport mechanisms.
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Узагальнене кiнетичне рiвняння з просторово-часовою
нелокальнiстю

Костробiй П. П.1, Маркович Б. М.1, Рижа I. А.1, Токарчук М. В.1,2
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Отримано немарковське кiнетичне рiвняння у дробових похiдних для нерiвноважної
одночастинкової функцiї розподiлу частинок. Отримане рiвняння мiстить узагальненi
коефiцiєнти дифузiї i тертя у просторi координат та iмпульсiв частинок, це рiвняння
може бути використане, зокрема, для математичного моделювання кiнетичних про-
цесiв переносу частинок у пористих середовищах з фрактальною структурою.

Ключовi слова: кiнетичне рiвняння, просторово-часова нелокальнiсть, нерiвно-
важна функцiя розподiлу, статистика Ренi.
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