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In this paper, we propose a model that allows us to investigate the influence of quantum
size effects and the electroneutrality condition on the spectrum of SPPs waves as a function
of metal thickness in heterogeneous dielectric/metal/dielectric structures. It is shown that
for ultrathin metal layers, the spectrum of plasmon waves has oscillatory behavior in the
domain of small wave vectors (k ≈ 0.05−0.2 nm−1). The amplitude of oscillations depends
on the conditions of electroneutrality for the dielectric/metal/dielectric structure.
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1. Introduction

Investigation of the properties of atomically thin metal films (ATMF) is attracting increasing atten-
tion [1–3]. It is because such scales quantum size effects the characteristics of ATMF begin to affect
quite significantly [4]. Obviously, the mentioned effects should affect the behaviour of a spectrum
of plasmon waves in dielectric/ATMF/dielectric structures. The evidence of this is the results of
experiments published in [6, 7]. Therefore, considering all the above, a problem of constructing a
mathematical model to describe the influence of quantum size effects on a spectrum of plasmon waves
for ATMF is of current interest and needs consideration.

In this paper, we propose to improve the model [8] taking into account the electroneutrality condi-
tion [3,4,9] and to investigate its influence on the dependence of the plasmon spectrum on a thickness
of ATMF.

2. Problem formulation

Fig. 1. Geometry of the structure.

The mathematical model of plasmonic waves propagation in a he-
terogeneous (dielectric/ATMF/dielectric) structure (Fig. 1) is ana-
logous to the one obtained in the previous work [8]. In this model,
dielectric permittivities ε1 and ε3 of insulators are functions of the
time variable t

ε1 = ε1(t), ε3 = ε3(t), (1)

and the dielectric permittivity of ATMF

ε2 = ε2(r||, z, t), r|| = (x, y), (2)

depends on both t and spatial coordinates r||, z (geometry of the structure).
We assume that there are no external charges ρ in the contact region between dielectrics and ATMF.

In this case, the system of Maxwell’s equations [10, 11] is such:

∇ ·D = ρ = 0, ∇ ·B = 0,

∇×E = ρ = 0, ∇×H = J +
∂D

∂t
,

(3)
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where D is electric flux density, B is magnetic flux density, E is electric field strength, H is magnetic
field strength, J is external electric current density. Here “ ·” is the dot product, “×” is the cross
product. Also, we assume that non-local interconnection between E and D [11] vectors exists:

D(r||, z, t) =

∫∫∫
dr′|| dz

′ dt′ εi(r|| − r′||, z, z
′, t− t′)E(r′||, z

′, t′), i = 1, 2, 3. (4)

Taking into account (1) and (2), we model the permittivity in areas of the structure (see Fig. 1) as
follows

ε1(r|| − r′||, z, z
′, t− t′) = ε1(t− t′) δ(r|| − r′||) δ(z − z′),

ε2(r|| − r′||, z, z
′, t− t′) = ε2(r|| − r′||, z, t− t′) δ(z − z′),

ε3(r|| − r′||, z, z
′, t− t′) = ε3(t− t′) δ(r|| − r′||) δ(z − z′),

(5)

where δ(z) is the Dirac delta function [15]. By defining the Fourier transform with respect to time

f(t) =
1

2π

∫ ∞

−∞
f̃(ω) eiωt dω, f̃(ω) =

∫ ∞

−∞
f(t) e−iωt dt, (6)

we will obtain the following expression for εi(r|| − r′||, z, z
′, t− t′):

εi(r|| − r′||, z, z
′, t− t′) =

Ω

(2π)3

∫ ∞

−∞
dω

∫

Ω
dk εi(k, z, z

′, ω) e
−i(k,r||−r′

||
)−iω(t−t′)

, (7)

where Ω = R
2 is the domain of the 2D vector k = (kx, ky).

As before [8], we will consider the case of the transverse magnetic (TM) polarization of E and H

vectors, for which [10]
E = (Ex, 0, Ey), H = (0,Hy, 0),

H(r, ω) = H(z, ω) eikxx,

kx is the wave vector in the direction of propagation. For the TM polarization from Maxwell’s equa-
tions (3) we obtain the following system of wave equations for H [10]

∂2Hy(z, ω)

∂z2
+
(
k20ε1(ω)− k2x

)
Hy(z, ω) = 0, (8)

∂2Hy(z, ω)

∂z2
+
(
k20ε2(k, z, ω) − k2x

)
Hy(z, ω) = 0, (9)

∂2Hy(z, ω)

∂z2
+
(
k20ε3(ω)− k2x

)
Hy(z, ω) = 0, (10)

k0 = ω/c, c is the speed of light in a vacuum. Further investigation of this system requires simulation
of dielectric permittivities ε1(ω), ε2(k, z, ω), ε3(ω).

