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In this paper, we study the existence of weak solutions for a class of nonlinear parabolic
equations with regular data in the setting of variable exponent Sobolev spaces. We prove
a “version” of a weak Lebesgue space estimate that goes back to “Lions J. L. Quelques
méthodes de résolution des problèmes aux limites. Dunod, Paris (1969)” for parabolic
equations with anisotropic constant exponents (pi(·) = pi).
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1. Introduction

Let consider Dirichlet problem for the Nonlinear anisotropic parabolic equation in the variable exponent
Sobolev space of the following type

(P1)





∂tu+Au+ F (t, x, u) = f in QT
.
= Ω×]0, T [;

u(0, x) = u0(x) in Ω;
u = 0 on ΓT =]0, T [×∂Ω,

where Ω is a smooth bounded open set of R
N (N > 2) with a Lipschitz boundary denoted by ∂Ω,

T > 0 a real number, f ∈ L∞(QT ), u0 ∈ L∞(Ω), and A is the operator given by

Au = − div(â(t, x,Du)) = −
N∑

i=1

∂

∂xi
(ai(t, x,Diu)).

Suppose that â(t, x,Du) and F (t, x, u) are functions satisfying the conditions:
â.1) There exist two constants α > 0 and β > 0 such that for almost everywhere (t, x) ∈ QT , ∀u ∈ R,
∀ξ, ξ′ ∈ R

N , the function â : QT × R
N → R

N satisfies the following growths:

∗ â(t, x, ξ)ξ > α

N∑

i=1

|ξi|pi(x), â(·) = (a1(·), . . . , aN (·)), (1)

∗ |ai(t, x, ξ)| 6 β
(
g(t, x) +

N∑

j=1

|ξj |pj(x)
)1− 1

pi(x) , (2)

where g ∈ L1(QT ) is a given positive function, and the variable exponents pi : R
N → (1,∞) are

continuous functions.
â.2) The mapping â is a Carathéodory function, that is to say, the function (t, x, ξ) 7→ â(t, x, ξ) is
measurable in (t, x) for all ξ ∈ R

N , and continuous in ξ for a.e. (t, x) ∈ QT .
â.3) For a.e. (t, x) ∈ QT , and for all ξ 6= ξ′,

(â(t, x, ξ)− â(t, x, ξ′))(ξ − ξ′) > 0, (3)
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Let F : QT × R → R be a Carathéodory function satisfying the following conditions:

sup
|σ|6λ

|F (t, x, σ)| ∈ L1(0, T ;L1(Ω)), ∀λ > 0, (4)

F (t, x, u) sign(u) > 0, a.e. (t, x) ∈ QT , (5)

for all u ∈ R.

Example 1. The example model for the operator A satisfies the conditions (â.1− 3), is given by

Av = −
N∑

i=1

∂

∂xi

(∣∣∣ ∂v
∂xi

∣∣∣
pi(x)−2 ∂v

∂xi

)
, v ∈W

1,pi(·)
0 (Ω).

2. Preliminary work

We present the anisotropic Sobolev space with variable exponent which is used for the study of problem
(P1). For further details see for example [5, 9]

Let pi(·) : Ω → [1,∞) be a continuous function for all i = 1, . . . , N . We note by

p−i = min
x∈Ω

{pi(x)}, p+i = max
x∈Ω

{pi(x)}.

The anisotropic variable exponent Sobolev space W 1,pi(·)(Ω) is defined by

W 1,pi(·)(Ω) =
{
u ∈ Lpi(·)(Ω) | Diu ∈ Lpi(·)(Ω)

}
,

endowed with the norm

‖u‖i = ‖u‖
Lp−

i (Ω)
+ ‖Diu‖Lpi(·)(Ω), i = 1, . . . , N (6)

and the variable exponent Sobolev space W
1,pi(·)
0 (Ω) is introduced:

W
1,pi(·)
0 (Ω) =

{
u ∈W 1,1

0 (Ω) | Diu ∈ Lpi(·)(Ω)
}
,

with respect to the norm (6).

Theorem 1 (Ref. [8]). Let Ω ⊂ R
N be a bounded domain and pi(·) > 1 are continuous functions.

Suppose that
pi(x) < p∗(x),

where

p∗(x) =

{
Np(x)
N−p(x) , if p(x) < N,

+∞, if p(x) > N

and 1
p(x) =

1
N

∑N
i=1

1
pi(x)

. Then the following Poincaré-type inequality holds:

‖u‖
Lp+(·)(Ω)

6 C

N∑

i=1

‖Diu‖Lpi(·)(Ω) , ∀u ∈
N⋂

i=1

W
1,pi(·)
0 (Ω).

where C is a positive constant independent on u and p+(·) = max{p1(x), . . . , pN (x)}, x ∈ Ω. Thus,∑N
i=1 ‖Diu‖Lpi(·)(Ω) is an equivalent norm on

⋂N
i=1W

1,pi(·)
0 (Ω).

Remark 1. Remark that if ‖u‖i is finite, then ‖Diu‖Lpi(·)(Ω) 6 C and using the theorem 1, we have

‖u‖
Lp+(·)(Ω)

6 C and therefore ‖u‖Lpi(·)(Ω) 6 C.

Suppose that

1 +
N

N + 1
< pi(·) < p∗(x), i = 1, . . . , N. (7)
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Anisotropic spaces (see [18]) are defined as,
N⋂

i=1

Lp
−
i
(
0, T ;W

1,pi(·)
0 (Ω)

) .
=

{
v : [0, T ] →

N⋂

i=1

W
1,pi(·)
0 (Ω) measurable

N∑

i=1

∫ T

0
‖v‖p

−
i

W
1,pi(.)
0 (Ω)

dt <∞, i = 1, . . . , N

}
,

the norm in this space is given by

‖v‖ =
N∑

i=1

(∫ T

0
‖v‖p

−
i

W
1,pi(·)
0 (Ω)

dt
)1/p−i

.

