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This paper presents theoretical studies of formation regularities for the statistical mean
and variance of normally distributed random values with the unlimited argument values
subjected to nonlinear transformations of functions

√
|X | and

√
X. It is shown that

for nonlinear square root transformation of a normally distributed random variable, the

integrals of higher order mean n > 1 satisfy the inequality (y − Y )n 6= 0. On the basis of
the theoretical research, the correct boundaries m,σ → ∞ of error transfer formulas are
suggested.
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1. Introduction

Among the methods of analyzing physical measurement data, averaging algorithms rank high, including
the most commonly known Cauchy mean values, such as arithmetic mean and mean square deviation
(MSD). If the arithmetic mean reflects the center of the statistical probability distribution (the expected
value), MSD is its length.

Standard algorithms for statistical data analysis are designed primarily for normal distribution, so
random experimental data would be first checked for normal distribution. In physical statistical models,
there are widely used such distributions as the Cauchy (Lorentz) ones, which have no mathematical
expectation since the integral of averaging diverges [1]. In addition, if the data sample contains extreme
values, then estimating the center of a distribution by the arithmetic mean may also be incorrect. In
this case, weighted estimates are used [2].

On the other hand, in the process of statistical processing, experimental data are often transformed
by nonlinear functions, which, as we know [3,4], is accompanied by a change in the law of probability
distribution and by the emergence of constraints on the set of allowed values of a random variable
(RV), as in the case of transformations by square radicals. Such a problem is particularly relevant for
transformations of normally NX(mX , σX) distributed RV since for them the averaging integrals are
not always expressed through elementary functions in the form of tabular integrals, and one has to use
the Taylor series [2].

The approximate formulas for calculating the mean and variance of transformations of normally
NX(mX , σX) distributed RV using the Taylor algorithm are know [5]. In the recent paper [6], this
approach was developed for the following type of transformations

√
Y , Y =

{
|X|, (a)

X, (b)
(1)

however, without taking into account the fact that transformations of the type (1,a) of normally
NX(mX , σX) distributed RV with the set of values X ∈ (−∞,+∞) are accompanied by a change in
the law of distribution [7, 8], and by the restriction of the set of values to X ∈ [0,+∞) for (1,b).
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These shortcomings of the statistical model are eliminated in the given work. Moving closer to the
agreement on the level “3σYFND

” with confidence probability P
(
|X−YFND| 6 σFND

)
= 2 erf(3) = 0.998

between functions (1) and their representation in the form of Taylor series, the formulas of statistical
mean of normally NX(mX , σX) distributed data are substantiated and the comparative analysis with
corresponding error transfer formulas (7) is carried out [9]. It should be noted that accurate statistical
analysis of data is important for maximum objectivity in their visualization in modern advanced
technologies, for example in probe microspectroscopy and nanospectroscopy [10], in the development
of physical tests for pseudorandom number generators [11], in the processing of physical measurements
data in medicine [12], etc.

2. Results and discussion

Transformation (1,a). According to [7, 8], a normally distributed RV transformed by the law (1,a)
acquires a folded normal distribution (ND) or distribution of a module of a normally distributed RV,
which in coordinates (|mX |, σX) is described by the probability density function

fY=|X|(y = |x|) =





√
p

π
exp

(
− (y−mX)2

2σ2X

)
+

√
p

π
exp

(
− (y+mX )2

2σ2X

)
, if y > 0, p =

1

2σ2X
,

0, if y < 0,

(2)

with the mean YFND and the variance DYFND
:

YFND =

√
2

π
σX exp

(
−m

2
X

2σ2X

)
+mX erf

(
mX√
2σX

)
, (3)

DYFND
= (YFND)2 −

(
YFND

)2
= σ2X +m2

X −
(
YFND

)2
. (4)

Given mX = 0 and

fFND(y) =





√
2

π
σX exp

(
− y2

2σ2X

)
, if y > 0,

0, if y < 0.

Therefore, according to (2), the folded ND reflects the transformed by the law Y = |X| normally
distributed data X ∈ (−∞,+∞) in the range of argument values y > 0.

