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This paper proposes the Caputo Fractional Reduced Differential Transform Method
(CFRDTM) for Susceptible-Exposed-Infected-Recovered (SEIR) epidemic model with
fractional order in a host community. CFRDTM is the combination of the Caputo
Fractional Derivative (CFD) and the well-known Reduced Differential Transform Method
(RDTM). CFRDTM demonstrates feasible progress and efficiency of operation. The prop-
erties of the model were analyzed and investigated. The fractional SEIR epidemic model
has been solved via CFRDTM successfully. Hence, CFRDTM provides the solutions of
the model in the form of a convergent power series with easily computable components
without any restrictive assumptions.

Keywords: Caputo fractional derivative, epidemic model, fractional order, reduced dif-
ferential transform method.
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1. Introduction

Fractional calculus has been widely used to describe practical dynamics phenomena arising from compu-
tational finance, applied mathematics, physics, economics, medicine biomathematics and engineering;
see [1-15], just to mention a few. Fadugba [16] applied homotopy analysis method for the valua-
tion of European call options with time-fractional Black-Scholes equation. The comparison of the
reduced differential transform method and Sumudu transform for the solution of fractional Black—
Scholes equation for a European call option problem was studied by [17]. RDTM was first proposed
by [18] and successfully employed to solve many types of nonlinear PDEs. Similar to the traditional
Differential Transformation Method (DTM), RDTM demonstrates feasible progress and efficiency of
operation. More on the applications of RDTM, see [19-21], just to mention a few. Unlike other existing
approaches, RDTM provides a simple way to ensure the convergence of solution series. Baleanu et
al. [22] investigated the existence of solutions for a fractional hybrid integro-differential equation with
mixed hybrid integral boundary value condition. The numerical solution of fractional Schistosomiasis
disease via g-homotopy analysis transform method was studied by [23]. Gao et al. [24] investigated the
infection system of the novel coronavirus (2019-nCoV) with a non local operator in a Caputo sense via
a powerful computational technique based on the fractional natural decomposition method. Veeresha
et al. [25] investigated and studied the solution of fractional forced KdV equation using fractional
natural decomposition method. Arqub et al. [26] investigated the accuracy of the homotopy analysis
method for solving the fractional order problem of the spread of a non-fatal disease in a population. In
this paper, the solution of epidemic model with fractional order via CFRDTM is proposed. CFRDTM
does not require linearization, perturbation or restrictive assumptions and offers solutions with easily
computable components as convergent series. Also, it is a powerful tool that overcomes the deficiency

(© 2021 Lviv Polytechnic National University 537
CMM TAPMM NASU



538 Fadugba S. E., Ali F., Abubakar A. B.

that is mainly caused by unsatisfied conditions. The emphasis is given to the Caputo fractional oper-
ator which is more suitable for the study of differential equations of fractional order. The rest of the
paper is organized as follows: Section Two captures the preliminaries. The Caputo fractional epidemic
model is presented in Section 3. In Section Four, the solution of the model via CFRDTM is obtained.
In Section Five, concluding remarks are also presentedb

2. Preliminaries
This section presents definition of some concepts [27,28|.
Definition 1. The Riemann-Liouville Fractional Derivative Operator (RLFDO) of f(t) is given by

oD f(t) = ! )/t(t—T)”_q_lf(T)dT,t>0,n—1<q<n,n€N. (1)
0

I'(n—gq
Definition 2. The Riemann-Liouville Fractional Integral Operator (RLFIO) of f(t) is given by

JUF(t) = ﬁ /O (t — 1) f(r)dr 7 > 0, 2)

where q > 0 is the order, f(t) € C, is a function, p > 1, C,, is a space and I'(q) is the gamma function
of q.

Definition 3. The Caputo Fractional Derivative Operator (CFDO) of f(t) € C™,, n € N is given
by

DL = o= [ = 3)

I'(n—gq
for v € (n—1,n], t > 0.

Definition 4. The Caputo Time-Fractional Derivative Operator (CTFDO) of order o > 0 is defined
as

1 /t et
— [ (=) (@, 7)dr, g€ (0,1],
cpty={ Tln—a)Jo (4)
O"u(x,t)
. =n
8tn Y q Y
where n is the smallest integer that exceeds a, u = u(z,t) and u™ (x,7) = 6’13552,7). The superiority

of CFDO over RLFO is that CFD of a constant is zero. Also, in the CFD, initial conditions have clear
physical interpretation [29].
Definition 5. The series representation of the form

o0 n o0

B0 =3 T - S € ?

is called the Mittag—Leffler Function (MLF).