Lemma 1 (Ref. [14]). Let f be a strictly positive measurable function. Then for all ε > 0 it exists
δ > 0 such that for all measurable A ⊂ Ω,

∫

A
f dx < δ ⇒ meas(A) < ε. (8)

Lemma 2 (Ref. [1]). Let p(·) ∈ C+(Ω), then for every f ∈ Lp(·)(Ω)

min
{
‖f‖p−p(·), ‖f‖

p+

p(·)

}
6 ρp(·)(f) 6 max

{
‖f‖p−p(·), ‖f‖

p+

p(·)

}
. (9)

min
{
ρp(·)(f)

1/p− , ρp(·)(f)
1/p+

}
6 ‖f‖p(·) 6 max

{
ρp(·)(f)

1/p− , ρp(·)(f)
1/p+

}
. (10)

Remark 2 (Ref. [4]). Let Ω ⊆ R
N , Q = (0, T ) × Ω, and pi : Ω → (1,∞) be a continuous function.

The following continuous dense embeddings are true

Lp
+
i
(
0, T ;Lpi(·)(Ω)

)
→֒ Lpi(·)(Q) →֒ Lp

−
i
(
0, T ;Lpi(·)(Ω)

)
.

2.1. The anisotropic spaces W (QT )

By W(QT ) we denote the Banach space, see [2]

W(QT ) =

{
u : [0, T ] →

N⋂

i=1

W
1,pi(·)
0 (Ω) | u ∈ Lpi(·)(QT ),Diu ∈ Lpi(·)(QT ), u = 0 on ΓT

}
.

quipped with the following norm

‖u‖W(QT ) =
∑

i

(
‖u‖Lpi(·)(QT ) + ‖Diu‖Lpi(·)(QT )

)
.

W′(QT ) is the dual of W(QT ) (the space of linear functionals over W(QT )):

v ∈ W′(QT ) ⇔





v =
∑

i

(vi +Divi), vi ∈ Lp
′
i(.)(QT ),

∀φ ∈ W(QT ), 〈v, φ〉 =
∫

QT

∑

i

(viφ+ viDiφ) dx dt.

The norm in W′(QT ) is defined by

‖v‖W′(QT ) = sup
φ∈W(QT )

‖φ‖61

|〈v, φ〉|
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Proposition 1. Let pi(·) : Ω → (1,∞) be a continuous function. We have the following continuous
embedding

W(QT ) →֒
N⋂

i=1

Lp
−
i
(
0, T ;W

1,pi(·)
0 (Ω)

)
.

Proof. Let v ∈ W(QT ), using (10) and Hölder inequality, one can find the estimate
∫ T

0
‖v(t, ·)‖p

−
i

W
1,pi(·)
0 (Ω)

dt =

∫ T

0

(
‖v‖

Lp−
i (Ω)

+ ‖Div‖Lpi(·)(Ω)

)p−i
dt

6 C

∫ T

0
‖v‖p

−
i

Lp−
i (Ω)

+
[
max

(
ρpi(·)(Div)

1/p−i , ρpi(·)(Div)
1/p+i

)]p−i
dt

6 C

∫ T

0

∫

Ω
|v|p−i dx+max

(
ρpi(·)(Div), ρpi(·)(Div)

p−i /p
+
i

)
dt.

So,

∫ T

0
‖v(t, ·)‖p

−
i

W
1,pi(·)
0 (Ω)

dt

6

∫

QT

|v|pi(x)dx dt+
∫

QT

|Div|pi(x)dx dt+ T 1−p−i /p
+
i

(∫

QT

|Div|pi(x)dx dt
)p−i /p+i

<∞.

�

Lemma 3. The operator A maps W (QT ) into W ′(QT ).

Proof. In fact, if for u ∈ W(QT ), we put

Au = − div(â(t, x,Du),

then

‖Au‖W′(QT ) = sup
ϕ∈W(QT )

‖ϕ‖61

|〈Au,ϕ〉| = sup
ϕ∈W(QT )

‖ϕ‖61

∣∣∣∣
∫

QT

â(t, x,Du)Dϕdxdt

∣∣∣∣

= sup
ϕ∈W(QT )

‖ϕ‖61

∣∣∣∣
∫

QT

N∑

i=1

ai(t, x,Du)Diϕdx dt

∣∣∣∣ 6 sup
ϕ∈W(QT )

‖ϕ‖61

N∑

i=1

∫

QT

|ai(t, x,Du)||Diϕ| dx dt.

Using Hölder’s inequality,

‖Au‖W′(QT ) 6 2 sup
ϕ∈W(QT )

‖ϕ‖61

N∑

i=1

‖ai(t, x,Du)‖Lp′
i
(.)(QT )

‖Diϕ‖Lpi(·)(QT ).

Let recall that

∀ai, bi > 0,

N∑

i=1

ai · bi 6
N∑

i=1

ai

N∑

i=1

bi,

then

‖Au‖W′(QT ) 6 2 sup
ϕ∈W(QT )

‖ϕ‖61

N∑

i=1

‖ai(t, x,Du)‖Lp′
i
(·)(QT )

×
N∑

i=1

‖Diϕ‖Lpi(·)(QT )

6 2

N∑

i=1

‖ai(t, x,Du)‖Lp′
i
(·)(QT )

.
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In fact that
∫

QT

|ai(t, x,Du)|p
′
i(·)dx dt 6

∫

QT

(
g(t, x) +

N∑

j=1

|Dju|pj(x)
)
dx dt

6

∫

QT

g(t, x) dx dt +

∫

QT

N∑

j=1

|Dju|pj(x) dx dt,

because that g ∈ L1(QT ), and u ∈ W(QT ),

∫

QT

|ai(t, x,Du)|p
′
i(·) dx dt 6 C.

So, using (10), one can obtain

‖Au‖W′(QT ) 6 2

N∑

i=1

‖ai(t, x,Du)‖Lp′
i
(·)(QT )

6 C.

�

Remark 3 (see [6]). Since pi(·) > 1 + N
N+1 , then

1 +
N

N + 1
− 2N

N + 2
=

3N + 2

(N + 1)(N + 2)
> 0.

