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In this paper, we consider a linear discrete-time fractional-order system defined by
A%y = Axg + Bug, k>0, x9€R™;
o = Cap, k>0,

where A, B and C are appropriate matrices, x( is the initial state, a is the order of the
derivative, yi is the signal output and up = Kz is feedback control. By defining the
fractional derivative in the Grunwald-Letnikov sense, we investigate the characterization
of the maximal output set, I'(?) = {zo € R"/y; € Q,Vi > 0}, where @ C R? is a
constraint set; and, by using some hypotheses of stability and observability, we prove that
'(Q) can be derived from a finite number of inequations. A powerful algorithm approach
is included to identify the maximal output set; also, some appropriate algorithms and
numerical simulations are given to illustrate the theoretical results.
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1. Introduction

A key prerequisite for numerous dynamic systems is keeping a given output signal function contained
within a predetermined bounded area. Concerning stable autonomous systems, this criterion can be
achieved by limiting the set of all admissible vectors (initial states) to a subset being contained in
the state domain related to the output constraints and positively invariant. Some issues of controlled
systems with constraints on their output variables, control, or state have been resolved using the
method known as a set and invariance approach, especially when these constraints are linear, thus,
matching to polyhedral sets as defined in state space (see [1]).

A control system mathematically is a dynamic system depending on a dynamic input parameter
referred to as a control. As regards the different forms of control, the law resides in the nature and
the origin of the feedback that is being implemented. In effect, this feedback can be provided from the
state and output vector of the system.

The theory of fractional calculus (FC) has an important and long history. Indeed, this theory can
be traced back to the beginning of differential calculus.

In fractional calculus (FC), scientists have tried to resolve problems with integrals and derivatives of
order alpha, in which the most frequent values for o are a € (0, 1] or a € (1, 2], see [2-6]. FC is an ex-
tended version of the classical calculus of integer order, in which the definition of derivatives is given for
a non-integer order .. The main definitions are Caputo, Grunwald-Letnikov, and Riemann—Liouville’s
ones [2,3,6,7]. FC allows getting a further description of a mathematical model of experiments or
physical processes.

In the recent past, there has been an increasing focus on discrete-time fractional systems (see [8-14]).
Especially, in modeling real phenomena, the researchers insistently utilize generalizations from n-
th-order differences to its fractional forms (e.g. [8,10]). The class of these systems is an extension

262 (© 2022 Lviv Polytechnic National University



On the maximal output set of fractional-order discrete-time linear systems 263

of the set of current models of real phenomena. In the models of many technical apparatus and
biology, derivatives of the fractional order occur (see [15,16]). An essential property of fractional order,
systems have long-memory transients and hereditary characteristics, which can be more accurately
represented by fractional-order models. This property is considered in modeling, including state-space
representation, in controller identification, design and parameter. In addition, these aspects can be
considered either as part of a discrete time or a continuous time representation [5].

Related works. The maximal output sets (MOS) are of interest for the analysis of controlled con-
strained systems. Recently, maximal output set has been characterized for observability and asymp-
totically stable systems in the case of linear discrete-time systems (see [17-21]), this concept allows
the comprehension of the analysis of constrained control systems. In addition, it is applied in control
system design techniques [22]. The established MOS for a class of nonlinear systems has more recently
been investigated by El Bhih et al. in [23]. In [23], the authors considered the following system

Tit1 = Az + f(z), >0,
ro € R”

and got interested in the characterization of the MOS for such a system using a stability hypothesis. The
MOS has been formulated as a capture point (CP) feedback controller to be used for humanoid adaptive
balancing by K. Yamamoto (see [24] and the references therein). In [25], the authors have considered
the infinite dimensional linear systems and they have characterized the set of all gain operators making
the system insensitive to the influence of uncertain initial state. Additional references that provide
information on the investigation of the maximal output set are included in [26-30].

A class of observers, using the sets of (C, A)-invariant concept, has recently been suggested in [31],
for deterministic single output discrete-time systems. It has been proved that state observers of asymp-
totic full-order could be realized in such a way as to confine the estimation error trajectory in an
polyhedron (C, A)-invariant. Further models of population dynamics and of optimal control problems
can be found in [32-34].

