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The stress-strain state of a functionally gradient isotropic thin circular cylindrical shell
under local heating by a flat heat source has been investigated. For this purpose, a
mathematical model of the classical theory of inhomogeneous shells has been used. A
two-dimensional heat equation is derived under the condition of a linear dependence of
the temperature on the transverse coordinate. The solutions of the non-stationary heat
conduction problem and the quasi-static thermoelasticity problem for a finite closed cylin-
drical pivotally supported shell have been obtained by means of methods of Fourier and
Laplace integral transforms. Numerical results are presented for the metal–ceramic com-
posite used to restore the integrity of human tooth crowns.
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1. Introduction

Composite cylindrical shells, as important elements of many modern constructions, are often subjected
to rapid-action temperature fields that can cause significant stresses and deformations. Therefore,
the calculation of temperature stresses in such structures is an important scientific task that is still
of interest of engineers. Especially in recent decades, the attention has been paid to the shell of
an inhomogeneous structure [1–3] (laminated and functionally gradient (FG)), which, due to good
thermal-resistant and rigid properties, became irreplaceable in modern technologies.

The temperature stresses in the elements of structures of FG materials were studied on the basis
of both three-dimensional equations of thermoelasticity [4, 5] and two-dimensional ones [6–8]. The
equations of interrelated thermoelasticity [6] and numerical methods of calculation [6, 9] were also
used. The more detailed overview of the various models is given in the papers [10, 11].

The purpose of this paper is to investigate the influence of parameters of heterogeneity on the stress-
strain state of an isotropic circular cylindrical shell under its local heating by heat sources distributed
along the guiding arc using the equations of thermal elasticity and conductivity of the classical shell
theory.

2. The problem formulation and the basic equations

Let us consider an inhomogeneous isotropic circular cylindrical shell with the length l and the constant
thickness 2h. The points of the shell belong to a cylindrical coordinate system x, θ, z, where x is the
axial coordinate, θ is the circle coordinate, z is the radial coordinate. The origin of the coordinates is
located on the middle surface with the radius R.

Let the shell be heated by sources of heat, which are the arbitrary functions of spatial coordinates
and the time. The force load is absent. We investigate the thermoelastic state of the shell on the basis
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of the equations of the classical Kirchhoff-Love theory [12], which for a nonuniform material, we write
in terms of displacements u, v, w

Li1u+ Li2v + Li3w = bi, i = 1, 2, 3. (1)

Here, the differential operators Lij (Lij = Lji) and the absolute terms bi have the form

L11 = A
(
∂211 + (1− ν)/(2R2)∂222

)
, L12 = (A(1 + ν)/2 +B/R) /R ∂212,

L13 = νA/R∂1 −B∂1
(
∂211 + 1/R2∂222

)
,

L22 = (1− ν)
(
A+ 4B/R + 4D/R2

)
/2∂211 +

(
A+ 2B/R +D/R2

)
/R2∂222,

L23 = (A+B/R) /R2∂2 − (B +D/R) /R3∂3222 − (B + (2− ν)D/R) /R ∂3112,

L33 = A/R2 − 2B
(
ν∂211 + 1/R2∂222

)
/R +D

(
∂41111 + 2/R2∂41122 + 1/R4∂42222

)
,

b1 = At∂1T1 +Bt/h ∂1T2,

b2 =
(
At +Bt/R

)
/R ∂2T1 +

(
Bt +Dt/R

)
/ (Rh)∂2T2,

b3 =
(
At/R−Bt

(
∂211 + 1/R2∂222

))
T1 +

(
Bt/R −Dt

(
∂211 + 1/R2∂222

))
/hT2,

where

{A,B,D} =
1

1− ν2

∫ h

−h
E(z)

{
1, z, z2

}
dz;
{
At, Bt,Dt

}
=

1

1− ν

∫ h

−h
E(z)αt(z)

{
1, z, z2

}
dz;

Ti =
2i− 1

2hi

∫ h

−h
t zi−1dz (i = 1, 2); t = T1 +

z

h
T2; ∂1 =

∂

∂x
; ∂2 =

∂

∂θ
;

E(z) is a modulus of elasticity; αt(z) is the coefficient of thermal linear expansion; ν is the Poisson’s
coefficient; t is the increase in temperature.

