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Titanium dioxide is a compound of oxygen and titanium with the formula TiO2 present in
nature and manufactured on an industrial scale. It is used in several fields and applications
such as cosmetics, paint, food, photocatalyst, electrodes in lithium batteries, dye solar
cells (DSSC), biosensors, etc., given its importance and its various fields of application,
there are several methods of synthesis of TiO2 such as the sol–gel method widely used
to obtain nanoparticles. In our study, on the one hand we synthesized titanium dioxide
nanopowders crystallized in the anatase phase at a crystal size of 49.25 nm with success
using titanium tetraisopropoxide (TTIP) as precursor by the sol–gel method. The powders
obtained were analyzed by X-ray diffraction (XRD) with CuKα radiation (λ = 0.15406 nm)
and Fourier transform infrared spectroscopy (FTIR) in the wave number range 4000 −
400 cm−1, and on the other hand we present a mathematical model for the prediction of
the TiO2 concentration as a function of time and the concentration of reactants by using
the fractional order derivative more precise than the whole order derivative, we study
the existence and the uniqueness of the solutions. In addition, we determine the points
of equilibrium. Numerical simulations and their graphical representations are made to
visualize the efficiency of this model.
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1. Introduction

The wide range of existing and promising applications of nanometric TiO2, enabled by its many proper-
ties, encompasses a whole range of processes involving absorption or diffusion of solar radiation: paint
pigments, toothpaste, sun protection; or photo-induced: photocatalysis, detectors, photochromism,
electrochromism or photovoltaics. Nanotechnology is the understanding and control of matter at di-
mensions between approximately 1 and 100 nanometers. Nanocrystalline titanium dioxide or titania is
one of the most successful modern functional [1] for a number of technologically important applications,
such as catalysis, white pigment for paints or cosmetics, dye-sensitized solar [2], photocatalyst [3], and
electrodes in lithium batteries [3]. Titania presents three crystalline phases, rutile (tetragonal struc-
ture), anatase (tetragonal structure), and brookite (orthorhombic structure). Figure 1 illustrates the
crystallographic structures of different forms of TiO2 [4].
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Fig. 1. Crystallographic phases of TiO2 (a) rutile,
(b) anatase and (c) brookite.

In general, TiO2 is preferred in anatase
form because of its high photo catalytic ac-
tivity, since it has a more negative conduc-
tion band edge potential (higher potential
energy of photogenerated electrons), high
specific area, non-toxic, photochemically sta-
ble, and relatively inexpensive [5]. Several
methods for the preparation of nanocrys-
talline TiO2 have been developed and they
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are electrochemical reaction [6], supercritical carbon dioxide [7], precipitation [8], multi-gelation [9],
chemical solvent and chemical vapor decomposition [10], ultrasonic irradiation [11], aerogel [12], xero-
gel [13] and sol-gel [14], the latter is the most used because it makes it possible to obtain ultra-fine
nanopowder [15–22].

The manuscript is organized as follows: in subsection 2.1, we start with the synthesis of titanium
oxide by sol gel method, in subsection 2.2, characterize the powders obtained by X-ray diffraction
and Fourier transform infrared spectroscopy, in subsection 2.3, let us recall the reaction diagram of
the syntheses of TiO2 according to the sol-gel method. In subsection 2.4, we present a mathematical
model according to these chemical reactions. In subsection 2.5, we present a fractional order model
with the Caputo fractional derivative. In subsection 2.6, we study the existence and the uniqueness of
solutions. In subsection 2.6, we study the determination of equilibrium points and in the last section
we illustrate our model by numerical simulation and compare it to real data.

2. Materials and Methods

2.1. Synthesis of the TiO2 nanopowders

Titanium (IV)
isopropoxide
in 2-propanol

Sol

String at 70 C
o

Gel

drying at 70 C
o

distilled water

Hydrothermal treatment

Anatase Brookite

Rutile

Fig. 2. Schematic flowchart illustrating the synthesis step of
titanium dioxide nanomaterials by sol-gel method.

In this section, we synthesized
TiO2 nanopowders by the sol-
gel method using the follow-
ing reagents: titanium tetraiso-
propoxide, 2-propanol and dis-
tilled water, with a reflux of
70◦C. The gel obtained was dried
at 70◦C for approximately 16
hours to evaporate the solvent,
then calcined in an oven to
give the TiO2 nanopowder (ru-
tile, anatase ou brookite), in this
work the calcination is at 500◦C
for to give the anatase nanopow-
der [13]. These steps are ex-
plained in Figure 2.