Statement of problem. The purpose of this work is to provide a research contribution to the
investigation of the MOS for a class of fractional-order linear discrete-time systems. More precisely, we
present certain interesting results concerning the characterization of the set of initial states of fractional-
order controlled systems whose resulting trajectory satisfies a specific constraint. The aim of this paper
is to provide a new contribution to the characterization of the MOS of commensurate fractional-order
systems, which are modeled by equations of fractional state space. To the best of our knowledge, the
MOS of these systems have not been treated yet. Using some stability and observability hypotheses,
we prove that the MOS could be constructed through a finite number of inequalities. In addition,
we propose new sufficient conditions that guarantee the finite determination of MOS. Moreover, we
provide a powerful algorithm to derive the MOS for discrete-time fractional-order linear systems. Note
that this algorithm has similar properties of triticale convergence as suggested by Gilbert and Tan [17].
Several algorithms have been provided to identify the maximal state constraint sets. In Gutman et
al. [35] an algorithm used to determine the approximation of the polyhedral to these sets. In [36], the
authors have proposed an efficient procedure to obtain the maximal set of admissible initial states.

Therefore, we study discrete-time linear control systems of fractional order, evolving on R™. More
precisely, the system has the following form

{A%M = Azy + Bu, k>0, )
xg € R
the corresponding output is

yp = Cay, k=0,
where A is the matrix of dynamics order n x n, B is the input matrix of order n x m, and C' is the
output matrix of order p x n, « is the order of the derivative, and uy is feedback control.
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The remainder of this paper is structured as follows: in Section 2, we first recall a fundamental
definition of fractional derivatives in the Grunwald—Letnikov sense, then we consider the discrete-time
model such as described in [37]. Section 3 addresses the characterization of the maximal output set,
we derive some new sufficient conditions that assure the finite determination of the set. In Section 4,
we provide a series of sufficient conditions to describe the maximal output set by a finite number of
inequations. In Section 5, we give the conceptual Algorithm for determining the output admissibility
index. In the following Section, some numerical examples are given to illustrate the theoretical results.
The last Section includes conclusion.

Notation: R” the set of real number, £(R™,R"™) will denote the set of real matrices of order n x n,
I, represents a vector of appropriate dimensions whose components are all equal to 1. Symbol ‘T’
denotes the transpose of matrix. The components of a matrix A are denoted (A);;.

2. Fractional calculus and dynamic systems

We begin our work with a certain basic notions about the fractional calculus that are employed along
the paper. The definition of the fractional discrete derivative in this paper is the following: Grunwald—
Letnikov |3, 38|.

Definition 1. The Grunwald-Letnikov (backward) difference of fractional order o of the function

x(-) at k € N is given by .
o 1 o
Ay, = T JZ:;](—U] <j>xk—j7 (2)

where the order of the derivative a €]0,1[, h € R*" is a sampling period taken equal to unity in all
what follows, and k € N represents the discrete time.

We define (3‘) in Definition 1 as follows

N 1 for j=0,
(j)-{ ala-lefagtl) g 5. ¥

7!
In this work, we consider the fractional discrete linear system (as defined in [37]) described by

A% g1 = Az + Buy, k>0, (@)
z(0) = xg € R",

the corresponding output is
yp = Czg, k20,

where A € L(R",R™), B € L(R™,R™) and C € L(R",RP) are the system dynamics, the matrix input

and the matrix output, respectively, « is the order of the derivative and wuy is the control low defined
by

up = Kay, (5)
and z(k) € R" is the state vector zj, = [ zho a2 ... Il ]T, its initial value is denoted by z(0) = xo.
In this model, the order of the derivative « is taken the same for all the state variables x;(k),
i =1,...,n. This is referred to as commensurate order. Besides, from the equations (2) and (4) we
have kb1
Tp1 = Azg — Y _(—1) <j> Tp—jt+1 + Buy. (6)
j=1

If we replace uy by its value (5), we obtain the following equation

k+1
~ . a
Tpy1 = Axy — E (1) <j>33k—j+1, (7)
. i—1
where A = A + BK. ’
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This leads to

K
Tryr =y Ajzij, (8)
=0

where
n—times
.

_ 3 o NIV FS « « S
Ay A+<1>In and A (-1) dlag{<j+1>"”’<j+l>}’ Vi>1. 9)

Remark 1. The matrices A; (j € N) satisfy the relation

1
Aoy = —— (I, — ADA;, VieN
j+1 j+1(J 1)4;, Vi€

A; = (—1HY; T, = diag [( j‘ > ( j‘ )}

According to the equations (8), the discrete-time fractional-order system is represented by the
following state space model

with

x(k: + 1) = Z;?:O ijk_j,
2(0) =z € R", (10)
y(k) = Cy.