Considering the domain of function definition (2), in the following calculations we will take into
account the known table integral (No. 7 (2.3.15) [13])

∫ ∞

0
yne−py

2−qydy =
(−1)n

2

√
π

p

∂n

∂qn

[
exp

(
q2

4p

)
erfc

(
q

2
√
p

)]
, (5)

where erfc(ξ) = 1 − erf(ξ) = 2√
π

∫ x
0 exp(−ξ2)dξ is a special nonanalytic error function [14], and the

distribution function (2) is transformed to the form:

fFND(y) =

√
p

π
exp

(
−m

2
X

2σ2X

)(
exp(−py2 − θy) + exp(−py2 − qy)

)
, θ = −mX

σ2X
, q =

mX

σ2X
, (6)

and calculate its normalizing constant CFND:

CFND =
exp

(
− m2

X
2σ2y

)

∫∞
0 exp(−py2 − qy)dy +

∫∞
0 exp(−py2 − θy)dy

=
2

1− erf
(

mX√
2σX

)
+ 1 + erf

(
mX√
2 σX

) = 1.

(7)
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Thus, the application of the transformation |X| to the input normally NX(mX , σX) distributed RV
with a set of values X ∈ (−∞,+∞) does not change the normalizing constant (7) of function (2) and
the variance (4), but only the mean (3) is changed.

To prove that the substitution θ = −mX

2σ2X
in (6) in order to apply (5) was correct, we calculate

formulas (3) and (4):

YFND = CFND

√
p

π
exp

(
−
m2
y

2σ2y

)[∫ ∞

0
y exp(−px2 − qx)dx+

∫ ∞

0
y exp(−px2 − θx)dx

]

= mX erf

(
mX√
2σX

)
+

√
2

π
σX exp

(
−
m2
y

2σ2y

)
. (8)

Given RV, Y and YFND are statistically independent, the variance DFND is calculated by the formula:

DFND = (YFND)2 −
(
YFND

)2
,

where the mean (YFND)2 is:

(YFND)2 = CFND

√
p

π
exp

(
−
m2
y

2σ2y

)[∫ ∞

0
y2 exp

(
−px2 − qx

)
dx+

∫ ∞

0
y2 exp

(
−px2 − θx

)
dx

]

=
1

2p
+
( q

2p

)2
= σ2X +m2

X =⇒ DFND = σ2X +m2
X −

(
YFND

)2
,

which agrees with (4).
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Fig. 1. The illustration of the consistency rule “3σX ” of the function
√
Y expansion in a Taylor series in

approximation considering four terms for two values of the ratio mX

σX
= 0.25 (a) and mX

σX
= 2 (b), c: illustration

of the implementation of inequality (YFND)3 6=
(
YFND

)3
, where (YFND)3 = mY Y Y (m),

(
YFND

)3
= mY (m)3.

The integral (5) with the fractional value of the exponent n = 1
2 is not tabular, so we expand the

radical
√
Y into the Taylor series in terms of functions YFND. As follows from Fig. 1, when changing the

parameters mX and σX of input RV, “3σYFND
”, the level of agreement with the confidence probability

P (|Y − YFND| 6 σFND) = 2 erf(3) = 0.998 with the function
√
Y is achieved taking into account the

first four members of the expansion:

√
YFND

∼=
√
YFND +

(
y − YFND

)

2
√
YFND

−
(
y − YFND

)2

8YFND

√
YFND

+

(
y − YFND

)3

16
(
YFND

)2√
YFND

+ . . . =⇒

√
YFND

∼=
√
YFND +

1

2
√
YFND

(
y − YFND

)
− 1

8YFND

√
YFND

(
y − YFND

)2

+
1

16
(
YFND

)2√
YFND

(
y − YFND

)3
+ . . . , (9)

where the statistical averaging of higher order expansions is calculated as integrals
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(
y − YFND

)n
=
CFND exp

(
−m2

X

2σ2X

)

√
2πσX

×
[ ∫ ∞

0

(
y − YFND

)n
exp(−py2 − qy)dy +

∫ ∞

0

(
y − YFND

)n
exp(−py2 − θy)dy

]
. (10)

The first order mean
(y − YFND) = YFND − YFND = 0

is equal to zero and the second order mean is (y − YFND)2 = DYFND
, therefore

√
YFND

∼=
√
YFND −

DYFND

8YFND

√
YFND

+
1

16
(
YFND

)2√
YFND

(
y − YFND

)3
+ . . . . (11)

The series (11) differs from the corresponding one in [6] by the formula (8) due to the fact that the
known regularity is used for (8) [6] that the integrals in even limits from odd functions (10) are zero.

However, for transformations (1), this pattern does not hold, i.e., the third-order mean (y − YFND)3 6= 0
and the higher order mean values are not zero. In fact,

(
y − YFND

)3
= (YFND)3 − 3(YFND)2 YFND + 3YFND

(
YFND

)2 −
(
YFND

)3

= (YFND )3 − 3(YFND)2 YFND + 2
(
YFND

)3
.