So, pi(·) > 2N
N+2 which implies

W
1,pi(·)
0 (Ω) ⊂ L2(Ω) ⊂

(
W

1,pi(·)
0 (Ω)

)′
, ∀i ∈ {1, 2, . . . , N},

where these injections are continuous and dense.

The dual of W
1,pi(·)
0 (Ω) is denoted by (W

1,pi(·)
0 (Ω))′ =W−1,p′i(·)(Ω), where 1/pi(·) + 1/p′i(·) = 1.

Definition 1. Let X be a reflexive Banach space. A single-valued operator A : X → X∗ is called

— bounded, if A maps bounded subsets of X into bounded subsets of X∗;
— hemicontinuous, if t 7→ 〈A(u+ tv), w〉X∗×X is continuous for all u, v, w ∈ X.

Lemma 4. Let Ai be nonlinear operators of W
1,pi(·)
0 (Ω) →W−1,p′i(·)(Ω) such that

〈Aiu, ϕ〉 =
∫

Ω
ai(t, x,Diu)Diϕdx, ∀ϕ ∈W

1,pi(·)
0 (Ω).

Then, the operator Ai satisfies the next

1. Ai is hemicontinuous and bounded of W
1,pi(·)
0 (Ω) →W−1,p′i(·)(Ω).

2. Ai is monotone of W
1,pi(·)
0 (Ω) →W−1,p′i(·)(Ω).

3. 〈Ai(v), v〉 > αi‖v‖pii , αi > 0, ∀v ∈W
1,pi(·)
0 (Ω) or (v ∈ ⋂N

i=1W
1,pi(·)
0 (Ω)), 1 < pi <∞.

Remark 4 (Ref. [10]). If [v]i = ‖ ∂v
∂xi

‖Lpi(·) is quasi-norm in W
1,pi(·)
0 (Ω), then for all λi suitable,

[v]i + λi|v| is equivalent to ‖v‖i
and if, instead of the condition 3 in lemma 4,

〈Ai(v), v〉 > αi[v]
pi
i .
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Proof. [Proof of lemma 4]
Firstly. Let r is strictly positive and let u ∈ B

W
1,pi(·)
0 (Ω)

(0, r) then ‖u‖
W

1,pi(·)
0 (Ω)

6 r, one can get

‖Ai(u)‖W−1,p′
i
(·)(Ω)

= sup
ϕ∈W

1,pi(·)
0

(Ω)

‖ϕ‖61

|〈Aiu, ϕ〉| = sup
ϕ∈W

1,pi(·)
0

(Ω)

‖ϕ‖61

∣∣∣∣
∫

Ω
ai(t, x,Diu)Diϕdx

∣∣∣∣ .

Using the Hölder’s inequality and (10),

‖Ai(u)‖W−1,p′
i
(·)(Ω)

6 2 sup
ϕ∈W

1,pi(·)
0 (Ω)

‖ϕ‖61

‖ai(t, x,Diu)‖Lp′
i
(·)(Ω)

‖Diϕ‖Lpi(·)(Ω)

6 2 sup
ϕ∈W

1,pi(·)
0

(Ω)

‖ϕ‖61

‖ai(t, x,Diu)‖Lp′
i
(·)(Ω)

(
‖Diϕ‖Lpi(·)(Ω) + ‖ϕ‖

Lp−
i (Ω)

)

6 2‖ai(t, x,Diu)‖Lp′
i
(·)(Ω)

6 2max

{(∫

Ω
|ai(t, x,Diu)|p

′
i(·)dx

)1/p+i
′

,

(∫

Ω
|ai(t, x,Diu)|p

′
i(.)dx

)1/p−i
′
}

6

((∫

Ω
|ai(t, x,Diu)|p

′
i(·)
)1/p+i

′

+

(∫

Ω
|ai(t, x,Diu)|p

′
i(·)
)1/p−i

′
)

because that p−i
′ > p+i

′ ⇒ 1/p−i
′ 6 1/p+i

′ and we recall that

∀a > 0, α 6 β ⇒ aα 6 aβ + 1 (11)

and using (2),

‖Ai(u)‖W−1,p′
i
(·)(Ω)

6 2

(∫

Ω
|ai(t, x,Diu)|p

′
i(·)dx

)1/p+i
′

+ 1

6 2βp
′
i(·)/p

+
i

′



∫

Ω

(
g(t, x) +

N∑

j=1

|Dju|pj(x)
)
dx




1/p+i
′

+ 1

6 C


‖g(t, x)‖L1(Ω) +

N∑

j=1

ρpj(·)(Dju)




1/p+i
′

+ 1

6 C

(
‖g(t, x)‖L1(Ω) + 2

N∑

i=1

‖Diu‖p
+
i

Lpi(·)
+N

)1/p+i
′

+ 1

6 C ′
(
1 +

N∑

i=1

‖Diu‖p
+
i

Lpi(·)

)1/p+i
′

+ 1,

where C ′ = C
(
max

{
‖g(t, x)‖L1(Ω) +N, 2

})1/p+i ′

.

Because of p+i 6 p++ ⇒ 1/p+i
′ 6 1/p++

′ = 1− 1/p++,

‖Ai(u)‖W−1,p′
i
(·)(Ω)

6 K
(
1 + ‖u‖

W
1,pi(·)
0 (Ω)

)p++−1
+ 1.

So, we have

‖Ai(u)‖W−1,p′
i
(·)(Ω)

6 K(1 + r)p
+
+−1 + 1 = r′.

Which implies the boundedness of Ai.
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In fact, let u, v, w ∈W
1,pi(·)
0 (Ω) and λ ∈ R. Let’s show that the function of R in R:

λ 7→ 〈Ai(u+ λv), w〉 =
∫

Ω
ai
(
t, x,Di(u+ λv)

)
·Diw

is continuous.
Let λ ∈ R be fixed and let {λn} be a sequence of R converging to λ. Since ai is from Carathéodory

function and λn → λ in R,

ai
(
t, x,Di(u+ λnv)

)
→ ai

(
t, x,Di(u+ λv)

)
a.e. in Ω.

