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Using the theory for electron energy spectrum and oscillator strengths of inter-subband
quantum transitions, developed in the model of position-dependent effective mass and
rectangular potentials, the geometrical design for the compact cascade of a quantum cas-
cade detector (with a two-well active region) operating in far infrared range is proposed.
The extractor of the cascade is optimized in such a way that the energy steps of its phonon
ladder resonate with optical phonon energy, providing effective phonon-assisted tunneling
of electrons between the active regions of cascades. It is shown that increasing thickness of
the barrier between the wells of active region, causes the broadening of detector absorption
band due to the bigger distance between energy levels in anti-crossing.
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1. Introduction

The infrared photodetectors have been intensively investigated during the last twenty years. These
devices are functioning due to the transitions between quantum electron bands in the nano-size semi-
conductor quasi-two-dimensional layers of heterostructures. Their operating frequencies are determined
by composition and sizes of the layers, from which the active regions consist. Therefore, different meth-
ods of band engineering demonstrate detectors of different design [1–4], which operate in wide range
of infrared (IR) frequencies: from near- till far-IR.

With respect to the used scheme of electronic current through the active elements, IR photodetectors
are of two types: quantum well infrared photodetectors (QWIP) [4,5] and quantum cascade detectors
(QCD) [2, 6].

The main operating element of typical QWIP [7] contains either isotropic or anisotropic superlattice
with the same quantum wells, where an electron, absorbing photon, transits from the ground into the
excited state. In isotropic QWIPs [8,9] of mid- and far-IR range, the electric field is used to provide the
guided photocurrent. As a result, the dark current and noises appear, essentially increasing at heating.
In order to minimize these negative factors, such QWIPs are usually operating at temperatures not
more than 77K.

In anisotropic QWIPs [10, 11] of near-IR range, the outer electric field is not used because in
nano layers of wurtzite structure the essential inner fields of spontaneous and piezoelectric polarization
appear, forming the triangular shape of potential wells and barriers. Though such QWIPs are function-
ing both at low and room temperatures, but due to the known difficulties in growth of multi-layered
wurtzite superlattices and essential dependence of operating parameters on temperature, their effective
work still remains low.

The basic active part of typical QCD [12] consists of equal cascades, each is composed of two parts
with different functional purpose: active region and extractor. In active region, an electron, absorbing
photon, transits from the ground into the excited level, from which, radiating optical phonons, it tunnels
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through the extractor into the ground state of the next cascade. In QCDs, on the contrary to QWIPs,
the dark and other noises are almost absent, that makes these devices useful for the spectroscopic
measurements, IR imaging, space applications, etc.

Modern QCDs are operating in a wide range of frequencies: from IR till terahertz. QCD of mid-
and far-IR range [13, 14] are composed of isotropic arsenide semiconductors (GaAs, AlAs, InGaAs,
InAlAs, etc). For the QCDs of near-IR range [15,16] the broadband anisotropic semiconductors (GaN,
AlN, AlGaN, InGaN, etc), forming the deep (∼ 2 eV) quantum wells, are used.

However, the majority of QCDs are characterized by the narrow absorption bands, due to which
they cannot be used in the devices which detect IR radiation in wide spectral range. In the refs. [17,18]
QCDs of mid- and far-IR range with wide absorption bands were observed. The proposed design of
cascades allowed to obtain the significant spectral width but the complicated design of cascades didn’t
provide the effective phonon-assisted tunneling of electrons.

In this paper, we propose the geometrical design of compact cascade for QCD operating in far-IR
range. Its extractor is optimized in order to provide the resonant phonon-assisted tunneling of electrons
through the phonon ladder. Analyzing the energy spectrum and oscillator strengths of quantum
transitions, we revealed the mechanism of broadening of absorption band, formed by two transitions
(with close intensity) between electron states in two-well active region.

2. Analytical calculation of electron energy spectrum and wave functions in QCD cas-
cade
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Fig. 1. Geometrical and potential energy sche-

me of multi-layered heterostructure.

