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The main idea proposed in this article is an efficient shifted Legendre pseudospectral
method for solving a class of nonlinear delay Fredholm integro-differential equations. In
this method, first we transform the problem into an equivalent continuous-time optimiza-
tion problem and then utilize a shifted pseudospectral method to discrete the problem.
By this method, we obtained a nonlinear programming problem. Having solved the last
problem, we can obtain an approximate solution for the original delay Fredholm integro-
differential equation. Here, the convergence of the method is presented under some mild
conditions. Illustrative examples are included to demonstrate the efficiency and applica-
bility of the presented technique.
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1. Introduction

Integro-differential equations (IDEs) have gained a lot of interest in many applications, such as biologi-
cal, physical, and engineering problems. The numerical methods for solution of FIDEs have been inves-
tigated in many studies [1–4]. An important class of IDEs are delay IDEs (DIDEs). Up to now, many
numerical methods are proposed to solve special classes of these equations. Mahmoudi et al. [5] pro-
posed a convergent numerical method for solving nonlinear delay Volterra integro-differential(VIDEs)
equations. Also, Mahmoudi et al. [6] proposed a convergent numerical method for solving nonlinear
delay differential equations. Belloura and Bousselsal [7] suggested a new numerical and convergent
approach based on the use of continuous collocation Taylor polynomials for the numerical solution
of VIDEs. In [8], spectral and pseudospectral Jacobi–Petrov–Galerkin approaches were developed to
solve the second kind VIDEs. Yuzbasi [9] presented a matrix method for obtaining the approximate
solutions of the delay linear Fredholm IDEs (FIDEs) with constant coefficients using the shifted Legen-
dre polynomials. Saadatmandi and Dehghan [10] applied the Legendre polynomials for the solution of
the linear FID equation of high order. Kucche and Shikhare [11] presented results about existence and
uniqueness of solutions and Ulam–Hyers and Rassias stabilities of nonlinear Volterra–Fredholm DIDEs.
Gulsu and Sezer [12] presented few techniques available to numerically solve linear FID difference equa-
tion of high-order. Issa et al. [13] proposed the perturbed shifted Chebyshev–Galerkin method for the
solutions of delay Fredholm and Volterra IDEs. Boichuk et al. [14] presented a Fredholm boundary
value problem for a linear delay system with several delays defined by pairwise permutable constant
matrices. Sahin et al. [15] considered an approximate solution of general linear FID difference equa-
tions under the initial-boundary conditions in terms of the Bessel polynomials. Sezer and Gulsu [16]
presented a numerical method for solving the high-order general delay linear Volterra–Fredholm IDEs
with variable coefficients under the mixed conditions in terms of Taylor polynomials. Ordokhani and
Mohtashami [17] presented an appropriate numerical method to solve nonlinear FIDEs with time delay
by using Taylor method.
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Nonlinear delay Fredholm integro-differential equations (DFIDEs) have a wide range of applications
in science and engineering. Due to the existence of nonlinearity and delay times, these equations
must be solved successfully with efficient numerical methods. Hence we proposed an efficient and
applicable method for such problems. We first convert the problem into an equivalent continuous-time
optimization (CTO) problem and then approximate the optimal solution of this CTO problem by an
interpolating polynomial. Here, the interpolation are related to the shifted Legendre–Gauss–Lobatto
(LGL) nodes. After discretization the problem in these nodes, we get a nonlinear programming (NLP)
problem, by solving of which we approximate the solution of original DFIDE. Moreover we analyze the
convergence of approximate solutions and show the performance of approach by solving three numerical
examples.

2. Nonlinear DFIDE

In this paper, we focus on the following class of nonlinear DFIDEs,



ẏ(x) = f

(
x, y(x), y(x− σ)

)
+

∫ T

0
h
(
x, s, y(s), y(s − σ)

)
ds, 0 < x 6 T,

y(x) = ξ(x), −σ 6 x 6 0,

(1)

where f, h : [0, T ] × Rn × Rn → R and ξ : [0, T ] → Rn are given continuously differentiable functions,
y : Rn → R is an unknown function and 0 < σ < T is a given delay parameter. We assume that the
system (1) has a unique solution.