Using (2) and applying Young’s inequality,

ai
(
t, x,Di(u+ λnv)

)
·Diw 6 β

(
g(t, x) +

N∑

j=1

|Dj(u+ λnv)|pj(x)
)1− 1

pi(x) · |Diw|

6
|Diw|pi(x)
pi(x)

+ β
g(t, x) +

∑N
j=1 |Dj(u+ λnv)|pj(x)
p′i(x)

6
|Diw|pi(x)
pi(x)

+ β
g(t, x) +

∑N
j=1 |Dju+ λnDjv)|pj(x)

p′i(x)

6
1

pi(x)
|Diw|pi(x) +

β

p′i(x)
g(t, x)

+
β

p′i(x)

N∑

j=1

(
2pj(x)−1

) ∣∣∣Dju
pj(x) + λ

pj(·)
n Djv

pj(x)
∣∣∣ .

Since the sequence {λn} is bounded, it follows then from the dominated convergence theorem of
Lebesgue that

lim
n→∞

〈Ai(u+ λnv), w〉 = 〈Ai(u+ λv), w〉,

hence the hemicontinuity of Ai.

Secondly. Indeed, for u, v ∈W
1,pi(·)
0 (Ω), and by the condition â.3):

〈Aiu−Aiv, u− v〉 =
∫

Ω

(
ai(t, x,Diu)− ai(t, x,Div)

) ∂

∂xi
(u− v)dx

=

∫

Ω

(
ai(t, x,Diu)− ai(t, x,Div)

)
(Diu−Div) dx > 0.

So Ai is monotone of W
1,pi(·)
0 (Ω) →W−1,p′i(·)(Ω).

Thirdly. For v ∈W 1,pi(·)
0 (Ω), and by the condition (1),

〈Ai(v), v〉 =
∫

Ω
ai(t, x,Div)Divdx > α

∫

Ω
‖Div‖pi(x)dx > αρpi(·)(Div).

By lemma (2) and remark 4, one can obtain

〈Ai(v), v〉 > αmin{[v]p
−
i
i , [v]

p+i
i } > α[v]ηii ,

where

ηi =

{
p+i , if [v]i 6 1;
p−i , if 1 6 [v]i <∞.

�
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3. Statement of main results

Given a real positive number k, we will define, for r in R, the functions

Tk(r) =





k, if r > k,
r, if |r| < k,
−k, if r 6 −k.

and its primitive Θk : R → R
+ defined by

Θk(r) =

∫ r

0
Tk(t) dt =

{
r2

2 , if |r| 6 k,

k|r| − k2

2 , if |r| > k.

We will then use the following results

∫ T

0
〈∂tv, Tk(v)〉 dt =

∫

Ω
Θk(v(T ))−

∫

Ω
Θk(v(0)). (12)

Before stating our main results, we define a weak solution of the problem (P1).

Definition 2. A function u(t, x) ∈ W(QT ) is called weak solution of problem (P1) if for every test-
function

ζ ∈ Z ≡
{
ϕ(z) : ϕ ∈ W(QT ) ∩ L∞(QT ), ϕt ∈ W′(QT )

}
(13)

and the following identity holds:

∫ T

0
〈∂tu, ϕ〉 dt +

N∑

i=1

∫ T

0

∫

Ω
ai(t, x,Diu)Diϕdx dt

+

∫ T

0

∫

Ω
F (t, x, u)ϕdx dt =

∫ T

0

∫

Ω
ϕ(t, x)f dx dt, (14)

where ai(t, x, ξ) ∈ Lp
′
i(·)(QT ), F (t, x, ξ) ∈ L1(QT ).

Now, we announce our main results.

Theorem 2. Let pi(·) be such that

pi(·) > 2− 1

N + 1
= 1 +

N

N + 1
.

Let â be an operator satisfying (â.1 − 3) and let F be satisfying (4)–(5). Then the problem (P1) has
at least one weak solution

u ∈
N⋂

i=1

Lp
−
i
(
0, T ;W

1,pi(·)
0 (Ω)

)
.

Proposition 2 (the case F = 0). Let f ∈ L∞(QT ), u0 ∈ L∞(Ω) assume that pi(·), i = 1, . . . , N
are defined as in (7) and Ai is an operator which verifies all the hypotheses of Lemma 4. Then the
problem (P1) has at least one weak solution

u ∈
N⋂

i=1

Lp
−
i
(
0, T ;W

1,pi(·)
0 (Ω)

)
.

Proof. The proof of this Proposition in lemma 4. �
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3.1. Proof of Theorem 2

The proof of this theorem is realized in three steps.
Step 1: Approximate problems. We consider the following approximate problems

(P1n)





∂tun − div(â(t, x,Dun)) + Fn(t, x, un)) = f in QT
.
= Ω×]0, T [;

un(0, x) = u0(x) in Ω;
un = 0 on ΓT =]0, T [×∂Ω,

where, for each n > 0, Fn(t, x, ξ) =
F (t,x,ξ)

1+ 1
n
|F (t,x,ξ)| a.e. (t, x) ∈ QT , ∀ξ ∈ R, note that Fn(t, x, ξ) satisfies

the following conditions,

|Fn(t, x, ξ)| 6 |F (t, x, ξ)| and |Fn(t, x, ξ)| 6 n.

Remark 5. Under the conditions (â.1 − 3), there exists at least one solution un ∈⋂N
i=1 L

p−i
(
0, T ;W

1,pi(·)
0 (Ω)

)
of the problem (P1n) (see the Proposition 2).

Remark 6. From classical results (see [10]), there exists a solution un of such a problem, moreover
un is in C

(
[0, T ];L2(Ω)

)
.