Definition 6. The Caputo Fractional Reduced Differential Transform (CFRDT) of the function
Y(x,t) is defined as

[ D ()],
r(l1+kq

Uy (x) = g€ (0,1], k=0,1,...,n, (6)

k
where 8qua(:p,t) =2 qgf,ﬁf”.
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Definition 7. The inverse CFRDT of Uy (x) is defined as

Z‘I’k Yt —to)*, 0<qg<1. (7)
By means of (6) and (7), the fundamental properties of CFRDTM were given in Table 1.

Table 1. The fundamental properties of CFRDTM.

Functional form Transformed form
Y(x,t) = p(z,t) £&(x,t) | Yp(z) = Pr(z) £ E(x)
P(z,t) = cp(x,t) Uy (z) = cPi(z), c is a constant.
Y(,t) = oz, )E(x,t) | Wi(w) = >0, @ggak;i(x)
L Mang ma  (k—n

Ut = it | Yalo) = el mon e N

™ x,t n
Y1) = S5 Ui () = N 0Dy (@), n € N
P(x,t) = L2l Uy (2) = L5280 e N
¢(3§‘,t> =zt \Ilk(m) - 3j?(s(k—r)az =1..,m
Y(x,t) = M Up(z) = 47

3. Caputo fractional Susceptible-Exposed-Infected-Recovered (SEIR) epidemic model

This section captures classical and fractional SEIR epidemic models as follows.

3.1. Classical SEIR epidemic model

Let the total population of a host community be denoted by N. The total population is subdivided into
four classes namely: (a) Susceptible population, S; (b) Exposed population, E; (¢) Infected population,
I; (d) Recovered population, R.

The above four classes describe the model equation of Measles in a host community given by [30]

dsS

dE

E:BSI—(O"FM‘FQ)E,

I (8)
o = oE - (v + )l

dR

E—’Y["‘O’E—MR,

where [ is the infected individual rate, B is the birth rate, u is the natural death rate, o is the Measles
therapy rate, « is the infected class rate and ~y is the recovery rate.

3.2. SEIR epidemic model with fractional order in a Caputo sense

It is note worthy to say that the fractional extension of (8) was first studied by [26,31]. Here, we

consider the Caputo fractional epidemic model of the form
¢D]S = B — BST — uS,
6DIE =BST — (0 + pu+a)E,
6D{I = aE — (v + p)l,
(DIR=~I+0cFE — uR.

Subject to the initial conditions Sy = a1, Ey = as, Iy = az, Ry = a4, where ¢ is the fractional order
and the initial population Ng = Sy + Eg + Iy + Rp.

(9)
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3.2.1. Existence and uniqueness of the solution of Caputo fractional epidemic model

Here, we present the proof of existence and uniqueness of the solution of (9). Similar approach
in [32,33], where the Banach fixed point theorem and Picard’s operators have been employed in this

scenario.
Consider the functions H, K, L, M defined as (H, K,L,M): [0,7] x R — R. Let

H(S) = B — BSI — S,

K(E) = BSI (c+p+a)kE, (10)
L(E) = aF — (v + p)T,
M(R) :’yl-i—O'E uR.
Taking the norms of (10), yields
1 (S1) = H(S2)|| < (af + w)[|S1 = Sal],
(11)

[[L(11) — L(I2 (v + w1 = L],

) <
[|K(E1) — K(E2)|| < (04 p+ a)||Er — En],
) <
[[M(R1) — M(Rz)|| < pl|R1 — Rel|.

Equation (11) shows that H, K, L, M are Lipschitz continuous. Suppose that S, E, I, R are normed
spaces and p > 0, define the subset of the Banach space of all continuous functions on ¢ € [0,7] as
follows

Bg = {S S C[O,T]: HSl —SQH ép},
={E € C[0,T]: [|E1 — Ex|| < p},

By ={I€C[0,T]: |[[ — L[| < p},

Br ={R € C[0,T]: |[R1 — Ra|| < p},

where C is defined as the set of all continuous functions. Next, define the Picard’s operators on Bg,
Bpg, By, Br by help of the Volterra integral equations of second kind,

(12)

Uy(S) = So +§ VIH(S)
Us(E) = Ey +§ VIK(E),
Us(I) = I +§ VAL(I),
Us(R) = Ry +5 VM (R).