2.2. Characterized of the TiO2 nanopowders

The TiO2 synthesized is characterized by X-ray diffraction using CuKα radiation (λ = 0.15406nm)
and Fourier transform infrared spectroscopy in the wavenumber range 4000 − 400 cm−1.

2.3. Reaction scheme

The sol-gel process involves the evolution of inorganic networks through the formation of a colloidal
suspension (Sol) and gelation of the sol to form a network in a continuous liquid phase (Gel). Sol is
a dispersion of the solid particles, with a diameter of 11000 nm, in a liquid where only the Brownian
motions kept particles in suspension. While a gel is a state where both liquid and solid are dispersed in
each other, which presents a solid network filled with liquid components [23]. The wet gel is converted
into a dense ceramic with further drying and heat treatment. In this method, the precursors are usually
inorganic metal salts or metal–organic compounds such as metal alkoxides. The reaction scheme is
usually written as follows:
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— Hydrolysis:
Ti-OR︸ ︷︷ ︸

Titanium isopropoxyde

+ H2O︸︷︷︸
Water

−→ Ti-OH︸ ︷︷ ︸
Titanium hydroxide

+ R-OH︸ ︷︷ ︸
Isopropanol

, (1)

— Condensation:

Ti-OH︸ ︷︷ ︸
Titanium hydroxide

+ RO-Ti︸ ︷︷ ︸
Titanium isopropoxyde

−→ Ti-O-Ti︸ ︷︷ ︸
Titanium dioxide

+ R-OH︸ ︷︷ ︸
Isopropanol

, (2)

Ti-OH︸ ︷︷ ︸
Titanium hydroxide

+ HO-Ti︸ ︷︷ ︸
Titanium dioxide

−→ Ti-O-Ti︸ ︷︷ ︸
Titanium dioxide

+ H2O︸︷︷︸
Water

. (3)

2.4. Mathematical model

In this section, we present new mathematical model from chemical reactions (1), (2) and (3), are first
rewritten as

Ti-OR︸ ︷︷ ︸
A

+H2O︸︷︷︸
B

k1−→ Ti-OH︸ ︷︷ ︸
C

+R-OH︸ ︷︷ ︸
D

(4)

Ti-OH︸ ︷︷ ︸
C

+RO-Ti︸ ︷︷ ︸
A

k2−→ Ti-O-Ti︸ ︷︷ ︸
E

+R-OH︸ ︷︷ ︸
D

(5)

Ti-OH︸ ︷︷ ︸
C

+HO-Ti︸ ︷︷ ︸
C

k3−→ Ti-O-Ti︸ ︷︷ ︸
E

+H2O︸︷︷︸
B

, (6)

where ki = Aie
−Ei/RT [24] is the reaction rate, with Ai being a pre-exponential factor (not a frequency

factor) and Ei the apparent activation energy, with T is the isokinetic temperature. From chemical
reactions (4), (5) and (6) the evolution is modeled by the following system of ordinary differential
equations. 




dA(t)

dt
= −k1A(t)B(t)− k2A(t)C(t),

dB(t)

dt
= −k1A(t)B(t) + k3C(t)2,

dC(t)

dt
= k1A(t)B(t)− k2A(t)C(t)− k3C(t)2,

dD(t)

dt
= k1A(t)B(t) + k2A(t)C(t),

dE(t)

dt
= k2A(t)C(t) + k3C(t)2,

(7)

with initial conditions:

A(0) = A0, B(0) = B0, C(0) = C0, D(0) = D0 and E(0) = E0.

2.5. Fractional order model

Many authors have introduced fractional calculus in many works, fractional operators can more accu-
rately express the natural phenomena than their traditional counterpart in [25–32].

Recently, fractional derivatives and integrals have been utilized frequently to critically analyze the
main characteristics of the problems in the real world. Many authors have introduced that the fractional
operators can more accurately express the natural phenomena than the traditional counterpart. One of
the best ways to describe fractional calculus is to present the definition of Caputo fractional derivative
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in [33]:

f (µ)(t) =





1

Γ(n− µ)

∫ t

0

f (n)(τ)

(t− τ)µ−n+1
dτ, n− 1 < µ < n ∈ N,

f (n)(τ), µ = n ∈ N,

(8)

where the Euler’s gamma function Γ by the following integral

Γ(x) =

∫ ∞

0
e−ttx−1 dt.