3. Modeling of dielectric permittivity of ATMF

Consider the dielectric permittivities ε1 and ε3, we can limit ourselves to the high-frequency approxi-
mation [10], namely, put that

ε1(r|| − r′||, z, z
′, t− t′) = ε0ε1(+∞) δ(t − t′) δ(r|| − r′||) δ(z − z′),

ε3(r|| − r′||, z, z
′, t− t′) = ε0ε3(+∞) δ(t − t′) δ(r|| − r′||) δ(z − z′),

(11)

where ε0 is dielectric permittivity of vacuum, ε1,3(+∞) = const is high-frequency dielectric constant,
but to model the dielectric function of ATMF we use the approach proposed in [8].
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We model ATMF by a system of non-interacting electrons in an asymmetric rectangular potential
well of finite width. In addition, we will only take into account spatial dispersion along Z axis, therefore
r|| − r′|| = 0. In this case, the function ε2(r|| − r′||, z, z

′, ω) built of the diagonal components of the
dielectric permittivity tensor has the form [1]

ε2(0, z, z
′, ω) = ε2(z, ω) δ(z − z′) =

(
1−

ω2
p

πneω2

nmax∑

n=1

(k2F − α2
n)|φn(z)|2

)
δ(z − z′). (12)

Here ωp =
√

4πnee2/me is the plasma frequency [10, 12], ne is an electron density in ATMF [12], kF
is the Fermi wave vectors [12,14], αn is quantum numbers of bound states. The presence of surfaces is
described by the potential

U(z) =





U1, if z 6 0,

0, if 0 < z < Lwell,

U2, if z > Lwell.

(13)

Here Lwell is a width of the potential well. The function

ψn(r) =

√
2

S
ei(k·r||) φn(z). (14)

is the wave function [15] of an electron in ATMF, φn(z) is the solution of the Schrödinger stationary
equation [2, 4, 13, 15]

− ~
2

2m

d2

dz2
φn(z) + U(z)φn(z) =Wφn(z), (15)

with the Dirichlet boundary conditions

lim
z→±∞

φn(z) = 0. (16)

The solution of (15) with the potential (13) has the following form [4]:

φn(z) = C(α)





α

s1
e
√
s21−α

2z, if z 6 0,

sin
(
αz + arcsin

α

s1

)
, if 0 < z < Lwell,

sin
(
αLwell + arcsin

α

s1

)
e−

√
s22−α

2(z−Lwell), if z > Lwell,

(17)

where si =
√
2mUi/~, i = 1, 2, C(α) is the normalising constant [4]

C(α) =

√
2√

Lwell +
(α/s1)2√
s21−α

2
+ (α/s2)2√

s22−α
2
− 1

α sin
(
αLwell

)
cos
(
αLwell + 2arcsin α

s1

) . (18)

To find quantum numbers αn we need to solve the equation [2, 4, 13]:

αnLwell = πn− arcsin
αn
s1

+ arcsin
αn
s2
, (19)

the maximum number of bound states nmax we will find from the condition [4]

nmax =

[
1

π

(
Lwellmin(s1, s2) + arcsin

min(s1, s2)

s1
+ arcsin

min(s1, s2)

s2

)]
,

where “ [·]” is the ceiling function.
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Fig. 2. The Fermi wave vector as a function of the film
thickness. The dotted horizontal curve shows the bulk

Fermi wave vector.

In this paper, we consider two models for
describing a potential well: (a) the bulk chem-
ical potential is used as the chemical potential
of ATMF; (b) the chemical potential of ATMF
is calculated as in [4]. In the second (b) case,
it is stated that the width of the potential well
depends on the penetration of electrons into the
dielectric, namely [4] Lwell = Lslab + d1 + d2,
where Lslab is a geometric thickness of ATMF
and di is determined from the condition of elec-
troneutrality and according to [5]

di =
3π

8kF
+

π2

8k2FLwell
− 3

4kF

(√
s2i
k2F

− 1 +

(
2− s2i

k2F

)
arcsin

kF
si

)
, i = 1, 2. (20)

The Fermi wave vector kF is unknown and should be determined from the electroneutrality condition [4]

2

3r3s
=

1

Lslab

nmax∑

n=1

(k2F − α2
n), (21)

In this case, the width of the well also depends on a concentration of electrons. The difference between
the Fermi wave vectors in both cases is depicted in (Fig. 2).