(13)

In the sequel, we show that the LHS of (12) is a contraction. Let Sy, Se € Bg, E1, Fs € Bg, 11,1, € By,
Ry, Ry € Bi. By means of (11) and the Chebyshev norm, one obtains

(aB + p)||S1 — So| T

|U1(S1) — U (S2)]] <

I(g+1) =
|U2(Er) — Ua(E»)|| < (U+M+PO(431H41E11)_ 2 (14)
|U3(I1) — Us(I)]| < ('YJF/?(‘(’JIi—l)szqu
1Us(Ry) — Us(Ry)|| < w

Thus, (14) shows that Ui(S), Ua(E), Us(I), Us(R) are bounded and continuous. Also from (14), it

follows that
(aB + p)T1 (0 +p+a)T? (v + )17 pT

Tq+ 1D 7 T(g+1D) Tt D P TerD)

<1 (15)
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Therefore,
|UL(S1) = Ur(S2)l] < [[S1 = Sall,
|Uz(Er) — Ua(En)|| < [|Ey — sl (16)
|Us(I1) — Us(L2)|| < [[11 — L2|l,

[Us(R1) = Us(Ro)|| < ||R1 — Ryl.
Using (16) and the Banach contraction principle, operators U;(S), U2(E), Us(I), Us(R) are contrac-
tions. Hence, it is concluded that the Caputo fractional epidemic model (9) exists and has a unique
solution in Bg, Bg, By, Bg, respectively.

3.3. Properties of the model

The properties of (9) were analyzed and investigated as follows.

3.3.1. Disease free equilibrium (DFE)
DFE is defined as the point where there is total absence of the disease (Measles). It is denoted by Zj.
Theorem 1. The DFE of the system (9) exists at the point

B
ZOZ(S*vE*7[*7R*): <_707070>' (17)
n
Proof. At the equilibrium points, the fractional derivative of each class becomes
6DIS =G DIE =5 D}I =§ D}{R = 0. (18)
Suppose at the equilibrium state, S = S*, E = E* [ = I*, R = R*, then (18) becomes
6DiS* = (DIE* = (D{I* = {D{R* = 0. (19)
Using (9), (19) becomes CDIS* = B — BS*T* — uS* =0,
G¢DIE* = BS*I* — (0 + p+ a)E* =0,

20
(D{T" = aE" — (v +p)I* =0, 20)
¢DIR* =~I" + oE* — uR* = 0.
This implies that
B — BS8*I* — uS* =0,
BS*I* — (o +p+a)E* =0, (21)
aE* — (y+u)I* =0,
~I* 4+ oFE* — uR* = 0.
At DFE state, E* = 0, I* = 0, the other two classes are obtained as R* =0, S* = %. Hence
* * * * B
Zy=(S*"E*,I*",R*)=| —,0,0,0 ) .
7
This completes the proof. [

3.3.2. Basic reproduction number

Basic reproduction number, R, is defined as a threshold parameter to determine the number of
equilibrium. By means of the next generation matrix, R, is expressed as

Ry = p(FV_l)v (22)

Mathematical Modeling and Computing, Vol. 8, No. 3, pp. 537-548 (2021)



542 Fadugba S. E., Ali F., Abubakar A. B.

where

F=

BB
0 m 7
0 0
V:[,u—l-oz—l—o* 0 ]
—u p+y

The inverse of V is obtained as

1 0
vl = [ (/H-g—i—a) ) ] )
(u+7)(ptato)  (ut+v)

So, the next generation matrix is computed as

B 1
Fy-1— [ 0 67 ] [ (,u—l—z—l-o) (1) ]
0 0 P utato) ()

BBa Bj
= [ wlp+7)(ptato)  plp+y) ] .

0 0

Therefore, the characteristic equation is obtained as

BBa — Bp
wlpt+y)(ptoto) wlpt+y) | = Q.
0 -
Thus, the characteristic values are obtained as
B
A =0, = fa :
plp+7)(p+a+o)

The spectral radius of FV ™! is calculated as the largest characteristic value;

B
PFVTY) = Ay = pa .
plp+7)(p+a+o)
Hence, the reproduction number is
Bfa
Ry = .
p(p+7)(p+ o+ o)

3.3.3. Stability analysis of DFE

To examine the local stability of DFE, we evaluate the Jacobian matrix of (17) as follows.

— 4 0 _55_3
8
0 I —(p+vy) 0
0 o gl —p
The characteristic equation of (31) is given by
=\ 0 —2—3 0
0 —(pt+tato)— £8 0 |_,
0 I —(p+v)—-A 0
0 o 0% — = A
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The characteristic values of J(Zj) are obtained as

B
)\1:—/L, )\QZ—M, )\3:—(,U+Oé-|-0'), )\4:—<B7+M+’Y>. (33)

Therefore,
Re()\l), Re()\g), Re()\g), Re()\4) < 0.

Since all the model parameters are positive. Hence, Z; is locally asymptotically stable.
Remark 1. The DFE, Zj is locally asymptotically stable if R, < 1.