The fractional integral having of order α > 0 is

Iµ(f(t)) =
1

Γ(µ)

∫ t

0

f(s)

(t− s)1−µ
ds,

where t > 0, satisfies: {
(Iµf(t))(µ) = f(t),

Iµ(f(t)(µ)) = f(t)− f(0).
(9)

Now, let us present the fractional version of the model by means of the Caputo operator as follows:




A(µ)(t) = −k1A(t)B(t)− k2A(t)C(t),

B(µ)(t) = −k1A(t)B(t) + k3C(t)2,

C(µ)(t) = k1A(t)B(t)− k2A(t)C(t)− k3C(t)2,

D(µ)(t) = k1A(t)B(t) + k2A(t)C(t),

E(µ)(t) = k2A(t)C(t) + k3C(t)2.

(10)

2.6. Existence and uniqueness of solutions

In this section, we prove the existence of the system of solutions. We have
{
A(µ)(t) = −D(µ)(t),

A(µ)(t) + E(µ)(t)−B(µ)(t) = 0,

so {
D(t) = A0 −A(t),
E(t) = B(t)−A(t) +A0 −B0.

Then, we consider the following subsystem:




A(µ)(t) = −k1A(t)B(t)− k2A(t)C(t),

B(µ)(t) = −k1A(t)B(t) + k3C(t)2,

C(µ)(t) = k1A(t)B(t)− k2A(t)C(t)− k3C(t)2.

(11)

Note R
3
+ = {X ∈ R

3 : X > 0} and let X(t) = (A(t), B(t), C(t))T . Then the system (11) can be
reformulated as follows:

X(α)(t) = F (X(t)), (12)

where

F (X) =




−k1AB − k2AC
−k1AB + k3C

2

k1AB − k2AC − k3C
2


 . (13)

The following lemma found in [34], gives the global existence of the solution of the system (12).

Lemma 1 (Ref. [34]). Suppose that F satisfies the following conditions:

a) F (X) and dF
dX are continuous in X ∈ R

3;
b) ‖F (X)‖ 6 ω + λ‖X‖,∀X ∈ R

3, where ω and λ are two positive constants.

The system (12) admits a unique solution on [0,+∞[.
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Theorem 1. There exists a unique solution for equation (11).

Proof. Since the vector function F in (13) satisfies the first condition of Lemma 1, it suffices to
dismantle the second. And ‖F (X)‖ 6 v‖X‖, where v is constant. �

2.7. Equilibrium points

To determine the equilibrium points of the fractional-order system (11), we solve the following equa-
tions:

A(µ)(t) = B(µ)(t) = C(µ)(t) = 0. (14)

By solving the algebraic equation (14), we obtain equilibrium points of the system (10). So,

A(k1B + k2C) = 0,

−k1AB + k3C
2 = 0,

k1AB − k2AC − k3C
2 = 0,

we obtain

— if A = 0, so C = 0;
— if A 6= 0, so k1B + k2C = 0 then B = C = 0.

Then the equilibrium points:
E1 = (0, B∗, 0,D∗, E∗),

E2 = (A∗, 0, 0,D∗, E∗).

3. Results and discussion

3.1. Characterized of TiO2 nanopowders

Figure 3 shows the FTIR spectrum of the TiO2 nanopowders. It indicates the presence of a band
due to the stretching vibrations of the Ti-O-Ti and Ti-O bonds between 500 and 600 cm−1 [35], which
indicates the formation of TiO2 nanopowders.
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Fig. 3. FTIR of titanium dioxide nanomaterials. Fig. 4. XRD of titanium dioxide nanomaterials.

Figure 4 of the XRD diffractogram shows the presence of an intense peak of 2θ about 25◦ corre-
sponding to the plane (101) of the anatase phase, which shows that this TiO2 nanopowders is formed
in an anatase phase. the other peaks correspond respectively to the planes: (103), (004), (112), (200),
(105), (211), (213), (204) and (116) of the anatase phase [36]. The average crystallite size ν calculated
using the Scherrer equation: ν = Kλ

β cos(θ) is 48.9 nm [37]. These results show that TiO2 nanopowders
in an anatase phase were obtained with suckers by the sol-gel method.
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3.2. Numerical simulations

Numerical simulations for fractional order model using predictor-corrector method for fractional dif-
ferential equations in [38] on a laptop with an Intel Core i3 processor and 4GB of RAM. Since molar
concentration of A, B, C, D and E are considered nonnegative, where A0 and B0 must be nonzero
for an chemical reaction. Initial condition C0 = D0 = E0 = 0, A0 = 12.35mol/l and B0 = 19.25mol/l
taken from article in [13], we did the same experiences mentioned in article [13] and the obtained
results are shown in Figure 5. For the numerical simulations we take k1 = 0.05, k2 = 3, and k3 = 6.