We can use the transformations s1 = σ
2 t + σ

2 and s2 = T−σ
2 t + σ+T

2 respectively, to convert the
intervals [0, σ] and [σ, T ] into [−1, 1]. By these DFIDE (1) is transformed into the following equivalent
system

ẏ(x) =





f
(
x, y(x), ξ(x − σ)

)
+ σ

2

∫ 1

−1
h
(
x, σ2 t+ σ

2 , y
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

+T−σ
2

∫ 1

−1
h
(
x, T−σ2 t+ T+σ

2 , y
(
T−σ
2 t+ T+σ

2

)
, y
(
T−σ
2 t+ T−σ

2

))
dt, 0 < x 6 σ,

f
(
x, y(x), y(x − σ)

)
+ σ

2

∫ 1

−1
h
(
x, σ2 t+ σ

2 , y
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

+T−σ
2

∫ 1

−1
h
(
x, T−σ2 t+ T+σ

2 , y
(
T−σ
2 t+ T+σ

2

)
, y
(
T−σ
2 t+ T−σ

2

))
dt, σ < x 6 T,

y(0) = ξ(0).

(2)

Now, we suggest the following CTO problem:

Minimize J = (y(0)− ξ(0))2 subject to

ẏ(x) =





f
(
x, y(x), ξ(x − σ)

)
+ σ

2

∫ 1

−1
h
(
x, σ2 t+ σ

2 , y
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

+T−σ
2

∫ 1

−1
h
(
x, T−σ2 t+ σ+T

2 , y
(
T−σ
2 t+ σ+T

2

)
, y
(
T−σ
2 t+ T−σ

2

))
dt, 0 < x 6 σ,

f
(
x, y(x), y(x − σ)

)
+ σ

2

∫ 1

−1
h
(
x, σ2 t+ σ

2 , y
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

+T−σ
2

∫ 1

−1
h
(
x, T−σ2 t+ σ+T

2 , y
(
T−σ
2 t+ σ+T

2

)
, y
(
T−σ
2 t+ T−σ

2

))
dt, σ < x 6 T.

(3)

It is trivial that the solution of (2) is an optimal solution for the problem (3). Also, since problem (1)
has a unique solution, the problem (2) is feasible and has a unique optimal solution. Note that the
CTO problem (3) help us to analyze the convergence of the method.

In next section, we implement a shifted Legendre pseudospectral method for solving CTO prob-
lem (3).
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3. Implementation of the method

We approximate the solution of CTO problem (3) as follows

y(x) ≃ yN (x) =

N∑

j=0

ȳjLj(x), 0 6 x 6 T, (4)

where ȳj, j = 0, 1, . . . , N are unknown coefficients and Lj(·), j = 0, 1, . . . , N are the Lagrange polyno-
mials which they are defined as follows

Lj(x) =

N∏

i=0
i6=j

x− xi
xj − xi

, j = 0, 1, . . . , N. (5)

Here, {xj}Nj=0 ∈ [0, T ] are the shifted LGL collocation points, and they are the roots of

QN+1(x) =

(
1−

(
2

T
x− 1

)2)dpN (x)

dt
,

where pN (·) is the shifted Legendre polynomial of degree N . This polynomial can be calculated on
[0, T ] by the following recurrence formula,





p0(x) = 1, p1(x) =
2

T
x− 1,

pj+1(x) =
2j + 1

j + 1

(
2

T
x− 1

)
pj(x)− j

j+1pj−1(x), j = 1, 2, . . . , N.

(6)

Notice that Lj(xk) = 0, if j 6= k, and Lj(xk) = 1 if j = k. Hence, we get

y(xk) ≃ yN (xk) = ȳk. (7)

Also,
d

dx
y(xk) ≃ dyN

dx
(xk) =

N∑

j=0

ȳjL̇j(xk) =

N∑

j=0

ȳjDkj, (8)

where Dkj = L̇j(xk) and can be given by

Dkj =





LN (xk)

LN (xj)

1

xk − xj
, k 6= j,

2

T

−N(N + 1)

4
, k = j = 0,

2

T

N(N + 1)

4
, k = j = N,

0, otherwise.

