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The two-dimensional stationary problems of heat conduction and thermoelasticity for a
semi-infinite elastic body containing an inclusion and a crack are considered. For this
purpose, mathematical models of these two-dimensional problems in the form of a system
of singular integral equations (SIEs) of the first and the second kinds are constructed. The
numerical solution of the system of integral equations in the case of a half plane containing
an inclusion and thermally insulated crack due to local heating by a heat flux is obtained
using the method of mechanical quadratures. We present graphical dependencies of stress
intensity factors (SIFs), which characterize the distribution of intensity of stresses on the
tops of a crack, on the elastic and thermoelastic characteristics of an inclusion and a
matrix, as well as on a relative position of a crack and an inclusion. The obtained results
are subsequently used to determine the critical values of a heat flux at which a crack starts
to grow. This model is the development of known models of two-dimensional stationary
problems of heat conduction and thermoelasticity for piecewise-homogeneous bodies with
cracks.

Keywords: stress intensity factor, singular integral equation, inclusion, heat conduction,
thermoelasticity, crack, heat flux.
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1. Introduction

The two-dimensional problems of thermoelasticity for semi-infinite bodies with cracks have already
been investigated in the literature. In particular, the thermoelastic state of a half plane containing an
internal rectilinear crack at different temperature and force conditions imposed on the crack tips and
on the edge of the half plane was analyzed in [1-3|. The method of SIE was used for the analysis of the
plane thermoelastic state in a half space containing an internal arbitrary oriented rectilinear crack [4],
a periodic system of cracks of this sort [5], internal curvilinear crack [6], edge crack [7]| or an inclusion
and a crack [8,9] due to local heating over a part of its free surface by a heat flux.

The SIE of heat conduction and thermoelasticity with special Cauchy-type kernels for a plane with
thermally insulated cracks or heat-conducting cuts located in a circular foreign inclusion [10], as well
as for bodies with thermal cylindrical inclusions and crack [11] are deduced by the method of functions
of a complex variable. The solutions of the thermoelasticity problem for a plane with a crack on the
basis of the finite element method [12] and the Fourier integral transform method [13] were presented.

However, the problems of thermoelasticity remain poorly investigated for nonhomogeneous semi-
infinite bodies with cracks (cuts) and in the available literature, there can be found no solutions for
multi-component bodies with cracks and, in particular, for the two-component bodies with cracks.

The aim of this article is: (i) to construct a two-dimensional mathematical model of the stationary
problems of heat conduction and thermoelasticity for an elastic half plane containing an inclusion and
a crack in the form of a system of singular integral equations (SIE); (ii) to determine the numerical
solutions of SIE (employing the method of mechanical quadratures) in the particular case of a circular
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inclusion and thermally insulated crack when a half plane is heated at a part of its free edge by a
constant-intensity heat flux. This makes it possible to determine stress intensity factors (SIF) at the
tops of the crack.

2. Statement of the problem

In this paper, we consider an elastic half plane containing an elastic circular inclusion with contour L4
and internal rectilinear thermally insulated crack Lo (see Fig.1). We assume that contours L, n = 1,2
do not have common points. Each contour is connected with a local coordinate systems z;Oryy, and
the points Oy, are determined in the coordinate system xOy by complex coordinates 29 = ¥ + iy?,
the relationship between these coordinate systems is specified by the relations z = 2, + 20, z = x + iy,
Zn = Tp + tYn. A domain of bounded width located on the edge on the half plane is heated by a heat
flux with intensity q. The other parts of the edge of half plane are thermally insulated. We also assume
that the edge of the half plane is free from external loads and that temperature and stresses vanish at
infinity. The problem is studied under the conditions of a stationary temperature field.

Consider the problem of heat conduction with the following conditions of thermal contact. We will
assume that along the inclusion contour L; the conditions for an ideal thermal contact (temperatures
and heat fluxes are equal) are given:

A—— = A\ ——, TH = T, ti=zn€l, (1)
n n

and the crack lips L; are thermally insulated

oT*

— = to = Lo. 2
o 0, to=26€ Ly (2)

Here n is the outer normal to the closed contour Lj or to the left face of the cut Lg, A (A1) is the
coefficient of thermal conductivity of the matrix (inclusion); T'(x, y) stands for the temperature; ¢ are
the complex coordinates of points on the contours L; in local coordinate systems; the plus and minus
indices indicate the boundary values of the corresponding values on the left and on the right of the
approach to the contour L,,, n =1, 2.

