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In this paper, we study the existence of weak solutions for a class of nonlinear parabolic
equations with regular data in the setting of variable exponent Sobolev spaces. We prove
a “version” of a weak Lebesgue space estimate that goes back to “Lions J. L. Quelques
méthodes de résolution des problemes aux limites. Dunod, Paris (1969)” for parabolic
equations with anisotropic constant exponents (p;(-) = p;).
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1. Introduction

Let consider Dirichlet problem for the Nonlinear anisotropic parabolic equation in the variable exponent
Sobolev space of the following type

ou+ Au+ F(t,z,u) = f in Qr =Qx]0,T7;

(P1) u(0,2) = o) i O
u= 0 on I'r =]0,T[x0%,
where  is a smooth bounded open set of RY (N > 2) with a Lipschitz boundary denoted by 052,
T > 0 a real number, f € L®(Qr), ug € L>(Q), and A is the operator given by
N
Au = —div(a(t,z, Du)) Z i(t,x, Diu)).

=1

Suppose that a(t,z, Du) and F(t,x,u) are functions satlsfymg the conditions:
a.1) There exist two constants & > 0 and 8 > 0 such that for almost everywhere (¢,2) € Qp, Vu € R,
VE € € RN the function @: Qp x RY — RY satisfies the following growths:

*aft, @, )¢ aZ\i PO, a() = (a1 (). an (), (1)

1——1
x  |ai(t,z,&)| < 5(g(t,3:) + Z |§j|pj(x)) Pi(z), 2)
j=1

where ¢ € L'(Qr) is a given positive function, and the variable exponents p;: RY — (1,00) are
continuous functions.

4.2) The mapping a is a Carathéodory function, that is to say, the function (¢,x,§) — a(t,z,&) is
measurable in (¢,z) for all £ € RV, and continuous in & for a.e. (¢,z) € Qr.

a.3) For a.e. (t,z) € Qr, and for all £ # &',

(@, z,¢) —a(t,z,¢))(€ - &) >0, (3)
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520 Mecheter Rabah

Let F': Q7 x R — R be a Carathéodory function satisfying the following conditions:

sup |F(t,z,0)| € L'(0, T5 L'(Q)), YA >0, (4)
lo|<A
F(t,z,u)sign(u) > 0, a.e. (t,z) € Qr, (5)

for all u € R.
Example 1. The example model for the operator A satisfies the conditions (a.1 — 3), is given by
- f: 0 ‘ dv pi(2)-2 Qu

im1 E?xz axl axl

> . ve W),

2. Preliminary work

We present the anisotropic Sobolev space with variable exponent which is used for the study of problem
(P1). For further details see for example [5,9]
Let p;(-): © — [1,00) be a continuous function for all i = 1,..., N. We note by

p; = min{p;(z)}, 2 = max{p;(z)}.

The anisotropic variable exponent Sobolev space Wl’pi(')(ﬂ) is defined by

Whei0) () — {u e LPO(Q) | Dju € LPi¢ )(Q)} ,

endowed with the norm

i = Tl 17 g, + 1Dstlr @y = Lo N (®

and the variable exponent Sobolev space VVO1 P Z'(')(Q) is introduced:
Wy O(Q) = {ue W' @) | D e 0@},
with respect to the norm (6).

Theorem 1 (Ref. [8]). Let © C RY be a bounded domain and p;(-) > 1 are continuous functions.
Suppose that

pi(z) <P (x),

where

Np(x) .0 —
7(z) = 4 N if p(x) < N,
+00, if p(z)>N

and =— ﬁ DTN ZZ 1 p . Then the following Poincaré-type inequality holds:

N N
Lpi(-
wmm@<cZMMMW@, vu e (W™ (Q).

i=1 =1
where C' is a positive constant independent on u and p+( ) = max{p1(z),...,pn(x)}, = € Q. Thus,
SV [ Diull 1pi) () s an equivalent norm on N, W, Lpi( ( )

Remark 1. Remark that if [Jul|; is finite, then |[Djul|»;()(q) < C and using the theorem 1, we have
HuHLM(.)(Q) < C and therefore [Jul| 15,0)(q) < C-