(9)

Now, by utilizing relations (4) and (7), we discretize the CTO problem (3) as the following NLP
problem:

Minimize J = (y0 − ξ(0))2 ,




N∑
j=0

ȳjDkj = f
(
xk, ȳk, ξ(xk − σ)

)
+ σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , yN
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

+T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , yN
(
T−σ
2 t + T+σ

2

)
, yN

(
T−σ
2 t+ T−σ

2

))
dt, k = 1, 2, . . . , lσ ,

N∑
j=0

ȳjDkj = f
(
xk, ȳk, yN (xk − σ)

)
+ σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , yN
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

+T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , yN
(
T−σ
2 t+ T+σ

2

)
, yN

(
T−σ
2 t+ T−σ

2

))
dt, k = lσ + 1, . . . , N.

(10)

Here we have assumed that index lσ satisfies xlσ 6 σ < xlσ+1 < T . Integral in constraint of prob-
lem (10) can be approximated by using the following lemma.
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Lemma 1 (Ref. [18]). For any polynomial p(·) of degree at most 2N − 1, we have

∫ 1

−1
p(t) dt =

N∑

j=0

p(tj)ωj,

where ωj = 2
N(N+1)

1
(pN (tj ))

2 , j = 0, 1, . . . , N, {tj}Nj=0 and pN (·) are the LGL nodes and Legendre

polynomial of degree N on [−1, 1], respectively.

Now, by Lemma 1, the problem (10) can be approximated as follows:

Minimize J = (y0 − ξ(0))2,




N∑
j=0

ȳjDkj = f
(
xk, ȳk, ξ(xk − σ)

)
+ σ

2

N∑
j=0

ωjh
(
xk,

σ
2 tj + σ

2 ,
N∑
i=0

yiLi
(
σ
2 tj + σ

2

)
, ξ
(
σ
2 tj − σ

2

))
dt

+T−σ
2

N∑
j=0

wjh
(
xk,

T−σ
2 tj + σ+T

2 ,
N∑
i=0

yiLi
(
T−σ
2 tj + σ+T

2

)
,
N∑
i=0

yiLi
(
T−σ
2 tj + T−σ

2

))
, k = 1, 2, . . . , lσ ,

N∑
j=0

ȳjDkj = f
(
xk, ȳk,

N∑
i=0

ȳiLi(xk − σ)
)

+ σ
2

N∑
j=0

ωjh
(
xk,

σ
2 tj + σ

2 ,
N∑
i=0

yiLi
(
σ
2 tj + σ

2

)
, ξ
(
σ
2 tj − σ

2

))
dt

+T−σ
2

N∑
j=0

wjh
(
xk,

T−σ
2 tj + σ+T

2 ,
N∑
i=0

yiLi
(
T−σ
2 tj + σ+T

2

)
,
N∑
i=0

yiLi
(
T−σ
2 tj + T−σ

2

))
, k = lσ + 1, . . . , N.

(11)

Having solved NLP problem (10) we obtain the point wise approximation ȳ∗ = (ȳ∗0, ȳ
∗
1 , . . . , ȳ

∗
N ) and

continuous approximation

yN (x) =

N∑

j=0

ȳ∗jLj(x), 0 6 x 6 T, (12)

for the original DFIDE (1).

4. Convergence analysis

In this section, we analyze the convergence of the obtained approximate solutions to the exact solutions.
We show that constraints of the problem (10) can be relaxed to guarantee the feasibility. Here, the
notation Wm,p is Sobolev space that consist of all functions η : [0, T ] → R whose η(j), 0 6 j 6 m, lie
in Lp, with the norm

‖η‖Wm,p =

m∑

j=0

(∫ T

0

∣∣η(j)(x)
∣∣pdx

) 1
p

.

We first convert the problem (10) into the following problem:

Minimize J = (y0 − ξ(0))2 subject to




∣∣∣∣∣
N∑
j=0

ȳjDkj − f
(
xk, ȳk, ξ(tk − σ

)
− σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , yN
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

−T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , yN
(
T−σ
2 t+ σ+T

2

)
, yN

(
T−σ
2 t+ T−σ

2

))
dt

∣∣∣∣6(N − 1)
3
2
−m, k = 1, 2, . . . , lσ ,

∣∣∣∣∣
N∑
j=0

ȳjDkj − f
(
xk, ȳk, yN (tk − σ)

)

−T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , yN
(
T−σ
2 t+ σ+T

2

)
, yN (T−σ2 t+ T−σ

2 )
)
dt

− σ
2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , yN (σ2 t+ σ
2 ), ξ

(
σ
2 t− σ

2

))
dt

∣∣∣∣ 6 (N − 1)
3
2
−m, k = lσ + 1, . . . , N.