The system of equations (1) with the boundary conditions [12] forms the boundary value problem
of temperature stresses for isotropic inhomogeneous cylindrical shells in terms of displacements.

The integral temperature characteristics T1, T2 of the absolute terms of the system (1) we determine
from the corresponding equations of heat conduction under the boundary conditions imposed on the
surfaces and on the edges of the shell. Under the equal conditions of heat exchange on the surfaces
z = ±h of the shell, the equations of heat conduction have the following form

∆_(1)T1 +∆_(2)T2 +
Λ(1)

Rh
T2 − C(1)∂τT1 − C(2)∂τT2 − 2αz(T1 − tz) = −W t

1,

∆(2)T1 +∆(3)T2 −
Λ(1)

h2
T2 +

Λ(2)

Rh
T2 − C2∂τT1 − C(3)∂τT2 − 2αzT2 = −W t

2,

(2)

where ∆(i) = Λ(i)

(
∂211 + ∂222/R

2
)
;
{
Λ(i), C(i),W

t
i

}
=
∫ h
−h {λ(z), cε(z), wt}

(
z
h

)i−1
dz, (i = 1, 2, 3); ∂τ =

∂
∂τ ; λ(z) coefficient of thermal conductivity; cε(z) is the specific heat; tz is the ambient temperature
on the surfaces z = ±h; αz is the heat transfer coefficient; wt(x, θ, z, τ) is the density of heat sources;
τ is a time variable.

3. Method of solving

For unambiguity of the solution of systems of equations of thermoelasticity (1) and of thermal conduc-
tivity (2), we impose the following boundary conditions on the edges x = 0 and x = l:

v = w = 0, ∂u/∂x = ∂2w/∂x2 = 0, (3)

T1 = T2 = 0, (4)
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as well as homogeneous initial conditions for temperature characteristics:

{T1, T2}τ=0 = 0, (5)

Let the shell is heated by the heat sources, whose functions we write in the following form

W t
i (x, θ, τ) =W z

i (x, θ) ·W τ
i (τ) (i = 1, 2).

Assume also that the ambient temperature on the surfaces is zero, and the specific heat of the shell
material is constant. Then, applying to the system of equations (2) the Laplace integral transformation
with respect to time and the double finite Fourier transform with respect to coordinates in accordance
with conditions (4), (5), we obtain the expressions of the Fourier coefficients for the integral temperature
characteristics

T1mn =
R2

2hλ0

2∑

i 6=j=1

(pi − g4)Q1mnZ1i(τ
′) + 3g2Q2mnZ2i(τ

′)

pi − pj
,

T2mn =
R2

2hλ0

2∑

i 6=j=1

3 (pi − g1)Q2mnZ2i(τ
′) + g3Q1mnZ1i(τ

′)

pi − pj
,

(6)

where

pi =
g1 + g4

2
+ (−1)i

√
(g1 − g4)2

4
+ g2 g3; g1 = β1

(
µ2n +m2

)
+ Bi/δ2;

g2 = β2
(
µ2n +m2

)
− β1/δ; g3 = 3β2

(
µ2n +m2

)
;

g4 = 3
(
β3
(
µ2n +m2

)
+ (β1 + Bi) /δ2 − β2/δ

)
;

µn = πnR
l ; Bi = αzh

λ0
; τ ′ = λ0τ

cεR2 ; δ = h
R ; βi =

Λ(i)

2hλ0
; λ0 is a characteristic coefficient of thermal

conductivity;

Qjmn =
k0
πl

∫ l

0

∫ π

−π
W z
j (x, θ) sin

πn

l
x · cosmθ dx dθ, k0 =

{
1, m = 0
2, m 6= 0

;

Zji(τ
′) =

∫ τ ′

0
W τ
j (v) e

−pi(τ
′−v)dv (j, i = 1, 2).