In the problem of thermoelasticity we assume that the conditions of perfect mechanical contact are
satisfied along of the inclusion contour L4

[N(t1) + @ S(t1)]" = [N(t1) +iS(t1)]

[u(tl) + iv(tl)]"' = [u(tl) + ’iU(tl)]_ , t1 € L. (3)

Suppose that the half plane is subjected to the action of a stationary temperature field T'(x,y).
Assume that the crack lips L are not in contact and are free of the loads in the process of deformation

[N(ta) +iS(t2)]* =0, ts€ Lo. (4)

In the relations (3), (4), Ni(t,) and S(t,), n = 1,2 are the normal and the tangential components
of the load and wu(t1), v(¢;) are the components of displacement.

3. Problem solution

3.1. System of integral equations of the problem of heat conduction

We represent the total temperature in the half plane with an inclusion and crack in the form
T(:Ev y) = TO(:Ev y) + T*(:Ev y)7
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where Ty(x,y) is the temperature in the homogeneous half plane without an inclusion and a crack
caused by the heat flux ¢ and T%(z,y) is the perturbed temperature generated by an inclusion and a
crack. The temperature field Ty(z,y) is described by the formula [5]

1 Cc
To(z,y) = =— [ almy/(@ =" +y2d+C, e[ <oo, |yl <O, (5)

—C

where C' is an arbitrary constant.
We represent the temperature 7*(x,y) in the form of Ti(z,y) = Ref(z), and we use the complex
temperature potential F(z) = f'(z) [§]

1 1 1 1 1 1 ,

where ¢ =t 420 (k = 1,2), u(t1) is an unknown real function on the contour of inclusion Ly, 7/ (t2) is
the derivative of the unknown jump of temperature in passing through the crack contour Lo, (s is the
quantity complex conjugate to (2, ds is an element of arc of the contour Ly, f(z) is analytic function
of the complex variable ug(t), k =1, N.

By satisfying the boundary conditions (1) and (2) with the help of the complex temperature po-
tential (6), we obtain the system of two singular integral equations of the first and the second kind for
the two unknown functions p(¢1) on the contour of an inclusion and +/(¢2) on the contour of a crack

™

,u(Tl) + l/L Im [Kll(tl,ﬁ) + Lll(tl,ﬁ)] ,u(tl)ds

1 )
+ ;/ Im [Klg(tQ,Tl) — ng(tQ,Tl)] ’7/(t2) dto = —A1Im |:F0(771) 62(51):| , T1 € Ly, (7)
Lo

1
- / Im [Ko1(t1,72) + Loi (t1,72)] p(t1) ds
Ly

™

1
+ —/ Im [KQQ(tQ,Tg) — ng(tg,’fg)] ’yl(tg)dtg = —Im [F(](’I’}Q)] , T2 € Lo.
Lo

T
Here A ¢ibn A, ¢iBn
Kk (te, 7) = m L (ty, m0) = m (k=1,2, n=12),
N =Tn + 20, P =dr,/ds, A :%, Ay =1,
Fo(s) = aToa(i,y) B i@Toa(yx,y),

where the temperature Ty(x,y) is given by the relation (5).
The solution of the system of integral equations (7) must satisfy the condition

/ 7' (t2) dty = 0, (8)
Lo

which provide continuity of temperature by passing the contours of a crack. Under condition (8), the
system of integral equations (7) for an arbitrary right-hand side has a unique solution.

Note that the choice of the complex potential in the form (6) ensures the identical satisfaction of
the second equality in the condition (1) on the basis of such a choice of analytic continuation from the
matrix region in the inclusion region, in which the equality of temperatures for the approach on the
left and on the right to the contour of inclusion.