(13)
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Lemma 2 (see [19]). For any given function η(·) ∈ Wm,∞, there is a polynomial pn(·) of degree at
most N , such that

‖η(·) − pn(·)‖∞ 6 C C0N
−m,

where C is a constant independent of N and C0 = ‖η‖Wm,∞ .

Theorem 1. Assume that y(·) ∈ Wm,∞, m > 2 is an optimal solution for the problem (3). Then,
there exists a positive integer N1 such that for any N > N1 problem (13) has a feasible solution
ȳ = (ȳ0, ȳ1, . . . , ȳN ) satisfies

| y(xk)− ȳk| 6 L(N − 1)1−m, k = 0, 1, . . . , N, (14)

where {xk}Nk=0 are the shifted LGL points and L is a positive constant independent of N .

Proof. By Lemma 2 there exists an polynomial p(·) of degree (N − 1) and constant C1 independent
N , such that

‖ẏ(·)− p(·)‖∞ 6 C1(N − 1)1−m.

We define

yN (x) =

∫ x

0
p(τ) dτ + y(0).

So we have
ẏN (x) = p(x), yN (0) = y(0).

Hence, for x ∈ [0, T ]

|y(x)− yN (x)| =
∣∣∣∣
∫ x

0
(ẏ(s)− p(s))ds

∣∣∣∣ 6
∫ x

0
|ẏ(s)− p(s)| ds

6 C1(N − 1)1−m
∫ T

0
ds 6 C1T (N − 1)1−m. (15)

So by assumption L = C1T and x = xk, k = 0, 1, . . . , N relation (14) can be obtained. Now we show
that yN (xk), k = 0, 1, . . . , N satisfy the constraints of the problem (13). By relation (15), y(xk) for
k = 0, 1, . . . , N are in a compact set such as Ω ⊆ Rn. Moreover, since f(·, ·, ·) on [0, T ] × Ω2, h(·, ·, ·)
on [0, T ]2×Ω2 are continuously differentiable, there are constants M1, M2 independent of N such that

{
|f(x, σ1, σ2)− f(x, ψ1, ψ2)| 6M1

(
|σ1 − ψ1|+ |σ2 − ψ2|

)
,

|h(x, t, σ1, σ2)− h(x, t, ψ1, ψ2)| 6M2

(
|σ1 − ψ1|+ |σ2 − ψ2|

) (16)

for all x, t,∈ [0, T ] and σ1, σ2, ψ1, ψ2 ∈ Ω. By definition yN (·) is a polynomial of degree less than or
equal to N . The derivative of any polynomial of degree less than or equal to N at the shifted LGL
nodes x0, x1, . . . , xN can be given exactly by the differential matrix D. Hence, we get

N∑

j=0

ȳjDkj = ẏN (xk). (17)

Therefore, by (14), (15) and (17) for k = 1, 2, . . . , lσ we have,
∣∣∣∣ẏN(xk)− f

(
xk, yN (xk), ξ(xk − σ)

)
− σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , yN
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

−T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , yN
(
T−σ
2 t+ T+σ

2

)
, yN

(
T−σ
2 t+ T−σ

2

))
dt

∣∣∣∣

6
∣∣ẏN (xk)− ẏ(xk)

∣∣+
∣∣f
(
xk, yN (xk), ξ(xk − σ)

)
− f

(
xk, y(xk), ξ(xk − σ)

)∣∣

+

∣∣∣∣
σ
2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , yN
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt− σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , y
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

∣∣∣∣
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+

∣∣∣∣
T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , yN
(
T−σ
2 t+ T+σ

2

)
, yN

(
T−σ
2 t+ T−σ

2

))
dt

−T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , y
(
T−σ
2 t+ T+σ

2

)
, y
(
T−σ
2 t+ T−σ

2

))
dt

∣∣∣∣

+

∣∣∣∣ẏ(xk)− f
(
xk, y(xk), ξ(xk − σ)