4. Dispersion relation and plasmon spectrum simulation results
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Fig. 3. Dielectric permittivity of ATMF
Lslab = 5 nm when frequency ω

ωp
= 4.

In Fig. 3, the behaviour of ε2(z, ω) is depicted. From this
figure it is seen that the dielectric function ε2(z, ω) dif-
fers from a constant only near the dielectric/ATMF and
ATMF/dielectric interfaces. Let us assume that

ε2(z, z
′, ω) =

(
ε2(Lwell, ω) + η∆ε2(z, ω)

)
δ(z − z′),

where

ε2(Lwell, ω) =
1

Lwell

∫ Lwell

0
ε2(z, ω) dz

= 1−
ω2
p

2πneω2

nmax∑

n=1

(k2F − k2n)|φn(z)|
2
, (22)

|φn(z)|
2
=

1

Lwell

∫ Lwell

0
|φn(z)|2dz (23)

and ∆ε2(z, ω) are terms that describe behaviour ε2(z, ω) in near-surface areas, η is the small parameter.
Taking this into account, we represent the solution of the equation (9) for Hy(z, ω) as series in powers
of η

Hy(z, ω) =
∞∑

m=0

ηmHm(z, ω) (24)

and obtain the equation for H0(z, ω) and H1(z, ω):

∂2H0(z, ω)

∂z2
+
(
k20ε(Lwell, ω)− k2x

)
H0(z, ω) = 0, (25)
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∂2H1(z, ω)

∂z2
+
(
k20ε(Lwell, ω)− k2x

)
H1(z, ω) = −k20 η∆ε(z, ω)H0(z, ω). (26)

As in [8], when finding the influence of the thickness Lslab of ATMF on the plasmon spectrum, we
limit ourselves to the case Hy(z, ω) ≈ H0(z, ω). In this case, the dispersion relation for finding the
spectrum has the form

e−4k1
Lwell

2 =
k1/ε1 + k2/ε2
k1/ε1 + k2/ε2

k3/ε1 + k3/ε2
k3/ε3 + k2/ε2

, k2i = k2x − k20 εi, i = 1, 2, 3 (27)

that coincides with results obtained in [10]. Here ε1 = ε(ω), ε2 = ε(ω,Lwell), ε3 = ε(ω).
The dielectric function of ATMF is described by the function (14)

ε2(Lwell, ω) = 1−
ω2
p

2πneω2

nmax∑

n=1

(k2F − k2n)|φn(z)|
2
. (28)

Table 1. The parameters of the structures
considered in the simulation.

Structure ε1 ε2 U1, eV U2, eV
Vacuum/Ag/Al2O3 1 9 9.855 8.505

SiO2/Ag/Al2O3 4 9 8.755 8.505
Vacuum/Ag/Si 1 13 9.855 5.805

The simulation was carried out for the
parameters that correspond to the struc-
tures Vacuum/Ag/Al2O3, SiO2/Ag/Al2O3,
Vacuum/Ag/Si (Table 1). All these param-
eters we took from [3,9] and from [6] for Ag
on Si substrate.

Lslab, aB

~
ω
,
eV

kx, nm−1

Fig. 4. Dependence of the plasmon spectrum on the ATMF
thickness for the structure Vacuum/Ag/Al2O3 in two cases:
for the Drude model (εD(ω)) (dotted curves), for ε2(Lwell, ω)

(solid lines).

Fig. 4 shows results for “relatively
great” thicknesses of ATMF (1000 ÷ 1020
Bohr radius) that was compared with the
Drude model with negligible damping [10]
for Vacuum/Ag/Al2O3,

ε(ω,Lwell) = εD(ω) = 1−
ω2
p

ω
(29)

Figs. 5–7 show the results of simula-
tion for the structures Vacuum/Ag/Al2O3,
SiO2/Ag/Al2O3 and Vacuum/Ag/Si for
ATMFs ∼ 10÷50nm thick in Bohr radius.