Remark 2. In the case of non commensurate order, we follow the same approach and we obtain the
following systems
w(k+1) = X5 Ay,
z(0) =z € R,
y(k) = Cxy.

But this time, the matrices A; are given by

a5 (3) 4 T G} e

(11)

The model described by (10) can be classified as a discrete-time system with time delay in state.

Remark 3. (1) From (10) it follows that the fractional system is equivalent to the system with
increasing number of delays. (2) From (11) it follows that the coefficients A; are negative for o € (0, 1)
and absolute value decreases rapidly to 0 with an increase of j.

For practical use, the number of samples taken into consideration has to be reduced to the predefined
number L called the memory length [39].
In this case, the system (10) is rewritten as

{ Tp1 = Aoy + Z]L:1 Ajrp—j, k=0, x(0) =, (12)

Yk = kaa k = 07
where zp = 0 for k < 0.
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Let us define matrices M}, such that

I, for k=0,
Mk - { Z]L'/:O Aij_j for k = 1, (13)
in which My =0, Vk < 0. In an explicit way, we have
MO = Ina
M,y = Ao,
My = A% + Aj.
The general solution of (12) (see [40]) can be written as follows
I'(k) = kao, Vk = 0. (14)

Remark 4. From (13) and (14) for « = 1 we have
r; = (A+ I+ BK)'x,
which is the corresponding solution of the linear discrete-time systems

Tip1 = (A+1)x; + Bu;, >0,
xg € R™.

Definition 2. Let Q2 C RP and zg € R™. The initial state x is said to be Q-output admissible if
yr € Q, VkeN.

The set of all such initial states is described by
Q) ={zo € R"/y, € Q,Vk > 0} .

Using (14), the set I'(2) can be rewritten as follows
F(Q) = {1‘0 S R”/Cwo S Q,Cka() S Q,Vk = 1}
or equivalently

L
F(Q) = {ZL’O S R”/CZEQ c QyCZAij—jl'O c Q,Vk‘ > 1},
7=0

3. Characterization of the output admissible set I'(£2)

The main objective of Section is to characterize by taking some hypotheses the set T'(€2) of all initial
states such that the obtained trajectory would satisfy the constraint set. We demonstrate the finite
determination of the I'(2) and this will lead to an algorithmic procedure for the computation of the
latter one. For that reason, we define for each ¢ > 0 the sets I';(£2), which are described by

FZ(Q) = {l’o S R”/Cazo € Q,CMpxg € Q,Vk € {1, R ,Z}} .

Definition 3. The set I'(Q2) is said to be finitely determined, if there exists an integer i* such that
Q) =T#(Q).

Remark 5. {I'i(Q)};., is a decreasing sequence, i.e., Vi; < iz we have I'(2) C Ty, () C I';, ().

Definition 4. The system (12) is asymptotically stable if for each k > 1 and any initial condition

xg, the following equality is verified

lim ||zl = 0.
k—00

We use the 2-norm of the vector xj

Mathematical Modeling and Computing, Vol.9, No.2, pp.262-277 (2022)



On the maximal output set of fractional-order discrete-time linear systems 267

where 3:}C are the components of xj.

It follows that the system (12) is asymptotically stable if and only if || M| < 1, Vk > 1.
Proposition 1. If  is convex, symmetric and closed, then the set I'(2) is also: (1) convex, (2) sym-

metric, (3) closed.

Proof. (1) Let 2§, 73 € T'(Q), A €]0,1[, and k > 0. We show that Azj+(1—\)z3 € T(Q). z,22 € T(Q)
implies that 3, 22 € R™ such that CMyx} € Q and CMz2 € QVEk > 0. We have

CMy (Axh+ (1= N)ad) = A\C Mg + (1 — N)C My,

we assume that € is convexe, then CMj, (Az§ + (1 — A)af) € Q and Az + (1 — Az € T'(Q). Then
() is convex.
(2) From the definition of I'().
(3) We define the function Fj, by
Fi.: R" —RP,
x +— CMyz,
(F))k>0 are continuous.