Mathematical Modeling and Computing, Vol.7, No. 1, pp. 88-95 (2020)



Mathematical modeling of stationary thermoelastic state in a half plane containing an inclusion ... 91

3.2. System of integral equations of the problem of thermoelasticity

By satisfying the boundary conditions (3), (4) with the help of the complex potentials [§], we obtain
in the problem of thermoelasticity the system of two singular integral equations of the first and the
second kind for the two unknown functions @1(¢1) on the contour of an inclusion and Q2(¢2) on the
contour of a crack

A1Qi(m) + % /L1 {Rll(tth)Ql(tl)dtl + Sll(tlaTl)Ql(tl)d_tl}

_|_% i [R12(t2,7'1)Q2(t2)dt2+Sl2(t2,7‘1)Q2(t2)d_tz} =Pi(n), mely, (9)

1 -
o [321(151,72) Q1(t1) dty + So1(t1,m2)Q1(t1) dt1}
7 L1
1 .
+ o {322(152,7'2) Q2(t2) dta + Saa(ta, T2)Q2(t2) dtz} = Ps(12), T € Lo,
Lo
where

Rk (te, ) = RL (L, )

] Bn n h — E —24
— et {_ + C (§k2 gk) + LC’ne 2i0u, |:
T
nk

(210 — &k — M) (fk—ik)] 1 },

Tnk dTn Tf;’k Tnk
; B —§ C dr, 0. H
S (b T) = Srllk(tkaTn) + e lon w + T_" — dﬁcne—%ocn__;m ,
nk nk Tn Tnk‘

By @ et
Hy, dry, Hkn

Hpyp =& =, Toe=8& —Th, (k=1,2;n=1,2)
A =05[1+x1+T1(1+x)], Bi=x1—Tix, Ci=1-T1, By=1, Co=-1,
Pi(m) =T1Bif~(m) = B/ fT(m), Pa(rz) =0,
x=3—4u, B'=dE, x1=3-4m, Bi=aiE, TI'i=G/G.
Qi(t1) =q1(t1), t1€la

Qaltz) = 4(12) + {0 [ (0) ~ 0], o Lo 1)

The functions f*(n;) are defined as the limiting values of potential f(z). The unknown function
gh(t2), which is the derivative of the jump of displacements in passing through the crack contour, is
sought in the class of Holder function with integrable singularities at the crack tips.

Here are the following designations: x = (3 — pu)/(1 + p), B* = a'E(1 + u) are for a plane stressed
state; of, G, E(al, Gy, E1) are the coefficient of linear thermal expansion, shear modulus, Young’s
modulus, u(uy,) is Poisson’s ratio material of the matrix (the inclusion), respectively.

The system of integral equations (9) has a unique solution for an arbitrary right-hand side under
the condition

1 Ee—%anHkn] .

R}lk(tk’Tn) = [ :| S}Lk(tk’Tn) = _Cne_mk [Hk Cdr, H?
n n kn

/ gé(tQ) dtz =0. (11)
Lo
By using the relation (10), we represent the condition in the form
2i3
Qg(tg) dtg = — / tg ’y/(tg) dtg. (12)
Lo L4+x Ji,

Condition (12) ensures the uniqueness of the displacements by passing the contours of cracks.
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We note that the choice of complex potentials in the form [8] ensures the identical satisfaction
of the first equality in the condition (3) on the contours of inclusions on the basis of such a choice
of an analytic continuation from the matrix region in the inclusion region, in which the stresses are
continuous for the approach to the contours of inclusions on the left and on the right.

The algorithm used for the solution of the analyzed problem can be described as follows: the
system of integral equations (7), (8) of the problem of heat conduction is used to find the functions
w(t1) and 4/(t2). Substituting these functions in the system of equations (9), (12) of the problem of
thermoelasticity allows us to find the unknown functions @Q1(¢1) and Q2(t2). Then the stress intensity
factors (SIF) K and Ky, which are the real quantities that characterize the stress-deformed state in
the vicinity of the crack tips, are found according to the formula [14]

Kf —iKi; =F lim [ 2 |ta — 15| Q2 (tg):| ,
t2—)l§t

where the lower signs correspond to the left of crack tip (I; ), and the upper ones correspond to the
right crack tip (I37). The numerical solution of the system of equations (7), (8), and (9), (12) is found
by the method of mechanical quadratures [14].