The temperature characteristics in terms of the Fourier coefficients are expressed by formulas

{T1, T2} =

∞∑

n=1

∞∑

m=0

{T1mn, T2mn} sin
πn

l
x · cosmθ. (7)

The solution of the system of equations of equilibrium (1) which satisfies the boundary conditions (3),
in the known temperature field (7) we determine also by means of the method of finite dual Fourier
transformation with respect to the coordinates x, θ. Then the components of the displacements u, v, w
in terms of the Fourier coefficients we obtain in the following form

u =

∞∑

n=0

∞∑

m=0

Umn cos
πn

l
x · cosmθ,

v =

∞∑

n=1

∞∑

m=1

Vmn sin
πn

l
x · sinmθ, (8)

w =

∞∑

n=1

∞∑

m=0

Wmn sin
πn

l
x · cosmθ.
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By means of the known components of displacement (8) and the integral characteristics of the
temperature field (7), we determine the internal efforts N1, N2, S, moments M1,M2,H and stresses σij
according to the formulas:




N1

N2

M1

M2


 =




A Aν −B Bν
Aν A −Bν B
B B −D Dν
B B −Dν D







∂1u
(∂2v + w)/R

∂211w
(∂2v − ∂222w)/R

2


−




At

At

Bt

Bt


T1 −




Bt

Bt

Dt

Dt



T2
h
,

(
S
H

)
=

1− ν

2

(
A 2B
B 2D

)(
∂1v + ∂2u/R

(∂1v − ∂212w)/R

)
,

{
σ11
σ22

}
=

E(z)

1− ν2

(
1 ν
ν 1

)[
∂1u1

(∂2v + w) /R
+ z

( −∂211w
(∂2v − ∂222w)/R

2

)]
− E(z)αt(z)

1− ν
t,

σ12 =
E(z)

2(1 + ν)

[
∂1v + ∂2u/R+ 2z(∂1v − ∂212w)/R

]
. (9)

4. Analysis of numerical results

Numerical investigations is performed for a shell that is heated by heat sources constant in the thickness,
which are distributed uniformly along the arc of the circle |θ| 6 η in the distance x = x0. Then

wt(x, θ, z, τ) = w∗δ (x− x0) (S−(θ + η)− S+(θ − η)) S+(τ),

where w∗ = const; 2η is the central angle of the heating arc; δ(x) is the Dirac’s function; S±(x) are
asymmetric unit functions.

The shell is made of functionally gradient composite of metal-ceramic, for which we assume that the
Poisson’s ratio and the specific heat are constant, and the modulus of elasticity E(z), the coefficient
of linear thermal expansion αt(z), and the coefficient of thermal conductivity λ(z) vary according to
the power law depending on the coordinate z [6]:

E(z) = Em + (Ec − Em)

(
z

2h
+

1

2

)k
, αt(z) = αtm +

(
αtc − αtm

)( z

2h
+

1

2

)k
,

λ(z) = λm + (λc − λm)

(
z

2h
+

1

2

)k
, (10)

where k is the parameter of heterogeneity, which characterizes the change of the properties in the
thickness of the shell; c and m are indices that indicate the belonging of quantities to ceramics or
metal.

Physical and mechanical properties of ceramics (ZrO2) and of metal (Ti-6Al-4V) we take as fol-
low [6]:

metal: ν = 0.3; Em = 66.2GPa; αtm = 10.3 · 10−6 ◦C−1; λm = 18.1W/(m ·◦C);
ceramics: ν = 0.3; Ec = 117GPa; αtc = 7.11 · 10−6 ◦C−1; λc = 2.036W/(m ·◦C).

For other parameters, we put the following values: h/R = 0.05, l/R = 3, η = π/2, x0 = l/2, tz = 0,
Bi = 0.2.