Let F,1(Q) = {y € R*/C Mz € Q}. Then
T(Q) =) F, (.

k=0
Since 2 is closed and (F},)x=0 are continuous functions, then F, (), k > 0 are closed.
Therefore T'(€2) is closed. If  is symmetric, then the set I'(2) is symmetric.
This completes the proof. ]
The imposing of special conditions on My, k > 0 and €2, which implies the corresponding conditions

[} [}
on I'(Q2). The coming result assumes that 0 € Q (2 denoted the interior of €2), this hypothesis is
satisfying any reasonable application and has some positive consequences (see [17]).

o

Proposition 2. If the system (12) is asymptotically stable, 0 € Q and ||C]| < 1. Then 0 € F/(§7)

Proof. Assume that 0 € SO) Then 3n > 0: B(0,n) C Q. The system (12) is asymptotically stable then
| M| <1, Vk = 0.

Let z € B(0,n) and k > 0. Then [|CMz| < ||C| |Mg| ||z]] < |IC|| |Mk||n < n. Thus CMyz €
B(0,n), Vz € B(0,n), Vk > 0. This leads to CMyz € Q, Vz € B(0,n), Vk > 0.

Consequently, B(0,7) C I'(©2). From where 0 € F/(.&'T) [
We provide a necessary condition which ensures the finite determination of the set I'(€2).

Proposition 3. If T'(Q) is finitely determined, then Ji € N, I';(Q) = T';11(Q).

Proof. Assume that I'(2) is finitely determined, then Ji € N, I'(2) = I';(©2). On the other hand,
[i(Q) =T(Q) C T'ita1 () € Ti(Q) since {I'(2)}iso is a decreasing sequence. This leads to I';(2) =
['i+1(2), for some i > 0, which completes the proof. |

An interesting result is now presented that allows us determining the set I'(2) by a finite number
of inequalities and that leads to the production of an algorithmic approach in order to produce the
index of admissibilty *.

In the following result, the set 2 is taken as Q = {y € RP/||ly|| < €}. In our study, we consider two
cases. First case: dimQ = n (i.e., the observation space and the state space have the same dimension).
Second case: dimQ =p < n.

First case, dim 2 = n. In this case, every C; is an n X n matrix.
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Proposition 4. Suppose the following assumptions hold: (1) E]LZO |A;|l <1 and there exists i such
that I';(2) = T';41(Q), (2) C commutes with A; for all 0 < j < L. Then I'(12) is finitely determined.

Proof. It is easy to show, this I'(Q?) C I';(Q2). Let zo € I';(2), then 2z, = CMyzy € Q, Vk €
{0,1,...,i+ 1} ie., ||zk] <&, VE<i+ 1.
For k =i+ 2, we have

L L L
26l = |C Myl = ||C 0 AjMy_1_jaol|| = || Y CA;My_1_jmol|| = || Y A;CMy_1_jg
j=0 Jj=0 Jj=0
L L
<Y A IO My ol <[4 e
=0 =0

Since CMjy_1_jzo € Q,Vj € {0,...,L}.
Using the fact Z]LZO | A;]| < 1. It follows ||zi2|| < € and z42 € Q.
By iteration, we prove that ||zi;|| <e Vj > 2, ie., ||z <&, VE > i+2,ie., 2, € Q, VE >0+ 2.
Consequently, zp = C Mz € Q, Vk > 0. Thus, 29 € I'(Q2). Then I'(Q) is finitely determined.

Second case: dim {2 = p < n. Since the matrix C € £ (R™,RP), we define CandQby C = < g > €

L (R™ R™), QO=0Qx {Ogn-»} C R™. Now consider the new observation g; = Cz;, we easily verify that
for every integer i y; € ) <= g, € Q. [ |

Remark 6. An initial state xq is output admissible with respect to C' and € if and only if it is output
admissible with respect to C' and 2.

Since dim 2 = n, then result of the first case can be applied to deduce the following proposition.

Proposition 5. Suppose the following assumptions hold (1) Zf:o |A;|| <1 and there exists i such
that T;(Q) = [iy1(Q), (2) C commutes with Aj for all 0 < j < L. Then I'(2) is finitely determined.

In Section 5, we will suggest an algorithmic method which allows us to determine the smallest
integer ¢* such that I'(Q) = I';=(Q).

4. Sufficient conditions for finite determination of I';(£2)

The following two theorems are the main results in the direction that supposes it is more desirable to
have some simple conditions to achieve the finite determination of the set I'(2). Our main results in
this direction are the following definition.

Definition 5. For the system (12), we define: (1) the observability matrix ©, =
[CMy CM; CMs, ... CM, )T, (2) the observability Gramian W,(0,n) = Z;L:_& MJTCTC'MJ-. It is
easy to show that W,(0,n) = ©10,,.

Theorem 1. If || M| < ag, Yk > 0 with oy, — 0 when k — oo then I'(2) is finitely determined.