)
− σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , y
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

−T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , y
(
T−σ
2 t+ T+σ

2

)
, y
(
T−σ
2 t+ T−σ

2

))
dt

∣∣∣∣

6
∣∣p(xk)− ẏ(xk)

∣∣+M1

∣∣yN(xk)− y(xk)
∣∣+M2

σ
2

∫ 1

−1

∣∣yN (σ2 t+ σ
2 )− y

(
σ
2 t+ σ

2

)∣∣ dt

+M2
T−σ
2

∫ 1

−1

∣∣yN
(
T−σ
2 t + T+σ

2

)
− y

(
T−σ
2 t+ T+σ

2

)∣∣ dt

+M2
T−σ
2

∫ 1

−1

∣∣yN
(
T−σ
2 t + T−σ

2

)
− y

(
T−σ
2 t+ T−σ

2

)∣∣ dt

6 C1(N − 1)1−m +M1TC1(N − 1)1−m +M2σC1T (N − 1)1−m + 2M2(T − σ)C1T (N − 1)1−m

= C1(N − 1)1−m
(
1 +M1T +M2σT + 2M2T (T − σ)

)
,

and for k = lσ + 1, . . . , N we obtain
∣∣∣∣ẏN (xk)− f

(
xk, yN (xk), yN (xk − σ)

)
− σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , yN
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

−T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , yN
(
T−σ
2 t+ T+σ

2

)
, yN

(
T−σ
2 t+ T−σ

2

))
dt

∣∣∣∣

6
∣∣ẏN(xk)− ẏ(xk)

∣∣+
∣∣f (xk, yN (xk), yN (xk − σ))− f (xk, y(xk), y(xk − σ))

∣∣

+

∣∣∣∣
σ
2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , yN
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt− σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , y
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

∣∣∣∣

+

∣∣∣∣
T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , yN
(
T−σ
2 t+ T+σ

2

)
, yN

(
T−σ
2 t+ T−σ

2

))
dt

−T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , y
(
T−σ
2 t+ T+σ

2

)
, y
(
T−σ
2 t+ T−σ

2

))
dt

∣∣∣∣

+

∣∣∣∣ẏ(xk)− f
(
xk, y(xk), y(xk − σ)

)
− σ

2

∫ 1

−1
h
(
xk,

σ
2 t+ σ

2 , y
(
σ
2 t+ σ

2

)
, ξ
(
σ
2 t− σ

2

))
dt

−T−σ
2

∫ 1

−1
h
(
xk,

T−σ
2 t+ T+σ

2 , y
(
T−σ
2 t+ T+σ

2

)
, y
(
T−σ
2 t+ T−σ

2

))
dt

∣∣∣∣

6
∣∣p(xk)− ẏ(xk)

∣∣+M1

(
|yN (xk)− y(xk)|+ |yN (xk − σ)− y(xk − σ)|

)

+M2
σ
2

∫ 1

−1

∣∣yN (σ2 t+ σ
2 )− y

(
σ
2 t + σ

2

)∣∣ dt +M2
T−σ
2

∫ 1

−1

∣∣yN
(
T−σ
2 t+ T+σ

2

)
− y

(
T−σ
2 t+ T+σ

2

)∣∣ dt

+M2
T−σ
2

∫ 1

−1

∣∣yN
(
T−σ
2 t+ T−σ

2

)
− y

(
T−σ
2 t+ T−σ

2

)∣∣ dt

6 C1(N − 1)1−m + 2M1TC1(N − 1)1−m +M2σC1T (N − 1)1−m + 2M2(T − σ)C1T (N − 1)1−m

= C1(N − 1)1−m(1 + 2M1T +M2σT + 2M2T (T − σ)),

where M1, M2 are the Lipschitz constants and satisfy relation (16). Now, we consider a positive integer

N1 such that for all N > N1, 1 + 2M1T + M2σT + 2M2T (T − σ) 6 (N − 1)
3
2
−m. By this, for any