However, in the systems with the variance of statistically independent RV DY = Y 2 − (Y )2 > 0
therefore Y 2 6= (Y )2. Let us prove that Y 3 6= (Y )3 and calculate the mean Y 3:

(YFND)3 =

√
p

π
CFND exp

(
− m2

X

2 σ2X

)[∫ ∞

0
y3 exp(−py2 − qy)dy +

∫ ∞

0
y3 exp(−py2 − θy)dy

]

=
(
2σ2XmX +m3

X

)
erf

(
mX√
2σX

)
−
√

2

π
σX
(
σ2X + 2m2

X

)
exp

(
−m

2
X

2σ2X

)
.

The inequality Y 3 6=
(
Y
)3

is confirmed in Fig. 1c, where the notation (YFND)3 = mY Y Y (m),
(
YFND

)3
=

mY (m)3 is introduced. Therefore,

(
(y − YFND)3

)3
= −

√
2

π
σX
(
σ2X + 2m2

X

)
exp

(
−m

2
X

2σ2X

)
− 3
(
σ2X +m2

X

)
mX erf

(
mX√
2σX

)

+ 2

(
mX erf

(
mX√
2σX

)
+

√
2

π
σX exp

(
−m

2
X

2σ2X

))3

.

Since equality (
√
YFND)2 = YFND is satisfied, the variance is calculated by the formula:

D√
YFND

= YFND −
(√

YFND

)2
. (12)

Transformation (1,b). Although the function
√
X limits the set of allowed values of RV X by

a positive half-bounded interval X ∈ [0,+∞) the distribution of the transformed RV is described by
the truncated (left) ND:

fN(mX ,σX)(x) =

√
p

π
exp

(
−(x−mX)2

2σ2X

)
=

√
p

π
exp

(
− m2

X

2 σ2X

)
exp(−px2 − θx), x > 0. (13)

According to the table integral
√

p
π

∫
exp

(
− (x−mX)2

2σ2X

)
dx = −1

2 erf
(
x−mX√

2σX

)
[15] or (5), the nor-

malizing constant CX of function (13) is equal to:
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C[0,∞) =
1√

p
π exp

(
−m2

X

2σ2X

) ∫∞
0 x0 exp(−px2 − θx)dx

=
2

1 + erf
(

mX√
2σX

) .

Then the statistical mean X[0,∞) is:

X[0,∞) =

√
p

π
C[0,∞)

∫ +∞

0
x exp

(
−(x−mX)2

2σ2X

)
dx

=

√
p

π
C[0,∞) exp

(
−m

2
X

2σ2X

)∫ ∞

0
x exp(−py2 − θy)dx = mX +

√
2

π
σX K(mX , σX),

where the input function is

K(mX , σX) =
exp

(
−m2

X

2σ2X

)

1 + erf
(

mX√
2σX

) , (14)

the graphs of which are shown in Fig. 2 and the standard RV representation X = mX + σXZ ⇒{
if x = 0 then z = −mX

σX

if x =∞ then z =∞
is used and the change of integration boundaries is taken into account.
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Fig. 2. The dependence graphs for σX = const (a) and mX = const (b) mean and MSD transformations
√
|X |,√

X , built by formulas root_Y(m) (9), RMS_root_Y(m) (12), root_X(m) (17), RMS_root_X(m) (19) and
root_RX(m), RMS_root_RX(m) (7) [9], and the graphs of function K(m,σ) (14).

Now let us calculate the mean
(
X[0,∞)

)2
:

(
X[0,∞)

)2
=

√
p

π
C[0,∞)

∫ +∞

0
x2 exp

(
−(x−mX)2

2σ2X

)
dx

= σ2X +m2
X +

√
2

π
mXσX

exp
(
− m2

y

2σ2X

)

1 + erf
(

mX√
2 σX

) .

Then, the variance is:

DX[0,∞)
=
(
x−X[0,∞)

)2
=
(
X[0,∞)

)2 −
(
X[0,∞)

)2

= m2
X + σ2X +

√
2

π
mXσXK(mX , σX)−

(
mX +

√
2

π
σXK(mX , σX)

)2

. (15)

Let us check the result (15):
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DX[0,∞)
=

√
p

π
C[0,∞)

∫ +∞

0

(
x−X[0,∞)

)2
exp

(
−(x−mX)2

2σ2X

)
dx

=

√
p

π
C[0,∞) exp

(
−m

2
Y

2σ2X

)∫ +∞

0

(
x−X[0,∞)

)2
exp(−px2 − θx) dx

= σ2X +m2
X − 2X[0,∞)mX +

(
X[0,∞)

)2 −
[
−mX + 2X[0,∞)

]
√

2

π
σX K(mX , σX).