The separate cascade of QCD (Fig. 1), being the multi-
layered semiconductor nano heterostructure, with fixed
geometrical sizes of wells and barriers in outer medium-
barrier is studied. Oz axis of Cartesian coordinate sys-
tem is normal to the interfaces between structure lay-
ers. An electron energy spectrum and wave functions
are obtained using the model of rectangular potentials

U(z) =

{
0, j = 1, 3, 5, . . . , N,
U, j = 0, 2, 4, . . . , N + 1

(1)

and effective mass approximation, taking into account
its position-dependence and non-parabolic form of con-
duction band [19]

m(E, z) =





mw(E) = mw

(
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, j = 1, 3, 5, . . . , N

mb(E) = mb

(
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Egb

)
, j = 0, 2, 4 . . . , N + 1

(2)

here N is a number of layers, U is the heights of barriers, mw, mb are the electron effective masses
(without non-parabolicity), Egw, Egb are the energy gaps for the bulk crystals of wells and barriers, E
is the electron energy.

For the successful QCD operation the electronic current should be normal to the interfaces between
the layers, since, further we observe the one-dimensional electronic current along z axis. The electron
energies (En) and wave functions (Ψn(z)) in stationary states (n) are obtained from Schrodinger
equation in the form proposed by BenDaniel–Duke [20]

[
−~2

2

d

dz

1

m(En, z)

d

dz
+ U(z)

]
Ψn(z) = En Ψn(z). (3)
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Its solutions are well known [21,22]:

Ψn(z) =

N+1∑

j=0

Ψ(j)
n (z)σ(z − zj), (4)

where

Ψ(j)
n (z) =

{
A

(j)
n eχnz +B

(j)
n e−χnz, j = 0, 2, . . . , N + 1,

A
(j)
n cos knz +B

(j)
n sin knz, j = 1, 3, . . . , N,

(5)

σ(z − zj) = θ(z − zj−1)− θ(z − zj), (6)

kn =

√
2mw(En)En

~2
, χn =

√
2mb(En)(U − En)

~2
, (7)

θ(z) is the Heaviside step function, z−1 = −∞, zN+1 = +∞.
According to the quantum mechanics [23], the condition of wave function and its density of current

continuity at all heterostructure interfaces

Ψ(j)
n (zj) = Ψ(j+1)

n (zj),
dΨ

(j)
n (z)

dz

∣∣∣∣
z=zj

=
dΨ

(j+1)
n (z)
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, (j = 0, . . . , N), (8)

finite wave function should at z = ±∞ and normality condition

∫ +∞

−∞
Ψ∗
n′(z)Ψn(z) dz = δnn′ , (9)

fix energy spectrum (En) and coefficients (A(j)
n , B(j)

n ) for wave function (Ψn(z)), which are calculated
using the computer simulation.

The obtained energies and wave functions give opportunity to study the intensities of quantum
transitions between the electron states in QCD cascade, within calculation of oscillator strengths of
transitions between the states with the energies En and En′

fnn′ =
2(En − En′)

~2

N+1∑

j=0

m̄j
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∫ zj

zj−1

Ψ
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n (z) dz

∣∣∣∣∣

2

, (10)

where m̄j is the average effective mass of electron in the states n and n′ in layer j.

3. Optimal geometrical design of cascade of QCD operating in far-IR range

It is well known [1, 2], that the main idea of QCD successful functioning lays in the mechanism of so-
called “phonon ladder”, produced by the equidistant electron energy levels in extractor. The distances
between these levels resonate with the energy of optical phonon (ΩL0). This can be provided by the
proper choice of the sizes of wells and barriers and their order in the extractor. If geometrical design is
optimal, the electron from the upper level of active region of previous cascade, tunneling through the
extractor within the sequential one-phonon quantum transitions (over the phonon ladder) will exactly
get to the ground level of active region of the next cascade. The same scheme, according to the idea
of [24], was realized in experimental QCD of far-IR range. It is to be mentioned that in isotropic and
anisotropic QCDs [3,6,15,16], the phonon ladder with missed or not optimal steps of energies is usually
used. Thus, the effectiveness of such devices is rather low.