4. Numerical analysis

We consider an elastic half plane containing an elastic circular inclusion of radius R and internal
rectilinear thermally insulated crack of length 2. The crack is parallel to the edge of the half plane
and its center is located in the Ox-axis. The centers of the inclusion and the crack are located on the
distance h to the edge of half plane and the distance between them is equal to d. Assume that half
plane is heated in a region of width 2c¢ of the free edge due to a uniformly distributed heat flux of
constant intensity ¢ = const. The center of thermal action is located in the origin of the coordinate
system 2Oy (see Fig. 1).

The plots of the dependencies of the dimensionless stress inten-

Y
R/h=0.3 T /q sity factors (SIFs)
KE = KEAL+x)/aBdVI,  kE = KEA(L + x)/qBlVI

on the distance between the center of the inclusion and the crack
d* = d/h for values of dimensionless parameters c¢/h = 0.25,
l/h =105, R/h = 0.3 are depicted in Fig.2. The solid lines corre-
spond to the left tip of the crack (ki , k5 ), whereas the dashed lines
Fig. 1. Schematic diagram of hea-  correspond to its right tip (k‘f‘ , k‘;' ).
ting of a half plane containing an The numerical analysis was carried out for two types of matrix-
inclusion and a crack. inclusion composites (aluminum- steel and steel-aluminum). We
used the following values of the parameters: (E = 192GPa, o =17.0-107K~1, A = 16.7W/(m - K),
p = 0.283) for steel and (! = 23.8 - 107 K~!, E = 68GPa, A = 209W/(m - K), u = 0.34) for
aluminum [16].

For the aluminum-steel (matrix-inclusion) composition SIFs k:li at both crack tips decrease as the
inclusion approaches the crack (Fig.2a). For the SIFs k;ﬁ we observe different picture: if the inclusion
approaches the crack, then the SIF k, for the crack tip located closer to the inclusion decreases and
the quantity |k5 | increases (Fig. 2b). For the steel-aluminum (matrix-inclusion) composition SIFs k‘fﬁ
at both crack tips also decrease as the inclusion approaches the crack (Fig. 2c). At the same time,
the SIF k, (for the crack tip located closer to the inclusion) increases and the quantity |k; | decreases.
Moreover, if the distance between the centers of the inclusion and crack is d* = 5, then the influence of
the inclusion is quite weak and the values of the SIFs k‘f[ and k‘2jE are practically equal to their values
obtained for the homogeneous half plane containing a crack [5].
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ki Ky

0.4-ﬁ

In the considered problem, the lips
of the crack are not in contact. Then, 0.11
according to the og-criterion (based on
the hypothesis of the initial growth

0.08

of the crack) from equations of the 0.061 0
boundary equilibrium [17] it is possi-
ble to find the critical values of the  0.041 =04 -7
heat flux g.. at which the growth of 0.024 @ @
the crack and the local destruction of 5 1 g 7 -0.8 5 1 é &
the body begin according to the for-
mula K ki
4er = Kq 30, :I:ch T o 0.1+ SPCE L O.S‘K

cos” (k;l — 3ky tan 7) i

_(d+xA 0.08- 0-
T QBT

where Kic is a constant of mate- 0.06 034 e
rial that characterizes the resistance @ @
of the material to the destruction and  0.04 : : -0.6 . ,
is determined experimentally; 6, = 2 4 6 dr 2 3 4 ar

ki — (kfc)2+8(k2i)2 ) Fig.2. Dependencies of dimensionless SIFs kf and in on the
2arctan akF is an angle  gjstance between the centers of the inclusion and the crack d* =
of initial growth of the crack. d/h for the two types of matrix—inclusion composites: aluminum-

In the partial case for the aluminum- steel (a,b) and steel-aluminum (c, d).

steel (matrix-inclusion) composition we obtain: if d* = 2, then ¢, = 2.01K,K., if d* = 5, then
der = 1.61K K. for the steel-aluminum (matrix-inclusion) composition we obtain: if d* = 2, then

Gor = 219K Ky, if d* = 5, then g. = 2.30K, K.