For these parameters, we have calculated the dimensionless temperature characteristics T ′
i =

λmTi
h2w∗ ,

deflections w′ = λmw
Rh2αt

mw
∗ , normal efforts N ′

i = λmNi
Emh3αt

mw
∗ , bending moments M ′

i = λmMi
Emh4αt

mw
∗ and

normal stresses σ′i =
λmσii

Emh2αt
mw

∗ depending on the circular coordinates θ for x = l/2 and such values
of parameters of heterogeneity: k = 0; 2; 5 and k = ∞. It is obvious that with the decrease of the
parameter k, the proportion of ceramics in the direction of thickness increases and the shell becomes
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more rigid since the modulus of elasticity of ceramics is larger than that one of metal. With the
increase of k, the proportion of metal increases. The zero value of the parameter k corresponds to a
homogeneous shell made of ceramics, and that which is infinitely great corresponds to a homogeneous
shell made of metal.

The changes of the average temperature T ′
1 and radial deflection w′ are illustrated in Fig. 1.
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It can be seen from the figure that the average temperature for all materials is constant along the
arc of the action of the sources, and the greatest value is achieved for ceramics. In transit to the
unheated section, it drops sharply to the ambient temperature. The deflections gradually change from
the greatest positive values in the heating area to the negative values in the unheated section. The
maximal deflections reduce with an increase of the proportion of ceramics.
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In Fig. 2, the changes of normal efforts N ′
1 and N ′

2 are shown. They are of oscillating nature. The
effort N ′

1 in comparison with other parameters of stressed state has a feature that in the boundary
zone between heated and unheated sections, they attain the same maximum compressive and tensile
values. The maximal N ′

2 for all k in the heating area is compressive, and for k=0 it is more than three
times greater than for k = ∞.

Fig. 3 illustrates the monotonous nature of the change of bending moments M ′
1 and M ′

2 along the
guide arc. The maximal positive values for ceramics are greatest and they decrease with the increase
of the proportion of metal in the composite.

In Fig. 4, the dependence of normal stresses σ′1 and σ′2 on the circular coordinate on the surface of
the shell z = h is shown. It can be seen that the heterogeneity of the material can significantly change
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both the quantitative picture of the stress state and the qualitative one: the maximal σ′2 for k=0 is
negative, and for k = ∞ it is positive.

5. Conclusions

Using the Kirchhoff-Love’s linear theory of shells, we have investigated the stress-strain state of an
isotropic functionally gradient closed circular cylindrical shell with the finite length, which is heated
by a flat linear heat source acting along the guiding arc, whose edges are pivotally supported and of
zero temperature. The physical and mechanical properties of the shell material are assumed to be
arbitrary functions of the transverse coordinate. The quasistatic thermoelasticity problem has been
solved by means of the finite double Fourier transform method with respect to the surface coordinates
and by the Laplace integral transform with respect to time. Parameters of the stress-strain state have
been calculated for a shell made of metal-ceramics composite, for which the modulus of elasticity, the
coefficient of thermal linear expansion, and the coefficient of thermal conductivity vary in the thickness
according to the power law. Numerical results describing the influence of the inhomogeneity parameter
on the temperature field and on the stress-strain state of the shell are presented in the form of graphs.
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Функцiонально-градiєнтна iзотропна цилiндрична оболонка за
локального нагрiвання джерелами тепла
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Дослiджено напружено-деформований стан функцiонально-градiєнтної iзотропної
кругової тонкої цилiндричної оболонки за локального нагрiвання плоским джерелом
тепла. Для цього використано математичну модель класичної теорiї неоднорiдних
оболонок. Двовимiрне рiвняння теплопровiдностi виведено за умови лiнiйної залеж-
ностi температури вiд поперечної координати. Методами iнтегральних перетворень
Фур’є i Лапласа знайдено розв’язок нестацiонарної задачi теплопровiдностi та ква-
зiстатичної задачi термопружностi для скiнченної шарнiрно опертої замкненої цилiн-
дричної оболонки. Числовi результати наведено для композиту метал–керамiка, що
використовується для вiдновлення цiлiсностi коронок зубiв людини.

Ключовi слова: термопружнiсть, функцiонально-градiєнтнi матерiали, темпе-
ратурне навантаження, цилiндрична оболонка.
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