In order to study the spectral characteristics of QCD [24], using the theory developed in the previous
Section, we calculated the energy spectrum (En), differences between the energies of neighbour states
(∆Enn−1 = En −En−1), oscillator strengths of quantum transitions (f1n) of electron from the ground
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(n = 1) into the excited states (n > 1) and its wave functions (Ψn(z)) in separate cascade. Physical and
geometrical parameters of QCD cascade [24] with GaAs wells and Al0.33Ga0.67As barriers: a1 = 6.8 nm,
a2 = 2 nm, a3 = 2.3 nm, a4 = 2.8 nm, a5 = 3.4 nm, a6 = 3.8 nm, a7 = 4.8 nm are the widths of the
wells, respectively; b1 = 5.65 nm, b2 = 3.955 nm, b3 = 3.1 nm, b4 = 3.1 nm, b5 = 3.1 nm, b6 = 3.1 nm
are the thickness of the barriers; U = 276 meV is the height for all barriers; EGaAs

g = 1520 meV,
EAlGaAs
g = 1885 meV are the energy gaps, mw = 0.067me, mb = 0.095me are the effective masses with

me — the electron mass in vacuum.
The results of calculation for En, ∆Enn−1 and

f1n are presented in Table 1.
Table 1. The electron energies (En), differences be-
tween the energies of neighbour states (∆Enn−1) and
oscillator strengths of its quantum transitions (f1n)

from the ground into excited states in QCD [24],

n En, meV △Enn−1, meV f1n
1 54.5 — —
2 81.4 26.9 0.24

3 103.2 21.8 0.02

4 120.4 17.2 0.36 · 10−2

5 140.9 20.5 0.53 · 10−4

6 166.9 26.1 0.02

7 187.9 20.9 0.27

8 196.7 8.8 0.57
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Fig. 2. Probability distributions of electron location
in the states n = 1÷8 in separate cascade of QCD [24].

In Fig. 2, the probabilities (Ψ2
n(z)) of electron location in QCD cascade, normalized with respect to

the energies (En), are presented. Figure shows that in the states n = 1 and n = 8 the electron is mainly
localized in single-well active region of the cascade. Quantum transition between the states with the
energies E1 and E8 (Table 1) is provided by the absorption of photon energy ∆E81 = 142.2 meV, that
agrees with the experimental magnitude ∆Eexp = 144 meV.

In the states n = 2 ÷ 7, the electron is sequentially localized in extractor wells in such a way
that the energy levels (E2, . . . , E7) form a non-optimized phonon ladder. We should note that the
distances (∆Enn−1) between the steps of the ladder are much smaller than optical phonon energy
(ΩGaAs

L0 = 36.2 meV), since, the phonon-assisted tunneling of electrons through the extractor is non-
resonant. Therefore, the effectiveness of experimental QCD [24] functioning is rather low.

Let us optimize geometrical design of the cascade in order to provide QCD successful operation
in demanded spectral range with resonant phonon-assisted tunneling of electrons. From physical con-
siderations it is clear that the energy (∆En1) of the transition between the levels of active region in
cascade with optimal phonon ladder must be multiple of the phonon energy (ΩGaAs

L0 ) and each its step
is to be formed by only one well of the extractor. Since, the number of potential wells in extractor is
determined by the equality p = ∆En1

ΩGaAs
L0
− 1, where p is positive integer. As a result, fixing the detected

energy (∆En1) and phonon energy (ΩGaAs
L0 ), one can define the optimal number of potential wells in

the extractor, which form the ladder with the steps resonating with energy of optical phonon. The
numeric calculations prove that if in QCD under study ∆En1 = 144 meV and ΩGaAs

L0 = 36.2 meV, then,
the resonant phonon ladder is formed by three-well (p = 3) extractor with the following geometrical pa-
rameters: 2.3 nm, 3.0 nm and 4.2 nm are the widths of the wells, 3.1 nm and 3.1 nm are the thicknesses
of the barriers.

The QCDs are usually applied as main elements of modern IR sensors with wide absorption band.
Thus, further, we shall optimize the geometrical design of cascades active region in order to provide
QCD operation in wide IR range, which covers the energy 144meV. It is well known [18,24], that one
of the ways to broaden the QCD absorption band is to use two-well active region with close energy
levels.
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Fig. 3. Influence of the prestress level on the amplitude–frequency (a) and temperature–frequency (b) curves
for the center point of the square plate.