Table 2 shows the results of comparison with [6] (column Exp.) for Vacuum/Ag/Si structure when
Lslab ≈ 2.4 nm or ≈ 43.54 Bohr radius. Unfortunately, in [6] data are presented only for small wave
vectors (kx / 0.1nm−1). Nevertheless, we can see that with increasing of the wave vector kx, the dif-
ference between simulation and experiment increases too. As we mentioned before, for Vacuum/Ag/Si
structure there is almost no difference between two considered models. But still, we have provided
data for both models.

Table 2. Comparison with the experiment for Vacuum/Ag/Si structure for Lslab ≈ 2.4 nm.

kx ≈ 0.028 nm−1 kx ≈ 0.049 nm−1

kx (a) (b) Exp. kx (a) (b) Exp.
0.02731 1.272 1.272 0.62 0.04824 1.774 1.776 0.8
0.02753 1.279 1.280 0.62 0.04847 1.778 1.780 0.8
0.02776 1.287 1.288 0.62 0.04870 1.781 1.784 0.8
0.02799 1.294 1.295 0.62 0.04892 1.785 1.787 0.8
0.02822 1.302 1.303 0.62 0.04915 1.789 1.791 0.8
0.02844 1.309 1.310 0.62 0.04938 1.792 1.795 0.8
0.02867 1.316 1.317 0.62 0.04961 1.796 1.798 0.8
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Fig. 5. Dependence of the plasmon spectrum on the ATMF thickness for the structure Vacuum/Ag/Al2O3 in
the cases (a) (dotted curves) and (b) (solid curves).
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Fig. 6. Dependence of the plasmon spectrum on the ATMF thickness for the structure SiO2/Ag/Al2O3 in the
cases (a) (dotted curves) and (b) (solid curves).
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Fig. 7. Dependence of the plasmon spectrum on the ATMF thickness for the structure Vacuum/Ag/Si in the
cases (a) (dotted curves) and (b) (solid curves).

5. Conclusions

The conducted analysis shows that for films with a thickness of ∼ 10÷20ML, the influence of quantum
effects is noticeable when wave vector kx ' 0.1nm−1 [2, 4]. The dependence of the plasmon spectrum
on the film thickness has a distinct oscillating character for Vacuum/Ag/Al2O3, SiO2/Ag/Al2O3 sand-
wiches with a gradual decrease in the amplitude of oscillations with increasing thickness. But for
Vacuum/Ag/Si oscillations are much less observable.

Taking into account the discreteness of the Fermi wave vector and the conditions of electroneutrality
for small thicknesses gives the shift of the oscillation peaks with a general tendency towards a decrease in
the plasmon spectrum frequency peaks compared with the case when the wave vector depends only on a
concentration of electrons in ATMF for Vacuum/Ag/Al2O3, SiO2/Ag/Al2O3. For Vacuum/Ag/Si the
difference between two models almost negligible. Also, there is significant dependence of the spectrum
on the dielectric media surrounding ATMF. For “relatively thick” films, the difference between the
models becomes less noticeable, and both charts slowly approach the Drude model from below.
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Вплив електронейтральностi металевого прошарку на
плазмонний спектр у структурах “дiелектрик–метал–дiелектрик”

КостробiйП.П., МарковичБ.М., ПольовийВ.Є.

Нацiональний унiверситет “Львiвська полiтехнiка”,
вул. С. Бандери, 12, Львiв, 79013, Україна

У роботi запропоновано модель, яка дає змогу дослiдити вплив квантоворозмiрних
ефектiв та умови електронейтральностi на спектр SPPs хвиль як функцiї товщи-
ни металу в гетерогенних структурах “дiелектрик–метал–дiелектрик”. Показано, що
для надтонких металевих прошаркiв спектр плазмонних хвиль проявляє осциляцiйну
поведiнку в областi малих хвильових векторiв (k ≈ 0.05 − 0.2 нм−1). Амплiтуда ос-
циляцiй залежить вiд умов електронейтральностi для структури “дiелектрик–метал–
дiелектрик”.

Ключовi слова: поверхневий плазмон, спектр плазмона, товщина металевого ша-
ру, дiелектрична проникнiсть, електронейтральнiсть.

2000 MSC: 78A50, 78-05, 78A25

УДК: 537.5.8:535.5:519.6

Mathematical Modeling and Computing, Vol. 6, No. 2, pp. 297–303 (2019)