N > N1, ȳ = (ȳ0, ȳ1, . . . , ȳN ) satisfies the constraints of the problem (13). �
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Now, let (ȳ∗0, ȳ
∗
1 , . . . , ȳ

∗
N ) be an optimal solution for the problem (13). Define

y∗N (x) =

N∑

k=0

ȳ∗k Lk(x), x ∈ [0, T ], (18)

where Lk(·), k = 0, 1, . . . , N are the Lagrange interpolating polynomials. We have a sequence of direct
solutions {ȳ∗0, ȳ∗1 , . . . , ȳ∗N}

∞
N=N1

and their sequence of interpolating functions {y∗N (·)}∞N=N1
.

Theorem 2. Let {ȳ∗0 , ȳ∗1, . . . , ȳ∗N}
∞
N=N1

be a sequence of optimal solutions of the problem (13) and
{y∗N(·)}∞N=N1

be their interpolating sequence. It is assumed that the sequence {ẏ∗N(·)}∞N=N1
has a

subsequence that uniformly converges to the continuous function. Then,

y∗(x) =

∫ x

0
q(τ) dτ + ξ(0), 0 6 x 6 T, (19)

is an optimal solution for the problem (3).

Proof. Assume that
{
ẏ∗Ni

(·)
}∞
i=1

is a subsequence of sequence {ẏ∗N (·)}∞N=1 such that lim
i→∞

Ni =∞ and

lim
i→∞

ẏ∗Ni
(·) = q(·). So we get lim

i→∞
y∗Ni

(·) = y∗(·). Also, by considering the objective function of the

problem (13), we have

J =
(
ȳ∗0 − ξ(0)

)2
=
(

lim
i→∞

y∗Ni
(0) − ξ(0)

)2
=
(
y∗(0)− ξ(0)

)2
=
(
ξ(0) − ξ(0)

)2
= 0.

Hence, it is sufficient that we show y∗(·) is a feasible solution. Assume that y∗(·) does not satisfy the
constraint of problem (3). So, there is a time x̄ ∈ [0, T ] such that

ẏ∗(x̄)− ψ
(
x̄, y∗(x̄), y∗(x̄− σ)

)
6= 0,

where

ψ
(
x, y∗(x), y∗(x− σ)

)
=





f
(
x, y∗(x), ξ(x− σ)

)
+ σ

2

∫ 1

−1
h
(
x, σ2 t+ σ

2 , y
∗ (σ

2 t+ σ
2

)
, ξ
(
σ
2 t− σ

2

))
dt

+T−σ
2

∫ 1

−1
h
(
x, T−σ2 t+ T+σ

2 , y∗
(
T−σ
2 t+ T+σ

2

)
, y∗
(
T−σ
2 t+ T−σ

2

))
dt, 0 < x 6 σ,

f
(
x, y∗(x), y∗(x− σ)

)
+ σ

2

∫ 1

−1
h
(
x, σ2 t+ σ

2 , y
∗ (σ

2 t+ σ
2

)
, ξ
(
σ
2 t− σ

2

))
dt

+T−σ
2

∫ 1

−1
h
(
x, T−σ2 t+ T+σ

2 , y∗
(
T−σ
2 t+ T+σ

2

)
, y∗
(
T−σ
2 t+ T−σ

2

))
dt, σ < x 6 T.

Since, shifted LGL nodes {xk}∞k=0 are dense in [0, T ] (see [20]), there is a sequence xkNi
such that

0 < kNi < Ni and lim
i→∞

xkNi
= x̄. Thus

ẏ∗(x̄)− ψ
(
x̄, y∗(x̄), y∗(x̄− σ)

)
= lim

i→∞

(
ẏ∗(xkNi

)− ψ
(
xkNi

, y∗(xkNi
), y∗(xkNi

− σ)
))
6= 0. (20)

On the other hand, lim
i→∞

(Ni − 1)
3
2
−m = 0. So by constraints of problem (3), we have

lim
i→∞

(ẏ∗(xkNi
)− g

(
xkNi

, y∗(xkNi
), y∗(x̄− σ)

)
= 0,

which is a contradiction to (20). Thus y∗(·) is an optimal solution for problem (3). �

Note that y∗(·) is also a solution for the DFIDE (1).
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5. Numerical examples

In this section, we show the efficiency of presented method by solving three DFIDEs. Here, we calculate
the absolute error of approximate solution by

E(x) = |y(x)− y∗(x)|, 0 6 x 6 T,

where y(·) and y∗(·) are the approximate and exact solutions, respectively. We utilize the FMINCON
in MATLAB software to solve the obtained NLP problems.