Theorem 2. The closed region ) = {(S, E,I,R) € Ri: N — %} is positively invariant and at-
tracting.

Proof. The total population is defined as

N=S+E+I+R. (34)
Thus,
6DIN = §DIS + §DIE + DI + §D{ R (35)
=B — uN.
Applying the Laplace transform to both sides of (35), we obtain
N-_5B N =Y (36)

st Gt )
Solving (36) further, one obtains

V=2 () (B ow) s G 37)

f f

k=0
By means of the Laplace inversion formula, (37) becomes
B B\ o= (—ut?)k
N:——|—<No——> ()" (38)
p p) = Tlgk+1)
It follows that as t — oo B
N=N(t) —» —. (39)
1
Hence, the region € is positively invariant and attracts all solutions in Ri. ]

Theorem 3. Every solution of system (9) with initial conditions remain positive for all t > 0.

Proof. Using the approach of [34], assume by contradiction that the second equation in (9) is not true.
Let t* = min{t: S(t), E(t), I(t), R(t) = 0}. Now if E(t*) = 0, it then implies that S(t),I(¢), R(t) > 0

for all 0 < t* < t. Assume that the following expressions exist;
(8- 551 - 5)]
(351~ (0 +u+a)E)|.

mE—w+uﬂﬂ,

=)
N
%
/L\

(yI +oE — MR)] .
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From (9), it follows that

cDIS — A1S >0,

¢DIE — AyE >0, )
DIT — A3l >0,

¢DIR — A4R > 0.

0 Q\k

SzS(t))SOZ%,

— (Agt)*

;F(qk—i-l)’

= (gt (42)
3

sz(qk‘—l—l)

2L (Agth)F

ROE%P gk +1)

From (42), we conclude that every solution of (9) is positive for all ¢ > 0. n

Theorem 4. The fractional epidemic model (9) in a Caputo sense admits a unique endemic equilib-
rium state Y* = (S*, E*, I*, R*) # (0,0,0,0) if the basic reproduction number R, > 1.

Proof. Suppose §D]S = §D]E = §D]I = §D!R = 0 such that Y* = (S*, E*, I*, R*) is the non-trivial

solution of the model. Using the last two equations in (9), one gets

E*
=2 (43)
Yt
I* E* E*(anI*
I p(y + )
Adding the first two equations in (9) and equating to zero, yields
6DIS + (DIE = B — BS*T* — uS* + BS*I* — (0 + p+ a)E* = 0. (45)
It is clearly seen from (45) that
B E*
S*f == — M. (46)
I 1
For the existence of E*, we assume that h is a continuous function defined as h: R™ — R, then
BB —(0c+p+a)E)x
h(FE) = — (o4 p+ a). 47
() e ( ) (47)
At the point F = ﬁ, one obtains
h<i> =—(c+p+a)<0 (48)
c+pta)) K '
Also at F = 0, one gets
Ba —

g+ )
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From (30), we write that
Bfo = Rup[p(o + p+ a)(y + )]

Therefore, (49) becomes

h(0) = (Ryp — 1)#}(;“1#;; a)(y+p) (Ryy—1)(0 + i+ a). (50)

Equation (50) can also be written as

<1 — R%b) Bpa
wo0) = plp+v) (51)

Equations (49) and (50) are always positive if R,;, > 1. Thus from the intermediate value theorem,

there exists a unique number E* such that 0 < E* < (U% and h(E*) = 0. It is observed from the
pta)

above conditions that (43), (44) and (46) exist and unique. Hence, Y* = (S*, E*, I*, R*) is the unique
endemic equilibrium state of system (9). [

Theorem 5. The endemic equilibrium Y™ is globally asymptotically stable if R, > 1.

Proof. Now, to investigate the global stability of Y*. Consider the following Lyapunov function

L= [S—S*—S*ln(%)} + [E—E*—E*ln(%)} +W++U) [[—[*—[*m(%)]. (52)

The last equation in (9) has been excluded, since it has no effect on the other three equations. Taking
the CFD of (52), one obtains

DI — [1 - <Sﬁ>} ¢DIS 1 [1 - (Eﬂﬂ DI+ W%”) [1 _ <1£>} DI (53)

Substituting the values of §D{S, §D{E, { DI into (53) and using the relation B = 8S*I* 4+ uS*, one
gets

¢DIL = [1 - <SE>} (BS*I* + pS* — BSI — puS) + [1 - (Eﬂﬂ (BSI — (0 + pu+ @)E)
54
sl ()] p o, !