Let us apply expansion (8) to the function
√
X[0,∞),

√
X[0,∞)

∼=
√
X[0,∞) +

(
x−X[0,∞)

)

2
√
X[0,∞)

−
(
x−X[0,∞)

)2

8X[0,∞)

√
X[0,∞)

+

(
x−X[0,∞)

)3

16
(
X[0,∞)

)2√
X[0,∞)

+ . . . , (16)

and carry out averaging (16):

√
X[0,∞)

∼=
√
X[0,∞) +

(
x−X[0,∞)

)

2
√
X[0,∞)

−
(
x−X[0,∞)

)2

8X[0,∞)

√
X[0,∞)

+

(
x−X[0,∞)

)3

16
(
X[0,∞)

)2√
X[0,∞)

+ . . .

=
√
X[0,∞) −

D[0,∞)

8X[0,∞)

√
X[0,∞)

+

(
x−X[0,∞)

)3

16
(
X[0,∞)

)2√
X[0,∞)

+ . . . , (17)

where (x−X[0,∞)) = 0 and (x−X[0,∞))2 = D[0,∞) are taken into account. Given X2 6=
(
X
)2

and

X3 6=
(
X
)3

,
(
x−X[0,∞)

)3
=
(
X[0,∞)

)3 − 3
(
X[0,∞)

)2
X[0,∞) + 2

(
X[0,∞)

)3
, (18)

where

(
X[0,∞)

)3
=
[
m3
X + 2σ2XmX

]
+
[
σ2X +m2

X

]
√

2

π
σX

exp
(
−m2

X

2σ2X

)

1 + erf
(

mX√
2σX

) .

For statistically independent RV the variance of transformation (1,b) is:

D√X[0,∞)
=
(√

X[0,∞)

)2
−
(√

X[0,∞)

)2

= X[0,∞) −
(√

X[0,∞)

)2

. (19)

Discussion. Figure 2 shows the graphs of the dependences of mX(σX = const) and σX(mX =
const) on the mean root_Y(m) (9) and root_X(m) (17), MSD RMS_root_Y(m) (12) and
RMS_root_X(m) (19) at intervals 3σX , the approximation within which the agreement of Taylor
series for the transformation functions (1) was achieved. We see that within the interval 3σX , the in-
dividual regularities of the statistical mean values of the two transformations emerge (1). Beyond this
uncertainty, the dependencies (9), (18), (12), (19) mX →∞ (σX = const) and σX → 0 (mX = const)
are very close to root_RX(m,σ) and RMS_root_RX(m,σ):

√
X ∼=

√√
m2
X −

1

2
σ2X , σ√X

∼=

√

mX −
√
m2
X +

1

2
σ2X (20)

built by formulas (7) [9]. In addition, the graphs in Fig. 2 confirm the reservations made in [16, 17]
regarding the existence of restrictions on the application of formulas (20). Given σX = const (Fig. 2a),
the restriction region is formed in the range of values mX > mX,lim, with respect to some boundary
mX,lim = σX√

2
. Given mX = const (Fig. 2b, the boundary region is formed in the range of values
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σ > σX,lim with respect to some boundary σ > σX,lim =
√

2mX . The differences between formulas (20)
with the boundaries of the mean root_X(m) and MSD RMS_root_X(m) transformations

√
X and√

|X| can be minimized and more optimal agreement can be achieved (Fig. 3) if formulas (20) are
represented as follows:

√
Y ∼=

√√
m2
X +

1

2
σ2X , σ√Y

∼=
√
−mX +

(√
Y
)2
. (21)

In contrast to (20), the formulas (21) allow us to transfer approximate values of the mean and transfer
errors (1) by the square root of a normally distributed RV over the whole range of values m, σ.
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Fig. 3. The illustration of the consistency of formulas (21) with the dependencies (9), (18) and (12), (19) on
the level “3σX”.

3. Conclusions

The theoretical studies carried out in this work once again confirmed the importance of the correct
application of the basic provisions of probability theory for the statistical averaging of random val-
ues of physical measurements subjected to nonlinear transformations. It is shown that for nonlinear
transformation of a normally distributed RV with a square root, the integrals of higher order averaging

n > 1 satisfy the inequality
(
y − Y

)n 6= 0. On the basis of the theoretical research, correct boundary
m,σ →∞ formulas of error transfer are proposed.