Step 2: Uniform estimates.

Lemma 5. Let â be an operator satisfying (â.1 − 3) and let F be satisfying (4)–(5). Then the

sequence (un) is bounded in
⋂N
i=1 L

p−i
(
0, T ;W

1,pi(.)
0 (Ω)

)
.

Proof. Taking ϕ = Id(un) = un as a test function in (P1n), one can obtain

∫ T

0
〈∂tun, un〉 dt+

∫ T

0

∫

Ω
â(t, x,Dun)Dun dx dt+

∫ T

0

∫

Ω
Fn(t, x, un)un dx dt =

∫ T

0

∫

Ω
fun dx dt. (15)

For all n ∈ N and with un(0, x) = u0 on Ω,

∫ T

0
〈∂tun, un〉 dt =

1

2

∫

Ω
u2n(t, x) dx− 1

2

∫

Ω
u20 dx.

Then,

1

2

∫

Ω
u2n(t, x) dx +

N∑

i=1

∫ T

0

∫

Ω
ai(t, x,Diun)Diun dx dt+

∫ T

0

∫

Ω
Fn(t, x, un)un dx dt

=

∫ T

0

∫

Ω
fun dx dt+

1

2

∫

Ω
u20 dx.

According to the two conditions (1), (5) and after dropping the non-negative term, we derive

α

N∑

i=1

∫ T

0

∫

Ω
|Diun|pi(x) dx dt 6

∫ T

0

∫

Ω
|f ||un| dx dt +

1

2

∫

Ω
u20 dx.

Using the Hölder’s inequality, and f ∈ L∞(QT ), u0 ∈ L∞(Ω),

α

N∑

i=1

∫ T

0

∫

Ω
|Diun|pi(x)dx dt 6 2

∫ T

0
‖f‖

Lp−
i

′
(Ω)

‖un‖
Lp−

i (Ω)
dt+ C0

6 2C‖f‖L∞

∫ T

0
‖un‖

Lp−
i (Ω)

dt+ C0.
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By lemma 1.1 of [12],

α
N∑

i=1

∫ T

0

∫

Ω
|Diun|pi(x)dx dt 6 Ci

∫ T

0
‖Diun‖

Lp−
i (Ω)

dt+ C0, Ci > 0

6 C

∫ T

0
‖Diun‖Lpi(·)(Ω)dt+ C0.

By the inequality (10),

∫ T

0
‖Diun‖Lpi(·)(Ω)dt 6

∫ T

0
max

{(∫

Ω
|Diun|pi(x)dx

)1/p−i
,

(∫

Ω
|Diun|pi(x)dx

)1/p+i
}
dt

6

∫ T

0

(
2

(∫

Ω
|Diun|pi(x)dx

)1/p−i
+ 1

)
dt

6 2

∫ T

0

(∫

Ω
|Diun|pi(x)dx

)1/p−i
dt+ T.

Using Young’s inequality for all ε > 0, we obtain
∫ T

0

(∫

Ω
|Diun|pi(x)dx

)1/p−i

dt 6 ε

∫ T

0

∫

Ω
|Diun|pi(x)dx dt+ C1

6 ε
N∑

i=1

∫ T

0

∫

Ω
|Diun|pi(x)dx dt+C1.

Then,
∫ T

0
‖Diun‖Lpi(·)(Ω)dt 6 2ε

N∑

i=1

∫ T

0

∫

Ω
|Diun|pi(x)dx dt+ 2C1 + T.

Finally,

α

N∑

i=1

∫ T

0

∫

Ω
|Diun|pi(x)dx dt 6 2Cε

N∑

i=1

∫ T

0

∫

Ω
|Diun|pi(x)dx dt+ CT ,

where CT = C(2C1 + T ) +C0. Now, we choose ε = α/4C, then

∫ T

0

∫

Ω
|Diun|pi(x)dx dt 6

N∑

i=1

∫ T

0

∫

Ω
|Diun|pi(x)dx dt 6

2

α
CT . (16)

So, the sequence (Diun) is bounded in Lpi(·)(QT ), that is to say ‖Diun‖Lpi(·)(QT ) 6 C. From the
embedding in Remark 2, ∫ T

0
‖Diun‖p

−
i

Lpi(·)(Ω)
dt 6 C. (17)

Now, it remains to prove that
∫ T
0 ‖un‖p

−
i

Lp−
i (Ω)

dt 6 C. By lemma 1.1 of [12],

‖un‖
Lp−

i (Ω)
6 ci ‖Diun‖

Lp−
i (Ω)

6 C ‖Diun‖Lpi(·)(Ω) , ∀un ∈W
1,pi(·)
0 (Ω).

So,

‖un‖p
−
i

Lp−
i (Ω)

6 C ‖Diun‖p
−
i

Lpi(·)(Ω)
6 C

N∑

i=1

‖Diun‖p
−
i

Lpi(·)(Ω)
, ∀un ∈

N⋂

i=1

W
1,pi(·)
0 (Ω).
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We integrate on [0, T ] and use (17) to get
∫ T

0
‖un‖p

−
i

Lp−
i (Ω)

dt 6 C.

Therefore, the sequence un is bounded in
⋂N
i=1 L

p−i
(
0, T ;W

1,pi(·)
0 (Ω)

)
. �

Lemma 6. Let

1 < r < min
16i6N

min
x∈Ω

{
pi(x)

pi(x)− 1

}
. (18)

The sequence (u′n = ∂tun) remains in a bounded set of Lr
(
0, T ; (W 1,r′

0 (Ω))′
)
+L1

(
(0, T )× (Ω)

)
where

r′ is the conjugate r.

Proof. For all n > 1,
u′n = div

(
â(t, x,Dun)

)
+ f − Fn

as f − Fn is a bounded sequence in L1((0, T ) × (Ω)), we still have to show that

vn = div(â(t, x,Dun)) ⊂
(
bounded in Lr

(
0, T ; (W 1,r′

0 (Ω))′
)

whith r > 1
)
.