Proof. We have | M| < a = ||CMyz| < ag||C||||z]jar — 0, when k& — oo then there exists an
integer 4o such that ||CMyx| <e, Yk =1y, Vo € R". Hence ||CM;,11z| <e, Vo € T, (2) and we have
I'(Q)CTi4+1(2)CTy (), consequently T'(Q2) = ', +1(Q2) = I, () and I'(2) is finitely determined. m

Theorem 2. Ifwe have: (1) the system (12) is asymptotically stable, (2) the system (12) is observable
(i.e., rank(©,) = n), (3) Q bounded and contains the origin in its interior. Then there exists an integer
i* such that T'(Q) = T'+(Q).

Proof. Let z € I';,_1(2). Then,
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CM,
CMl n—times
O,z = CM, z2EQAXQAX - xO.
| CM,—q |

Since the system is observable, we deduce that ©1'©,, = W,(0,n) is invertible and

Ja > 0: afz|* < (W,(0,n)z,x), Ve R™
Thus Ja > 0: af|z||?> < [|OL|||©nz|||z||, V2 € R™. Using the boundness of €, it follows ||z|| < =, for
some 7y > 0. On the other hand, 0 € Q= 3> 0: B(0,e) C Q. Using the asymptotic stability of the
system, we get 3i* > n — 1: [[CMpqa| < £. We have, I+ (Q2) C It () = [|2]] < v, Vz € T+ (Q).
This yields [[C M i1 2]| < |[CMi=all[[2]| < v =€, V2 € ['i«(2). Consequently, T'i+(22) C I'i=41(£2).
This completes the proof. ]

5. Algorithmic determination

As a natural consequence from the preceding proposition, we will present below the following conceptual
Algorithm to determine the output admissibility index ¢* such that T'(Q2) = I';=(Q2) and, consequently,
the characterization of the set I'(2).

Let © be defined as Q@ = {y € R?/h;(y) <0,j =1,...,2p}, where h;j: RP — R are given functions,
such sets have much more importance in a practical view. In this case, for every integer i, I';(Q) is
given by I';(Q2) = {zg € R"/h;j(CMyxo) < 0,5 =0,...,2p,k=0,...,i}.

On the other hand,

Pi+1(Q) = {LE() S Pi(Q)/CMi+1xQ S Q}
= {z9 € T4(Q)/h;(CM;1120) <0 for j=1,...,2p}.

Now, since I';11(2) C I';(Q2) for every 4, then
[i1(Q) =Ti(Q) < Tu(Q) C T'ita (),
< Vaxg € Fi(Q), hj(CMi_Hl’o) <0,Vj e {1, ce ,2p},
<~ sup hj(CMi+1:L'(]) <0,Vj e {1, ce ,2p}.

2o ER™, hy (CM;20)<0

Therefore, the test [';(©2) = I';11(Q) leads to a set of mathematical programming problems.
We will suggest Algorithm given by

Remark 7. The hypotheses of our two previous results (Theorems2 and Proposition 1 of Section4)
are sufficient but not necessary. If such conditions are not satisfied, Algorithm 1 is not assured to be
stopped. The maximal output set I'(£2) is finitely determined if Algorithm 1 converge, otherwise it is
not.

To illustrate our results, we will demonstrate some numerical examples in the upcoming Section.

6. Numerical example

To illustrate our results, we demonstrate the numerical examples. Using constructed Algorithm, we
will specify the set I'(2) as a finite number of inequalities. The hypothesis

L
>4l <1 (15)
§=0
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Algorithm 1 Determination of 7*.

Require: n,p,L € N*,C, M;,e >0
140
for j=1,...,2p
Maximize J;(x) = h;j(CM;t1z0)

hi (CMyz) <0

Subject to the constraints { Vke{1,...,2p}, VI€{0,...,i}.

Ji < max{J;(z)}

ifJ]’-k <0,Vj=1,2,...,2p then
g 1

else
1 <1+ 1 and return to for

is satisfied in all examples presented and we will select the matrix Ayg = A + BK + al, such that the
condition ( 15) would be verified.