So, let us observe the active region with two wells (a1, a2), separated by the barrier (b1 = 5.65 nm).
The width of the first well (a1 = 6.8 nm) is the same as in experimental QCD [24] while the width of
the second well (a2 = 1.4 nm) is chosen such that the formed in it single energy level should be close
to the upper level in the first well. QCD with such construction of active region will operate within
the transitions from the ground level into two close upper levels of active region with the width of
absorption band equal to the difference between the energies of two transitions. It is to be mentioned
that the increasing number of potential wells in active region weakly influence on the energy levels of
phonon ladder.
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In order to establish uniquely optimal widths of wells in active region, the electron energies (En)
and oscillator strengths of quantum transitions (f1n) from the ground state into the excited states
in cascade with three-well extractor were studied as functions of width of the first well (a1) at the
constant sum width of both wells: a1+a2 = 8.2 nm. The results of numeric calculations for En(a1) and
f1n(a1) functions are shown in Fig. 3.

From Fig. 3a it is clear that En(a1) are non-monotonous functions with typical anti-crossing ef-
fect [22]. The character of these dependencies allow to reveal the regions of electron localization. If En
decays whena1 increases, the electron in the state n is localized in the first potential well (a1) of active
region. If En increases whena1 increases, the electron is localized in the second well (a2 = (8.2−a1) nm)
and if En(a1) horizontal — it is located in the extractor.

Also, Fig. 3a shows two geometrical configurations of active region (I: aI1 = 1.6 nm, aI2 = 6.6 nm and
II: aII1 = 6.5 nm, aII2 = 1.7 nm), where two quantum transitions are realized (|1〉 → |5〉 and |1〉 → |6〉)
from the ground state with the energy (E1) into two excited states with close energies (E5, E6), which
are anti-crossing [22]. The energies of transitions in both configurations are close (I: ∆EI

51 = 141.2 meV,
∆EI

61 = 152.6 meV and II: ∆EII
51 = 140.8 meV, ∆EII

61 = 151.6 meV).
It is clear that for the successful detecting in needed spectral range, the oscillator strengths f15 and

f16 must be close and much bigger than that of the other transitions (f1n 6=5,6). Fig. 3b proves that
this condition is fulfilled only for II configuration, where the oscillator strengths f II15 = 0.28, f II16 = 0.44
are much bigger than the others (f15, f16 ≫ f1n 6=5,6). In I configuration this condition is not fulfilled
because f I15 = 0.47, f I16 = 0.36 are commensurate with f I14 = 0.16.

As a result, the effective functioning of QCD in far-IR range is possible only with an one optimal
configuration of active region (a1 = 6.5 nm, a2 = 1.7 nm are the widths of the wells) and the spectral
width of absorption band is defined by the difference ∆E61−∆E51. Fig. 3a shows that a slight deviation
from aII1 value gives rise the changes of ∆E51, ∆E61 magnitudes and, since, to the change of absorption
band width.

To evaluate the optimal sizes of cascade barriers, the electron energies (En) and oscillator strengths
(f1n) were calculated as functions of barriers thicknesses (b1, b2, b3, b4) at the fixed wells widths:
a1 = 6.5 nm, a2 = 1.7 nm, a3 = 2.3 nm, a4 = 3.0 nm, a5 = 4.2 nm. The results are presented in Fig. 4.
Increasing thickness of the first barrier(b1) at the fixed sizes of the other barriers, shown in Fig. 4a,
gives rise to the narrowing of the absorption band (∆E61 − ∆E51), caused by the smaller distance
between energy levels (E5, E6) in anti-crossing but almost does not effect on the energy levels (E2, E3,
E4) of phonon ladder. It makes possible to tune spectral width of the band by proper choose of b1.
From Fig. 4b it is clear that the minimal thickness of the first potential barrier (bmin

1 ≈ 5 nm) is fixed
by the condition f15, f16 ≫ f1n 6=5,6.

Fig. 4d proves that the condition f15 ≈ f16 is provided by choose of the second barrier thickness
(b2 = 4.2 nm). The thicknesses of the third barrier (b3), taken from the interval 3 nm 6 b3 6 4 nm
(Fig. 4e, f ) and that of the forth barrier (b4) from 0.5 nm 6 b4 6 4 nm (Fig. 4g, h), where the condition
f15, f16 ≫ f1n 6=5,6 is fulfilled, finally optimize the position of energy levels (E2, E3, E4) in phonon
ladder.