We are grateful to V. I. Romanenko (Institute of Physics, Kyiv) for fruitful discussions.

[1] Weisstein E. W. Cauchy Distribution. From MathWorld-A Wolfram Web Resource.

[2] Hudson D. Lectures on probability theory and elementary statistics. Geneva, CERN (1963).

[3] Suhir E. Applied Probability for Engineers and Scientistics. McGraw-Hill Companies (1997).

[4] Papoulis A. Probability, Random Variables, and Stochastic Processes. McGraw-Hill (1991).

[5] Kodolov I. M., Khudyakov S. T. Teoreticheskie osnovy verojtnostnyh metodov v inzhenerno-
economicheskich zadachah. Funkcional’nye pereobrazovanij sluchajnyh velechyn i sluchajnye fynkcii.
Moskva, MADI (1985), (in Russian).

[6] Romanenko V. I., Kornilovska N. V. On the accuracy of error propagation calculations by analytic formulas
obtained for the inverse transformation. Ukrainian Journal of Physics. 64 (3), 217–222 (2019).

[7] Leone F. C., Nelson L. S., Nottingham R. B. The folded normal distribution. Technometrics. 3 (4), 543–
550 (1961).

[8] Gui W., Chen P.-H., Wu H. A Folded Normal Slash Distribution and its Applications to Non-negative
Measurements. Journal of Data Science. 11 (2), 231–247 (2013).

Mathematical Modeling and Computing, Vol. 9, No. 2, pp. 318–325 (2022)



Simulation of statistical mean and variance of normally distributed random values, transformed by . . . 325

[9] Rode G. G. Propagation of the Measurement Errors and Measured Means of Physical Quantities for The
Elementary Functions x2 and

√
x. Ukrainian Journal of Physics. 62 (2), 184–191 (2017).

[10] Fotiadis D., Scheuring S., Müller S. A., Engel A., Müller D. J. Imaging and manipulation of biological struc-
tures with the AFM. Micron. 33 (4), 385–397 (2002).

[11] Vattulainen I., Ala-Nissila T., Kanakaala K. Physical tests for random numbers simulations. Physical
Review Letters. 73 (19), 2513–2516 (1994).

[12] Lang T. Twently Statistical Errors Even You Can Find in Biomedical Research Articles. Croatian Medical
Journal. 45 (4), 361–370 (2004).

[13] Prudnikov A. P., Brychkov Yu. A., Marichev O. I. Integraly i rjady. Elementarnye funkcii. Moskva, Nauka
(1981), (in Russian).

[14] Ng E. W., Geller M. A Table o f Integrals of the Error Functions. Journal of Research of the National
Bureau of Standerds – B. Mathematical Sciences. 73B (1), 1–20 (1969).

[15] From Web Resource: Table of Integrals. 2014 From http://integral-table.com.

[16] Kosobutskyy P. S. On the simulation of the mathematical expectation and variance of samples for gaussian-
distributed random variables. Ukrainian Journal of Physics. 62 (2), 827–831 (2017).

[17] Kosobutskyy P. S. Analytical relations for the mathematical expectation and variance of a standard dis-
tributed random variable subjected to the

√
x transformation. Ukrainian Journal of Physics. 63 (3),

215–219 (2018).

Моделювання статистичних середнiх i дисперсiї нормально
розподiлених випадкових величин, перетворених нелiнiйними

функцiями
√
|X| та

√
X

Кособуцький П. С., Каркульовська М. С.

Нацiональний унiверситет “Львiвська полiтехнiка”,
вул. С. Бандери, 12, 79013, Львiв, Україна

У роботi виконанi теоретичнi дослiдження закономiрностей формування статистично
усереднених i дисперсiї нормально розподiлених випадкових значень iз необмеженим
iнтервалом значень аргументу, якi перетворенi нелiнiйним перетворенням функцiя-
ми
√
|X | та

√
X. Показано, що для нелiнiйного перетворення нормально розподiленої

випадкової змiнної квадратним коренем, iнтеграли статистичного усереднення вищих

порядкiв n > 1 задовольняють нерiвнiсть (y − Y )n 6= 0. На основi проведених теоре-
тичних дослiджень запропоновано коректнi граничнi m,σ →∞.

Ключовi слова: статистичнi середнє, дисперсiя, перетворення, нормальний роз-
подiл, випадкова величина.
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