Using the property [41] ZL:(_l)j <a>  T(N+1-a)
= Jj 'l—ao)'(N+1)
L+1

(5 )] =t 3 e ()

)l [ - () [(5)

j=2

and the fact that

L L
D 1A= Aol + >
j=0 Jj=1

L
= Aol + >
=2

, we deduce that the condition ZJL:O |Aj|l <1 can be rewitten as follows

40l - (1) () +](L20)] <t (16)

j=2
Example 1. Consider the following system

ok +1) = Y5 Ajzy,
rg = x9 € R™

Let the parameters «, €, n and the matrix A, B, K and C be defined by a = 0.2, ¢ = 0.8, 2,
5 1 11 ~
C:(Q_1)’A:<814112>,B:<§1>,andK:< ).ThenA:A—I—BK:< >

360 72 2 6 5 10
In this example, the memory length L = 150. The matrices A; are given by Ay = A + aly, and
; o
A== (0 ): Wehave S 1451 = ol + 5% 1 4y 1= 09631 < 1, where 4o] =

7j=1
max 327 |(Ao)ijl-

1<j<2
Using the relation ZJL:O A;My_;_1, we find

10

—
o
Wl o=
|>- e 3
©Ol= o= ||

12 1
M1=Ao=<315 164>7
10 45
) 21\ 210 A 1
My=Af+A =T [ +%<0 1>: 03 167 | -
10 45 1575 8100
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C My < ; ) CM; < > , C'M; < > are given by

ow(;)-t3 11 (7)o

CM1<z> < é><;>:(2—1)<§§><;> 471(1) +i5y,

z ) _ iy e v _ 1601 1391
CM{ oy )= (2 =) e e |y ) = ne” T 56700
1575 8100
Using Algorithm, we obtain ¢* = 1 and then the set T'(Q2)
x , a1 1
p— p— _— < —_— .
H =0l {< y > € R /l2n 4] <08, |5+ 45y‘ 08}

10

80

8t
60

6F

40

20

0

=20

-40

-60

-80

-1.5 -1 -0.5 0.5 1 2 4 6 8

Fig. 2. The colored area represents the set I'(Q) cor-
responding to Example 2 with o = L

Fig. 1. The colored area represents the set I'(Q2) cor-
responding to Example 1 with o = 0.2.

10°

Example 2. Let the parameters «, €, n and the matrix A, B, K and C be defined by a = 0.1, ¢ = 0.1,
11 1 11

n=2C=(1 -1) A= <48 116>vB: (116> and K= (1 1). Then A=A+ BK = (112 f).
0 a0 10 08

In this example, the memory length L = 170. The matrices A; are given by Ay = A + aly, and

Aj = —(—1)i+! < ; i . > We have 317 [|A;]| = [[Aoll + 3237 |A;]] = 0.6902 < 1.
Using the relation Zj:(] AjMy_;_1, we find M. Hence
CMoyzg = x — vy,
11
% 3 T 1 1
canm= (1 1) (85 ()= e g
0 70 Y 12 10
41 49
150 960 x 181 137
cann= (1) (BB (1) = e s
200 1600 Y 3600 2400
25297 3283
CMsay = ( 1 —1 ) < 432000 115200 ) < z > _ 1931 r— 11393 y
3283 13067 ,
144000 192000 Y 54000 283000
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56471173 270829
CM4:E0 — ( 1 —1 ) < 1296000000 13824000 > ( Z > _ 18079499 26362907

270829 28859813 = T — Y-
210820 assa0813 |\ oy ) T 648000000 864000000

Using Algorithm, we obtain i* = 3, and then the set

1 1
_ ( o/ le—yl <o, |27 — 5y <01,
r(@)—rs,(m—{(y)eR/ ISLodT g 199, s g [

3600 2400y‘ N 54000 ~ 288000

Example 3. Let the parameters «, ¢, n and the matrix A, B, K and C be defined by «
12 1 ~
gzo,l,nzg,(j:(1 —1),A:<421 351>,B:<1>andK:(l 1).ThenA:<

T24 T a2 6

In this example, the memory length L = 10. The matrices A; are given by Ag = A + alz, and
; o
A==y (). W have I, 451 = 1ol + S22, 14y = 08986 < 1.

Using the relation ZJL:O AjMj._;_1, we find M},. Hence

CMyxg =z — vy,
Py_T, 2
1 y )~ 24" 1a0?