For r > 1

‖vn‖(W 1,r′

0 (Ω))′
= sup

ϕ∈W
1,r′

0 (Ω)

‖ϕ‖61

∣∣∣
∫

Ω

N∑

i=1

ai(t, x,Diun)Diϕdx
∣∣∣

6 β sup
ϕ∈W

1,r′

0
(Ω)

‖ϕ‖61

N∑

i=1

∫

Ω

(
g +

N∑

j=1

|Djun|pj(·)
)1− 1

pi(·) |Diϕ| dx.

Using the Hölder inequality, we see that

‖vn‖(W 1,r′

0 (Ω))′
6 β sup

‖ϕ‖
W

1,r′

0
(Ω)

‖ϕ‖61

N∑

i=1

(∫

Ω
|Diϕ|r

′
dx

)1/r′(∫

Ω

(
g +

N∑

j=1

|Djun|pj(·)
)(1− 1

pi(·)

)
r
dx

)1/r

6 C

N∑

i=1

(∫

Ω

(
g +

N∑

j=1

|Djun|pj(·)
)(1− 1

pi(·)

)
r
dx

)1/r

,

where again

‖vn‖r(
W 1,r′

0 (Ω)
)′ 6 C

N∑

i=1

(∫

Ω
(g +

N∑

j=1

|Djun|pj(.))(1−
1

pi(.)
)r
dx
)
. (19)

By (18), 0 <
(
1− 1

pi(·)
)
r < 1. Integrating relation (19) on [0, T ] and applying Young’s inequality,

∫ T

0
‖vn‖r(

W 1,r′

0 (Ω)
)′dt 6 C ′

N∑

i=1



∫ T

0

∫

Ω

(
g +

N∑

j=1

|Djun|pj(·)
)
dx dt+ CT


 .

Using (16) and g ∈ L1(QT ), we obtain
∫ T

0
‖vn‖r(

W 1,r′

0 (Ω)
)′dt 6 C.

This finishes the proof of Lemma 6. �

Step 3: Passage to the limit.
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Lemma 7. There exists a subsequence (still denoted by (un)) which converges a.e. in (0, T ) × Ω to
a function u ∈ L1((0, T ) × Ω). Therefore

Fn(t, x, un) → F (t, x, u) a.e. in (0, T )× Ω.

Proof. By lemma 6, the sequence (u′n) remains in a bounded set of Lr
(
0, T ;W−1,r(Ω)

)
+ L1(Q)

according to Rellich–Kondrachov’s theorem, it comes that

L1(Ω) ⊂W−1,r(Ω) if r′ > N, r <
N

N − 1
.

So that

L1(Q) ⊂ L1
(
0, T ;W−1,r(Ω)

)
and Lr

(
0, T ;W−1,r(Ω)

)
⊂ L1

(
0, T ;W−1,r(Ω)

)

so
L1(Q) + Lr

(
0, T ;W−1,r(Ω)

)
⊂ L1

(
0, T ;W−1,r(Ω)

)
.

Therefore, the sequence (u′n) remains bounded in L1
(
0, T ;W−1,r(Ω)

)
.

So, we can use Corollary 4 of [16], to see that un is relatively compact in L1((0, T ) × Ω).
This implies that we can extract a subsequence (denote again by (un)) such

un → u strongly in L1((0, T ) × Ω) and a.e. in (0, T ) × Ω. (20)

Furthermore, we have Fn(t, x, un) → F (t, x, u) a.e. in (0, T ) × Ω. �

Lemma 8. Let â be an operator satisfying (â.1− 3) and let F be satisfying (4)–(5). Then

Fn(t, x, un) → F (t, x, u) strongly in L1(0, T ;L1(Ω)).

Proof. We shall first obtain local-integrability of Fn(t, x, un) on (0, T )×Ω. Observe that: if |un| > γ
then |Tγ(un)| = γ, where Tγ the truncation function at height γ (γ > 0).

So,
∫ T

0

∫

|un|>γ
|Fn(t, x, un)| dx dt =

∫ T

0

∫

|un|>γ
|Fn(t, x, un)|

γ

γ
dx dt

6
1

γ

∫ T

0

∫

|un|>γ
|Fn(t, x, un)Tγ(un)| dx dt

and because Fn(t, x, un)Tγ(un) =
F (t,x,un)

1+ 1
n
|F (t,x,un)|

Tγ(un) > 0, we find

∫ T

0

∫

|un|>γ
|Fn(t, x, un)| dx dt 6

1

γ

∫ T

0

∫

Ω
Fn(t, x, un)Tγ(un) dx dt.

We choose ϕ = Tγ(un) as a test function in problems (P1n), then

∫

Ω
dx

∫ un(T,x)

0
Tγ(σ) dσ +

N∑

i=1

∫ T

0

∫

Ω
ai(t, x,Diun)DiunT

′
γ(un) dx dt

+

∫ T

0

∫

Ω
Fn(t, x, un)Tγ(un) dx dt =

∫ T

0

∫

Ω
fTγ(un) dx dt+

∫

Ω
dx

∫ un(0,x)

0
Tγ(σ) dσ.

After dropping the non-negative term, we derive
∫ T

0

∫

Ω
Fn(t, x, un)Tγ(un) dx dt 6

∫ T

0

∫

Ω
|f ||Tγ(un)| dx dt+

∫

Ω
dx

∫ un(0,x)

0
|Tγ(σ)| dσ.

So,
∫ T

0

∫

|un|>γ
|Fn(t, x, un)| dx dt 6

1

γ

(∫ T

0

∫

Ω
|f ||Tγ(un)| dx dt +

∫

Ω
dx

∫ un(0,x)

0
|Tγ(σ)| dσ

)
.
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Now, for any M > 0, 0 6 |Tγ(s)| 6M + γ1|s|>M for any s ∈ R,
∫ T

0

∫

Ω
|f ||Tγ(un)| dx dt 6M

∫ T

0

∫

Ω
|f | dx dt+ γ

∫ T

0

∫

|un|>M
|f | dx dt

6 C1 ·M‖f‖L∞(QT ) + γ

∫ T

0

∫

|un|>M
|f | dx dt.