Notice that pE* — (u + o)I* = 0, S*I — W(u +75) =0, BS*I — (u+ a+o)E*L =0,
(BS*I* — (u+ o+ 0)E*)£. So, (54) yields

—p(S — 5*)? EI* S* SE*I

eplp, — 2 2 ) Ef(3-=— -2 _Z— ") <o. 55

oL 5 twrerB 8- mr - sEr ) SO (55)

Since the arithmetic mean is greater or equal to the geometric mean of the three quantities %, g]p

SEL then

e EI* 5 SEI

— +— — <0. 56

<E*I TS s Er 3> ’ (56)

This implies that §D{L = 0 holds when S = S* E = E* and I = I*. Thus the maximal compact
variant set in {(S, E,I) € Q: §D{L = 0} is the singleton set {Y*}. Hence, by means of the LaSalle’s
invaraince principle [35], the result follows. |
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4. CFRDTM for the solution of fractional order SEIR model

In this section, we employ CFRDTM to obtain the series solution for the fractional order SEIR model
in (9). Applying CFRDTM to (9), yields, respectively

g . I'(gk +1)
T Tk +1) + 1)

k
Bo(k) — B> SiIp—j — uSk | ,

J=0

k
I(gk+1)
Eyi = Sily_; — E |,
I'(gk +1)
Iy = Ey, — I
I'(gk +1)
Ryl = I By — pRy),
k+1 T+ 1)+ 1) (vl + 0By — pRy)
with the following conditions
S(0) = So, E(0) = By, 1(0) = Iy, R(0) = R, (58)

5. Concluding remarks

In this paper, CFRDTM is employed for the solution of epidemic model with fractional order in a
host community. The properties of the model were discussed, analyzed and investigated. CFRDTM
provides the solution of the model in the form of a convergent series without any restrictive assumptions.
Moreover, it is noteworthy to conclude that CFRDTM is found to be effective and suitable in obtaining
solutions for SEIR epidemic model in a Caputo sense. Hence, CFRDTM provides an approximate-
analytical solution in terms of an infinite power series. In the future research, CFRDTM can be
extended for the solution of fractional epidemic model of a system of five equations (SEIRP).
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MeTon apobosoro ckopodeHoro andepeHuianbHOro nepeTBopeHHs

Kanyto gns mogeni enigemii SEIR 3 gpoboBum nopsigkom

®anyroa C. E.1, Ani @.2, A6y6akap A. B.2

! Kagedpa mamemamuru, daxysomem npupodnunuz nayx, Jeporcasnuti ynisepcumem Eximi,
Ado Eximi, 360001, Hizepisn
2 Kagedpa mamemamuruy, Mycysvmarcoruti yrisepcumem Anieapza, Anaieape-202002, India
3 Kagedpa mamemamuvnuz wayx, Pakysomem disuwnuz nayk, Yrisepcumem Baepo,
Kano, wmam Kawno, Hizepis;

Kagedpa mamemamuryu ma npukaadnoi mamemamuru Ynisepcumemy nayx npo 3dopos’s Cegaro Maxzamo,

T'a-Panxysa, Ipemopisn, Medynsa 0204, ITAP

Y cTaTTi 3aIIpPONOHOBAHO METO/I, IPOOOBOTO CKOPOYEHOTO TU(EPEHITATHLHOTO TEPETBOPEH-
ug KamyTo jmis mogmeni emizemil “ypazimuBi—cxunbHi—iH]IKOBaHI—BHIyX)KaJdi” 3 1poOOBUM
MIOPSAJIKOM Yy criyibHOTI-xa3s1Hi. [leit MmeTom — me nmoeguanus a1poboBol moxinuaol Kamyrto ta
BIZIOMOI0 METOy CKOPOYEHOrO nuepeHIiaJbHOrO epeTBOPEHHs. BiH IeMOHCTPY€E MOXK-
JUBHH mporpec Ta edeKTuBHiCTL poboTu. BiractuBocTi Momesni 6yau mpoaHasi3oBaHi Ta
Jocuimkeni. JIpobosa Mojienb emigemil yCminmmo po3B’s3aHa 3a JOIOMOTOIO ITHOTO METO/TY.
Otke, 1€l METOJ II0JIA€ PO3B’A30K MOJIEJII Y BUIJIsA ] 301KHOTO CTEIIEHEBOI'O PsiLy 3 JIEFKO
00YNCTIOBAHNMY KOMITIOHEHTaMU 0€3 Oy/Ib-siKUX 00MEXKYIUINX MIPUITYIIEHb.

Knw4osi cnosa: dpobosa noxiona Kanymo, enidemivuna modeawv, dpobosuti nopsadox, me-
mod cKopoueHo2o JuPePeHUIaLbHO20 NEPEMBOPEHHA.
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