:§40 1L x\ | 1927 523
2141 y )~ 10080" 2704
168 7840

28523 12421
120960 88200
CM3zo = 12421 144251 <

\_/J;I»—A

ool= o=
== o=

CMllE(] =

ool o|en
N|—
— o

CMQJE(] =

25027 772613
1693447~ 98784007’

141120 658560 >
314992439 29722039 ) 1313285833 1419714119
(Q) gi

CMyxo = 20722039 1582860829

1625702400 237081600 T — y.
SoEIERs 89504890 ~ 11379916300 26553139200

Using Algorithm, we obtain ¢* = 1 then the set I'( iven by

rm):{<y>eR2@m— 1< 0.1,

27 1< o1
24 107 S0 (-

L L L L
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 -20 -15 -10 -5 0 5 10 15 20

Fig. 3. The colored area represents the set I'(Q) cor- Fig. 4. The colored area represents the set I'(Q) cor-

responding to Example 3 with a = %. responding to Example4 with o = %
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Example 4. Let L, C, A, o and ¢ be defined as L = 30, C =

i 3% (10 %
e =20.7. Then Ag = A+ aly = R 01 !
6 7 6

6

Aj = — (=1 (1) I, V5 € {1,2,...,L}. We have 370 [|4;]
X
where [|Ao|| = 1335221 1 1(Ao)is]- CMo < y >7 CM, < y >7

e\ AT 347
M sl
¢ 1<y> 60" " 2s0”
v _ 2789 117409
O M
2 ( y > 4200" " 1176007
_ 2091989 7082557
CMs | * Y,
y )~ 3528000 ' 8232000
v\ _ 267585763 5303791039
M, v,
y ) T 193920000" " 6914880000
oap (@) _ 260274628301 3377530607827
"\ y ) ~ 518616000000 " 2820416000000 "

We have used the relation M;, = Zf:o AiMy_1_j, k
Algorithm, we obtain ¢* = 4 and the set I'(£2)

s,
|z + 2y| < 60w+ 280
2091989 7082557

> 1 to find the matrices M.

267585763

_1
1

1
6

1
8

_1

7
0.125 1
0.16667 0.55714 ) "

0 1A = 0.952 < 1,

, CMs5 < Zc > are given by

, a = 0.7,

Using suggested

117409
117600
5303791039

F&%ﬂﬂ@:{(i)eW/

Let A, C, L, @ and € be defined as L = 10, C' =

3528000 ¥ T+ 8232000 Y

Example 5.

¢ = 0.6. The matrices A; are given by Ag = A+ aly and A; = —(—1)7+! < i1 >

(11 1), A=

X X X X
CMyl| v |,CMi| vy |,CMs| v | and CM3 | y | are given by
V4 z V4 y4
X
CMy| vy =x+y+ z,
V4
t 3871 152 107
CMLg = 3580”315 T 2107
o T\ 640459 Lo 11832083 206017
2 g = 2202200 " 378378007 " 900900
z _ 131020822117 1295083693
CMs | v | = =551sss01000~ T 5i62832375 7
z
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[ [ [
Ml"‘ w"“ »—A"“

hﬂ

©ol= ;‘»—A 5‘)—‘

y| <07,
yl <07 [



274 El Bhih A., Benfatah Y., Ghazaoui A., Rachik M.

We have used the relation M = ZJL:O AjMj_;_1, k > 1 to find the matrices Mj. Using Algorithm,
we obtain ¢* = 2 and the maximal output set I'(2)

P(Q) = Ta(@) t B} |z +y+2 <06, |8Da+ 152y 100, <06,
=2 = Yy 640459 11832083 296017
P 2202200~ + 3737800 Y T 900900'2‘ < 0.6
111
~ ~ 8 6 8
Example 6. Let A, C, L, « and € be defined as A= | + 1 1 ,C:( 1 -1 1 ),&?:02,a:%
¥
and L = 20.
The matrices A; are given by Ay = A+ al, and Aj = —(-1)y*! ( j—?—l >13, j 1,...,L
T T T T T
CMo| v |,CM1 | y |,CMa| y |,CMs| y | and CMy | y | are given by
z z z z z
CMyrg=z—y+ z,
287 61 35
Mz = s — ——y + —
CMizo = 7057 ~ T5a5¥ T 1327
C Moz — 330905 o+ 43247 n 95393 ;
270 = 14636167 T 51226567 ' 487872
C Mz — 13476883403354— 6584393093 n 992038261 ;
370 7 89257158144 208266702336y 7438096512
22594437821381 2811665143313 6780449015735
CM43}0 =

164947228250112 ©  144328324718848 7 T 51982400416704

we have used the relation Mj = Zf:o AjMy_1_;, k > 1 to find the matrices M. Using Algorithm,
we obtain i* = 3 then the set I'(2) given by

287 61 35
x |z —y+2<0.2, |@x_1848y+m2‘<0'2’
_ _ 3 330905 43247 95393
I(Q) =T5(Q) = y | €R |1463616$ + 5122656 Y T 4878722‘ <02,
P 13476883403 6584393093 992038261
|89257158144$ + 20266702336 ¥ T 7asso06s12 2| < 0-2

Remark 8. (1) In Examples1 and 2, if @« = 1 we cannot apply Algorithm since |4 £ 1 and,

consequently, ZJL:OHAJ-H £ 1. (2) In Example4, for « = 1 we have Zf:o |4l < 1 and using
Algorithm developed in Section 5, we find ¢* = co.