Example 1. Consider the following DFIDE




ẏ(x) = y(x− 1) + ex − ex−1 + e−1 − e+

∫ 2

0
y(s− 1) ds, 0 6 x 6 2,

y(x) = ξ(x), −1 6 x 6 0,

(21)

where ξ(x) = ex, −1 6 x 6 0. The exact solution is y(x) = ex. We represent the obtained approximate
and exact solutions for N = 10 in Fig. 1. The absolute errors of approximate solutions for N = 8, 10,
12 are presented in Fig. 2. It is observed that when N increases, the absolute error tends to zero.

Example 2. Consider the following DFIDE




ẏ(x) = y(x− 1) + cos(x)− sin(x− 1) + sin(1)− cos(1) +

∫ π
2

0
y(s− 1) ds, 0 6 x 6 2,

y(x) = ξ(x), −1 6 x 6 0,

(22)

where ξ(x) = sinx, −1 6 x 6 0. The exact solution is y(x) = sinx. We show the approximate and
exact solutions for N = 10 in Fig. 3. The absolute errors of approximate solutions for N = 8, 10, 12
are given in Fig. 4. It is observed that when N increases, the absolute error tends to zero.

Example 3. Consider the following DFIDE




ẏ(x) = y(x− 1)− cos(x− 1)− 1

2
sin(2)− π/4 − sin(x) +

∫ π
2

0
y2(s− 1) ds, 0 6 x 6 2,

y(x) = ξ(x), −1 6 x 6 0,

(23)

where ξ(x) = cos x, −1 6 x 6 0. The exact solution is y(x) = cosx. We represent the approximate
and exact solutions for N = 10 in Fig. 5. The absolute errors of approximate solutions for N = 8, 10,
12 are presented in Fig. 6. It is observed that when N increases, the absolute error tends to zero.
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Fig. 1. The exact and approximate solutions with
N = 10 for Example 1.

Fig. 2. The absolute errors for Example 1.
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Fig. 3. The approximate solution with N = 10 for
Example 2.

Fig. 4. The absolute errors for Example 2.
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Fig. 5. The exact and approximate solutions with
N = 10 for Example 3.

Fig. 6. The absolute errors for Example 3.

6. Conclusions

In this article, we presented an efficient shifted Legendre pseudospectral method for nonlinear delay
Fredholm integro-differential equations. The feasibility and convergence of the obtained approximate
solutions are analyzed. Also, the performance and capability of the method is shown by solving some
DFIDEs.
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Розв’язування класу нелiнiйних iнтегро-диференцiальних рiвнянь
Фредгольма зi затримкою з аналiзом збiжностi

Махмудi М., Говатманд М., Нурi Скандарi М. Х.

Факультет математичних наук, Шахрудський технологiчний унiверситет, Шахруд, Iран

Основна iдея, запропонована в цiй статтi, — ефективний змiщений псевдоспектраль-
ний метод Лежандра для розв’язування класу нелiнiйних iнтегро-диференцiальних
рiвнянь Фредгольма зi затримкою. У цьому методi спочатку перетворюється вихiдна
задача в еквiвалентну задачу оптимiзацiї з неперервним часом, а потiм використо-
вується змiщений псевдоспектральний метод для дискретизацiї задачi. Цим методом
отримано задачу нелiнiйного програмування. Розв’язавши її, можна отримати наб-
лижений розв’язок вихiдного iнтегро-диференцiального рiвняння Фредгольма зi за-
тримкою. Тут подано збiжнiсть методу за деяких м’яких умов. Наведено iлюстративнi
приклади для демонстрацiї ефективностi та застосовностi запропонованого методу.

Ключовi слова: iнтегро-диференцiальнi рiвняння Фредгольма зi затримкою, псев-
доспектральний метод, нелiнiйне програмування.
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