Finally, presented analysis of electron energies and oscillator strengths of quantum transitions
determines the design of compact optimal QCD, operating in far-IR range, with following geometrical
parameters: a1 = 6.5 nm, a2 = 1.7 nm, a3 = 2.3 nm, a4 = 3.0 nm, a5 = 4.2 nm, b1 = 5.65 nm,
b2 = 3.955 nm, b3 = 3.1 nm, b4 = 3.1 nm.

In the Table 2 and Fig. 5 the electron energies (En), differences of energies (∆Enn−1), oscillator
strengths of quantum transitions (f1n) and probability distributions of its location (Ψ2

n(z)) in optimized
cascade of QCD with two-well active region are presented. Table 2 shows two quantum transitions with
almost the same intensities (f15 = 0.42, f16 = 0.41) and transition energies (∆E51 = 140 meV, ∆E61 =
150.9 meV). The intensities of all other transitions are much smaller than f15 and f16. Extractor energy
levels E2, E3, E4, Fig. 5, form the phonon ladder with resonant steps, relatively to the optical phonon
energy (ΩGaAs

L0 = 36.2 meV). The proposed geometrical design of compact cascade will provide the
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Fig. 4. Electron energies (En) and oscillator strengths of quantum transitions (f1n) as functions of barriers
thicknesses bi (i = 1− 4) in QCD cascade.
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successful functioning of broadband QCD in far-IR range with resonant phonon-assisted tunneling of
electrons through the phonon ladder.

Table 2. Electron energies (En), differences between
the energies of neighbour states (∆Enn−1) and oscil-
lator strengths (f1n) of quantum transitions from the
ground state into excited ones in optimal cascade of

QCD.

n En, meV △Enn−1, meV f1n
1 57.8 — —
2 94.5 36.7 1.94 · 10−7

3 131.1 36.6 0.43 · 10−4

4 168.5 37.5 0.41 · 10−2

5 197.8 29.3 0.42

6 208.7 10.9 0.41 0 10 20 30
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Fig. 5. Probability distributions of electron location
in optimal cascade of QCD.

4. Results and conclusions

The theory of electron energy spectrum and oscillator strengths of quantum transitions in multi-
layered nano heterostructure, being the cascade of QCD operating in far-IR range, is developed. The
geometrical design of cascade with two-well active region and extractor with optimal phonon ladder,
which produces the resonant phonon-assisted tunneling of electrons, providing the effective operation
of broadband QCD, is proposed.

It is shown that the active region with two potential wells of different widths, where two quantum
transitions with almost the same intensities, accompanied by absorption of photons with close but dif-
ferent frequencies, occur, broadens the spectral absorption band of QCD. Its width essentially depends
on the thickness of the potential barrier between the wells of the active region, decreasing due to the
smaller distance between the energy levels in anti-crossing.

The further optimization of QCD geometrical design needs taking into account the effect of inter-
action with phonons on its spectral characteristics, that would be done in the future.
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Моделювання оптимiзованого каскаду квантового каскадного
детектора далекого iнфрачервоного дiапазону

СетiЮ.О., ТкачМ.В., ВерешкоЄ.Ю., ВойцехiвськаО.М.

Чернiвецький нацiональний унiверситет iм.Ю.Федьковича,

вул. Коцюбинського, 2, 58012, Чернiвцi, Україна

На основi розвиненої у моделi координато-залежної ефективної маси та прямокутних
потенцiалiв теорiї енергетичного спектра електрона та сил осциляторiв мiжпiдзон-
них квантових переходiв запропоновано геометричний дизайн компактного каскаду
квантового каскадного детектора далекого IЧ дiапазону з двоямною активною зо-
ною. Екстрактор каскаду оптимiзовано так, щоб енергетичнi щаблi його фононної
драбинки резонували з енергiєю оптичного фонона, що забезпечує ефективне фонон-
супровiдне тунелювання електронiв мiж активними зонами каскадiв наноприладу.
Встановлено, що зменшення товщини бар’єра мiж ямами активної зони внаслiдок
збiльшення вiдстанi мiж рiвнями в антикросингу приводить до розширення смуги
поглинання детектора.

Ключовi слова: наносистема, квантовий каскадний детектор, енергетичний

спектр, фонон-супровiдне тунелювання.
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