Comment. We have established the admissibility index ig and, consequently, the maximal output set
['(Q) of all vectors (initial states) whose resulting trajectory satisfies a specific constraint in Examples 1
to 6 through the use of the simplex method. This method permits to resolve problems of maximization
which occur in Algorithm 1. We have traced the constraints constituting the sets I'(Q2) in Figures 14,
for the purpose of visualizing I'(2) of Examples 1.

7. Conclusion

In this paper, we have investigated the problem of maximal output admissible set for fractional-order
discrete-time linear controlled systems where the fractional derivative is defined in the Grunwald—
Letnikov sense. We note that we took the following steps in our study. We present some interesting
results concerning the characterization of the set I'(Q) of all initial states of such a system whose
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resulting trajectory satisfies a specific constraint. We derive some new sufficient conditions that assure
the finite determination of the set I'(2). Additionally, we have suggested a successful algorithmic
approach for identifying the admissibility index ¢* and subsequently determining our set by a finite
number of inequalities. Numerical examples of the algorithm’s application to the controlled situation
are given to illustrate the obtained theoretical results.

As a natural continuation of this work, we are studying the following problem.

Problem. Consider a discrete-time fractional-order infected system described by
A%y | = Az} + Buy + Deg, k>0, z5€R",
yp.=Cxf, k=0,
where e = {ej }r>0 represents an unavoidable disturbance which enters the systems. Given the dis-

turbance {eg }x>0, find the control which allows annulling or attenuating the effect of the disturbance
with minimal energy and for an optimal time.
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LLloao MmakcMmanbHOI MHOXXUHN BUXOAY NiHIAHUX ANCKPETHO-4acoBUX
cuctem ApobOOBOro nopsiaky

Enp Bxux A., Beadara 0., I'azayi A., Pauunk M.

Jlabopamopisa ananidy, MoO0eA08AHHA A CUMYAIOBAHHA,
Vuisepcumem Xacana II Kacabaanxu,
BP 7955, Cidi Omman, Kacabaarxa, Mapoxxo

VY cTarTi po3rIaIacThCs JiHIHA JUCKPETHO-9aCc0Ba CUCTEMA JIPOOOBOTO MOPSIKY
A%py1 = Az + Bug, k>0, xz9€ R
yp = Cay, k20,

e A, B ra C € BiINOBIIHUME MATPUIISIMUA, Lo — IOYATKOBUI CTaH, (v — MOPSJIOK MOX1THOT,
Yr — BUXITHUI curHaJs ta ux = Kz — KepyBaHHS 31 3BOpOTHUM 3B’st3k0M. O3HAUMBIITHI
apoboBy mnoxinuy 3a I'pronBasibi-JIeTHIKOBUM, JTOCIIZKYEThCS XapaKTEPUCTHKA MAaKCHU-
MaJbHOI MHOXKuHE Buxoxy, I'(Q) = {xg € R"/y; € Q,Vi > 0}, ne @ C RP — obmexena
MHOXKWHA, Ta BUKOPUCTOBYIOUH JIESIKY TillOTE3y PO CTIMKICTH Ta CHOCTEPEXKYBAHICTD, JI0-
BOJUTHC, 10 MHOXKKHA () Moxke OyTu orpuMana 31 CKIHYEHOI KIIbKOCTI HEPIBHOCTE.
AstropurMivHTi mAXi 32CTOCOBAHO JIJIsl BUBHAYEHHST MHOXKUHUA MAKCUMAJIBLHOTO BUXO/LY,
TaK caMoO $IK JIjId 1JII0CTpallil TEOPETUIHUX PE3YIbTATIB Ta YUCEJTbHOI CUMYJISIIII.

KntouoBi cnoBa: dpobosuti nopadok, cmilikicmv, cnocmepexcysaricms, Juckpemmo-
YACOBE CUCTNEMU, MHONCUHG JONYCTNUMUL UT00IE8, 0OMENCEHHA.
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