Because f ∈ L∞(QT ), u0 ∈ L∞(Ω), we conclude that
∫ T

0

∫

|un|>γ
|Fn(t, x, un)| dx dt 6

1

γ

(
C1 ·M‖f‖L∞(QT ) + γ

∫ T

0

∫

|un|>M
|f | dx dt+

∫

Ω
dx

∫ un(0,x)

0
|Tγ(σ)| dσ

)

6 C1
M

γ
+

∫ T

0

∫

|un|>M
|f | dx dt+ C0

γ
, where C0 =

1

2

∫

Ω
u20 dx

6
K

γ
+

∫ T

0

∫

|un|>M
|f | dx dt, where K = C1 ·M + C0

6
K

γ
+

∫ T

0

∫

Ω
χ{|un|>M}|f | dx dt.

Taking M =
√
γ, we conclude that
∫ T

0

∫

|un|>γ
|Fn(t, x, un)| dx dt γ→+∞−→ 0 uniformly with respect to n.

For any measurable subset E ⊂ Ω and the fact that |Fn(t, x, un)| 6 |F (t, x, un)|,
∫ T

0

∫

E
|Fn(t, x, un)| dx dt =

∫ T

0

∫

E∩{|un|>γ}
|Fn(t, x, un)| dx dt +

∫ T

0

∫

E∩{|un|6γ}
|Fn(t, x, un)| dx dt

6

∫ T

0

∫

E∩{|un|>γ}
|Fn(t, x, un)| dx dt +

∫ T

0

∫

E
|F (t, x, un)| dx dt

6

∫ T

0

∫

E∩{|un|>γ}
|Fn(t, x, un)| dx dt +

∫ T

0

∫

E
χE sup

|σ|6γ
|F (t, x, σ)| dx dt.

By (4),

— χE sup
|σ|6γ

|F (t, x, σ)| → 0 a.e. in QT ;

— |χE sup
|σ|6γ

|F (t, x, σ)| 6 sup
|σ|6γ

|F (t, x, σ)| ∈ L1(QT )

and using Lebesgue’s dominated convergence theorem, we find that
∫ T

0

∫

E
χE sup

|σ|6γ
|F (t, x, σ)| dx dt → 0 as |E| → 0.

We deduce that Fn(t, x, un) is equi-integrable in QT , then by Lemma 7, and Vitali’s theorem conver-
gence,

Fn(t, x, un) → F (t, x, u) strongly in L1(QT ). �

Lemma 9. Let â be an operator satisfying (â.1 − 3) and let F be satisfying (4)–(5). Then, the
sequence (Dun) converges a.e. in (0, T ) × Ω to a sequence (Du) ∈ L1((0, T ) × Ω), that is

Dun → Du a.e. in (0, T )× Ω. (21)

Proof. We will show that the sequence (Dun) is a Cauchy sequence in measure on Ω. This is to show
that

∀δ > 0, ∀ε > 0, ∃n0 such as ∀p, q > n0 meas{(t, x) ∈ (0, T ) ×Ω| |(Dup −Duq)(t, x)| > δ} 6 ε.
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For that, let us fix δ > 0 and ε > 0, and notice that for λ > 0 and η > 0,

{(t, x) ∈ (0, T )× Ω| |(Dup −Duq)(t, x)| > δ} ⊂ E1 ∪ E2 ∪E3 ∪ E4,

where
E1 = {(t, x) ∈ (0, T )× Ω| |Dup| > λ}, E2 = {(t, x) ∈ (0, T )× Ω| |Duq| > λ}

E3 = {(t, x) ∈ (0, T )× Ω| |up − uq| > η}
and

E4 = {|Dup −Duq| > δ, |Dup| 6 λ, |Duq| 6 λ, |up − uq| 6 η}.
In view of Lemma 5, by choosing λ large we can make meas(E1) and meas(E2) arbitrarily small. For
example

meas(E1) =

∫

E1

1 dx dt =
1

λ

∫

E1

λdx dt 6
1

λ

∫

E1

|Dup| dx dt 6
1

λ

∫

QT

|Dup| dx dt 6
C

λ
.

Then,
meas(E1) → 0 as λ→ +∞.

For meas(E3), ∫ T

0

∫

Ω
|up − uq| dx dt >

∫

E3

|up − uq| dx dt > εmeas(E3).

Since (un) is a Cauchy sequence in L1(QT ), then, for ε > 0 fixed, we see that

meas(E3) → 0 as p, q → +∞.

It remains to control meas(E4). Because the set {(ξ1, ξ2)|, |ξ1| 6 λ, |ξ2| 6 λ, |ξ1 − ξ2| 6 δ} is a
compact set and ξ → â(t, x, ξ) is continuous for a.e. (t, x) ∈ QT , the quantity

(
â(t, x, ξ1)− â(t, x, ξ2)

)
(ξ1 − ξ2) > 0

reaches its minimum value on this compact set, and we will denote it by µ(t, x) such that
(
â(t, x, ξ1)− â(t, x, ξ2)

)
(ξ1 − ξ2) > µ(t, x) > 0.

Consequently, by (8) for any τ > 0 there exists τ ′ > 0 such that
∫

E4

µ(x) dx < τ ′ ⇒ meas(E4) < τ. (22)

To get meas(E4) < τ , it suffices to show that
∫
E4
µ(x) dx < τ ′. By the definitions of µ(t, x) and E4,

we can write
∫

E4

µ(t, x) dx dt 6

∫

E4

[
â(t, x,Dup)− â(t, x,Duq)

]
D(up − uq)1{|up−uq |6ε} dx dt

moreover the integral term is positive and DTε(up − uq) = D(up − uq)1{|up−uq|6ε}, so
∫

E4

µ(t, x) 6

∫

E4

[â(t, x,Dup)− â(t, x,Duq)]DTε(up − uq), (23)

where Tε the truncation at level −ε and ε, and T ′
ε are defined as

T ′
ε(σ) =

{
1, |σ| 6 ε;
0, |σ| > ε.