5. Conclusions

1. The two-dimensional mathematical models of the problems of stationary heat conductivity and
thermoelasticity for an elastic half plane with an inclusion and a crack in the form of a system of
singular integral equations (SIEs) of the ?rst kind for the contour of the crack and a system of the
second kind for the contour of the inclusion are constructed. This approach allows us to obtain a
numerical solution of the system of SIEs by applying the method of mechanical quadratures.

2. Numerical solution of the system of SIEs in the particular case of a half plane with a circular inclusion
and rectilinear thermally insulated crack due to a heat flux of constant intensity is obtained. On the
basis of this solution, stress intensity factors (SIFs) at the crack tips are calculated, which in the future
will be used to determine the critical values of the heat flux at which the crack begins to grow.

3. Based on the analysis of the obtained critical values g., of the heat flux, it follows: if the more rigid
inclusion (steel-inclusion) approaches the crack, then the critical value of the heat flux ¢., increases (at
which the growth of the crack in the left tip begins); if the less rigid inclusion (aluminum-inclusion)
approaches the crack, then, on the contrary, it causes the decreasing of g... A similar situation is
observed for the right tip of the crack.
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MaTemaTnyHe mMmogentoBaHHS CTALIOHAPHOIO TEPMOMPY>XHOIO CTaHy B
NIBMN/IOWMNHI 3 BKJ/IKOYEHHSM | TPIWWUHOI 33 Al JIOKAJIbHOro
HarpiBaHHS TENJIOBMM NMOTOKOM

3enenaxk B. M.

Hauionarvrut ynisepcumem “/Iveiscora nosimexnira”,
eyn. C. Bandepu, 12, JIvsis, 79013, Yxpaina

PosragmyTo asoBmMmipHi crarioHapHi 3aJadi TENJIOMPOBIIHOCTI Ta TEPMOIPYXKHOCTI s
HAIIBHECKIHYEHHOT'O TMPYZKHOTO Ti/Ia, MO MICTUTh BKJIIOYEHHS Ta TpimuHy. /[71g mporo mo-
OyJ0BaHO MaTeMaTHUYHI MOJEJI UX JBOBAUMIPDHUX 3aJ[a4 Y BUIVISl CUCTEMU CHUHIYJISPHIX
inTerpasnbuux piBusub (CIP) nepmoro ra gpyroro pomy. HucioBuit po3s’si30k cucremu iH-
TerpaJIbHAX PIBHIHDb OJIEP?KAHO METOJOM MEeXaHIYHUX KBaJIpaTyp y pasi mpyrKHOI MiBILIO-
[IIUHH, 0 JIOKAJHHO HATPIBAETHCS TEIJIOBUM ITIOTOKOM 1 MICTATH KPYTOBE BUKJIIOUCHHS Ta
TeII0i30/IbOBaHy MpsiMOJIiHIiTHY Tpimuay. OTpuMmano rpadidni 3a1eKHOCTI KoedilieHTiB
inrencuprocti Hanpyxkeub (KIH), siki xapakTepu3yTh PO3IOJLI IHTEHCUBHOCTI HAIDY-
JKEHHb y BEPIINHAX TPIIUHU, 3aJI€2KHO BiJl IPYKHUX Ta TEPMOIPYKHUX XapPaKTEPUCTUK
BKJIFOUEHHsI Ta MaTPUIIi, BiJl BiJJHOCHOIO IIOJIOXKEHHsI TPIIIUHU Ta BKJIHOYeHHs. OTpuMmaHi
pe3y/IbTaT BUKOPUCTAHI [IJIsi BU3HAYEHHS KPUTUIHUX 3HAYEHD TEIJIOBOTO ITOTOKY, 38 STKO-
ro TpimuHa noynHae poctu. g Moens € po3BHTKOM BiJOMUX MOJesell IBOBUMIPHUX CTa-
IIOHAPHUX 3389 TEIJIOIPOBITHOCTI Ta TEPMOIPY2KHOCTI JijId KYCKOBO-OJIHOPIJIHUX Tijl 3
TPIIUHAMH.

Knrouosi cnosa: mepmonpystchicms, Koedhiuichm iHmeHCusHOCE HaANPYHCeHb, Cutaly-
AAPHE THMEPANOHE PIBHAHHA, GKAOUCHHA, MENAONPOGIOHICMSY, MPIUWUHA, MENA08UL No-
miK.
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