Figure 5 and Figure 6 present the graphical results of the proposed fractional order model (10) to
analyze the influence of the fractional order, as a result we found that the numerical simulations for
µ = 0.85 correspond to the values of the experimental data. We also found that 6.74332mol/l of TiO2

was obtained for about 6 hours from 12.35mol/l of TiOR and 19.25mol/l of H2O. From Figure 7,
we note that the duration of the reaction and the concentration of TiO2 synthesized depend on the
concentration of water used in the reaction, the more the concentration of water increases, the more
the concentration of TiO2 also increases and the reaction will be fast and will take the minimum of
time.
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Fig. 5. Temporal variation of reactants and products.
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Fig. 6. Analyze the influence of fractional order.
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Fig. 7. Temporal variation of titanium dioxide as a function of
reagent concentration at A0 = 12.35.

4. Conclusion

In this manuscript, titanium dioxide nanopowders were successfully synthesized by the sol-gel method
using titanium tetraisopropoxide as precursor. Analysis of the powders obtained by FTIR and XRD
shows that our product is in the form of anatase at crystal sizes of 48.9 nm. For a second part, we
presented a mathematical model to analyze the concentration of TiO2 as a function of time using the
fractional derivative; this will help chemists to do without prior experience and knowledge about the
interaction. Some interesting results are obtained, on the one hand we found that the values of the
experimental data correspond to the fractional order model with µ = 0.85, while on the other hand we
found that the duration of the reaction and the concentration of TiO2 depends on the concentration
of H2O, the more the concentration of H2O increases, the more the TiO2 concentration increases and
the reaction will be fast and will take the minimum time. In our future work, we intend to study
the effect of temperature on this model, and we will apply the obtained nanopowders in an important
application.
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Математичне дробове моделювання синтезу нанопорошку TiO2
золь–гель методом за низьких температур

Садек О., Садек Л., Тотух С., Хаджаджi А.

Лабораторiя iнженерних наук для енергетики, Нацiональна школа прикладних наук Ель-Джадiда,
Унiверситет Шуайб Дуккалi Ель-Джадiда, BP 1166, плато Ель-Джадiда 24002, Марокко

Дiоксид титану — це сполука кисню i титану з формулою TiO2, яка є в природi та ви-
готовляється у промислових масштабах. Вiн використовується в декiлькох галузях i
сферах застосування, таких як косметика, фарби, продукти харчування, фотокаталi-
затор, електроди в лiтiєвих батареях, сонячнi батареї на барвнику (DSSC), бiосенсори
тощо. Враховуючи його важливiсть i рiзнi сфери застосування, iснує декiлька мето-
дiв синтез TiO2, наприклад, золь–гель метод, який широко використовується для
отримання наночастинок. У нашому дослiдженнi, з одного боку, успiшно синтезова-
но нанопорошки дiоксиду титану, кристалiзованi у фазi анатазу з розмiром кристалiв
49.25 нм, використовуючи тетраiзопропоксид титану (TTIP) як попередник золь–гель
метода. Отриманi порошки аналiзували методом рентгенiвської дифракцiї (XRD) з
CuKα випромiнюванням (λ = 0.15406 нм) та iнфрачервоною спектроскопiєю з пере-
творенням Фур’є (FTIR) в дiапазонi хвильових чисел 4000−400 cm−1, а з iншого боку,
представлено математичну модель для передбачення концентрацiї TiO2 як функцiї
часу та концентрацiї реагентiв за допомогою дробової похiдної, бiльш точної, нiж по-
хiдна цiлого порядку; дослiджено iснування та єдинiсть розв’язкiв. Крiм того, визна-
чено точки рiвноваги. Для вiзуалiзацiї ефективностi цiєї моделi виконано числове
моделювання та їх графiчне представлення.

Keywords: дiоксид титану, золь–гель, нанокристалiзований, анатаз, дифракцiя X-
променiв, IЧ-Фур’є, дробова модель, точка рiвноваги, дробове числення, похiднi Ка-
путо.
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