Specifying Tε(up − uq) as test function in (15) for up and uq,
∫ T

0
〈∂tup, Tε(up − uq)〉+

∫ T

0

∫

Ω
â(t, x,Dup)DTε(up − uq)

+

∫ T

0

∫

Ω
Fn(t, x, up)Tε(up − uq) =

∫ T

0

∫

Ω
fTε(up − uq) (24)
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and
∫ T

0
〈∂tuq, Tε(up − uq)〉+

∫ T

0

∫

Ω
â(t, x,Duq)DTε(up − uq)

+

∫ T

0

∫

Ω
Fn(t, x, uq)Tε(up − uq) =

∫ T

0

∫

Ω
fTε(up − uq). (25)

Then subtracting the resulting inequality (24) and (25), we find
∫ T

0
〈∂t(up − uq), Tε(up − uq)〉+

∫ T

0

∫

Ω

(
â(t, x,Dup)− â(t, x,Duq)

)
DTε(up − uq)

=

∫ T

0

∫

Ω
(Fn(t, x, uq)− Fn(t, x, up))Tε(up − uq).

The fact that |Tε| 6 ε, then
∫

Ω
Θε(up − uq)(T )dx−

∫

Ω
Θε(up − uq)(0)dx+

∫ T

0

∫

Ω

(
â(t, x,Dup)− â(t, x,Duq)

)
DTε(up − uq) dx dt

=

∫ T

0

∫

Ω
(Fn(t, x, uq)− Fn(t, x, up))Tε(up − uq) dx dt.

The first term is positive (Θε(x) > 0) and (Θε(x) 6 ε|x|). So
∫ T

0

∫

Ω

(
â(t, x,Dup)− â(t, x,Duq)

)
DTε(up − uq) dx dt

6 ε

∫ T

0

∫

Ω
|Fn(t, x, uq)− Fn(t, x, up)| dx dt+ ε

∫

Ω
|up0 − uq0|dx.

The fact that Fn ∈ L∞(QT ) and u0 ∈ L∞(Ω), we obtain
∫ T

0

∫

Ω

(
â(t, x,Dup)− â(t, x,Duq)

)
DTε(up − uq) dx dt 6 Cε→ε→0 0 (uniformly in p and q). (26)

For ε small enough, (23) and (26) imply
∫

E4

µ(x)dx < τ ′,

and also by (22) we have meas(E4) 6 τ . Thus, we have the convergence of Dun to Du in measure, as
well as the property (after extracting a subsequence).

Dun → Du a.e. in (0, T )× Ω. �

4. End of the proof of Theorem 2

For ϕ ∈ Z (see (13)),

∫ T

0
〈∂tun, ϕ〉 dt +

∫

QT

â(t, x,Dun)Dϕdxdt+

∫

QT

Fn(t, x, un)ϕdx dt =

∫

QT

ϕ(t, x)f dx dt. (27)

1) Passage to the limit in
∫ T
0 〈∂tun, ϕ〉dt.

∫ T

0
〈∂tun, ϕ〉 dt = −

∫

QT

un∂tϕdx dt −
∫

Ω
ϕ(0, x)u0 dx

The sequence un ⇀ u in W(QT ) and ∂tϕ ∈ W′(QT ). Then,

lim
n→+∞

∫

QT

un∂tϕdx dt =

∫

QT

u∂tϕdx dt.
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2) Passage to the limit in
∫
QT

Fn(t, x, un)ϕdx dt.
By lemma 8,

∣∣∣
∫

QT

Fn(t, x, un)ϕ−
∫

QT

F (t, x, u)ϕ
∣∣∣ =

∣∣∣
∫

QT

(Fn(t, x, un)− F (t, x, u))ϕ
∣∣∣

6 C‖Fn(t, x, un)− F (t, x, u)‖L1(QT ) → 0, as n→ +∞.

Ensure that

lim
n→+∞

∫

QT

Fn(t, x, un)ϕdx dt =

∫

QT

F (t, x, u)ϕdx dt.

3) Passage to the limit in
∫
QT

â(t, x,Dun)Dϕdxdt.

Using the convergence (21) and the condition (â.2),

â(t, x,Dun) → â(t, x,Du) a.e. in (0, T ) × Ω

and by (2), we find
â(t, x,Dun) is bounded in Lp

′
i(·)(QT ).

So, we deduce
â(t, x,Dun)⇀ â(t, x,Du) in Lp

′
i(·)(QT ).

Because Dϕ ∈ Lpi(·)(QT ) then,

lim
n→+∞

∫

QT

â(t, x,Dun)Dϕdxdt =

∫

QT

â(t, x,Du)Dϕdxdt.

We therefore have to prove that u is a solution to problem (P1). This finishes the proof of theorem 2.
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Анiзотропна параболiчна задача зi змiнним показником i
регулярними даними

Мечетер Р.

Кафедра математики та iнформатики, Унiверситет Мсiла, Мсiла, Алжир,
Лабораторiя функцiонального аналiзу та геометрiї просторiв

У цiй роботi дослiджується iснування слабких розв’язкiв для класу нелiнiйних пара-
болiчних рiвнянь iз регулярними даними у просторах Соболєва зi змiнною експонен-
тою. Доводиться “версiя” слабкої оцiнки простору Лебега, яка сходить до “Lions J. L.
Quelques méthodes de résolution des problèmes aux limites. Dunod, Paris (1969)”, для
параболiчних рiвнянь з анiзотропними постiйними показниками (pi(·) = pi).

Ключовi слова: анiзотропнi параболiчнi, нелiнiйнi параболiчнi рiвняння, регулярнi
данi.
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