Suppose that

N
1+ ; pi(z), i=1,...,N.
Farg <P <P, (7)
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Anisotropic parabolic problem with variable exponent and regular data 521

Anisotropic spaces (see [18]) are defined as,

(]\ﬁLpi (0,T; Wol’pi(')(Q)) = {v: [0,T] — ﬁW&’pi(')(Q) measurable
i=1 =1
N T -
> [ 100t < 00 = 1
the norm in this space is given by
al T - 1/p;
I =30 () Pllggioytt) ™

Lemma 1 (Ref. [14]). Let f be a strictly positive measurable function. Then for all € > 0 it exists
6 > 0 such that for all measurable A C (Q,

/ fdx < § = meas(A) < e. (8)
A

Lemma 2 (Ref. [1]). Let p(-) € C*(Q), then for every f € LP()(Q)

min { £ 1120} < ooy (F) < max (IR I (9)

min {pp(-)(f)l/p77pp(~)(f)1/p+} < fllpey < maX{Pp(.)(f)l/p 7Pp(.)(f)l/p+}- (10)

Remark 2 (Ref. [4]). Let Q CRY, Q = (0,7) x Q, and p;: Q — (1,00) be a continuous function.
The following continuous dense embeddings are true

17 (0,T; L7 0(Q)) — LPO(Q) = LPi (0, T; LPO(Q)).

2.1. The anisotropic spaces W (Qr)

By W(Qr) we denote the Banach space, see 2]

N
W(Qr) = {u 0,71 = (Y Wo () |u € L#O(Qr), Diu € L*O(Qr), u=0 on rT}.
i=1

quipped with the following norm

lullwior = Y- (Il iqr + 1Dl oo qr ) -

7

W/(Qr) is the dual of W(Q7) (the space of linear functionals over W(Qr)):

v = Z(UZ + D,-vi), v; € Lp;()(QT),

e W :
PEWIIEN e W@, (e = oy 2 V0 + uiDig) du

The norm in W/(Qr) is defined by

lvlwr @ = sup [{v, )]
PEW(QT)
lloll<1
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Proposition 1. Let p;(-): 2 — (1,00) be a continuous function. We have the following continuous
embedding

N
W(Qr) < [ L¥ (0,75 W, "0 ().
=1

Proof. Let v € W(Qr), using (10) and Holder inequality, one can find the estimate
T D T p;
L1yt = [ (10l o)+ 1Dl )
1/p; e \17
0/ o7 o+ [ (o (D075 (D) )™
< C’/ / |v|Pi dz + max (ppi(.)(Div),ppi(_)(Div)p;/p?)dt.
o Jo

+

7

p; /P
g/ |u|Pi(@ dxdt—ir/ |Do|Pi @) dz dt + T Pi /P (/ yDiv\Pi@)da;dt) < 0.
Qr Qr

Lemma 3. The operator A maps W (Qr) into W (Qr).

Proof. In fact, if for u € W(Qr), we put
Au = —div(a(t, z, Du),

then
|Aullwr(@ry = sup [(Au,p)| = sup / d(t,x,Du)Dcpdmdt‘
PEW(QT) PEW(QT) T
llell<1 llell<t
N
= sup / Za,ta:Du)D,cpdmdt‘ sup Z/ la;(t, z, Du)||D;p| dzx dt.
PEW(QT) Qr ;—1 PEW(QT) Qr
llell<1 llell<1
Using Hélder’s inequality,
[Aulw(Qr) <2 Su(g ZH“Z (t,x DU)HLP 0@ ”DZ(JD”LTH()(QT)
) i=1
llell<1
Let recall that
N N N
Vai b >0, Y ai-bi <Y aiy b
i=1 =1 i=1
then
N N
1Aulwrqr) <2 gy(gT)leaz (8,2, D) 1t ) annwu (@r)
I|v|l<1 =1

<2 Z ||ai(t7 €, Du)HLp;;(')(QT)'
i=1
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In fact that

N
/ |a;(t, z, Du)[PiOda dt < / <g(t,x) + Z \Dju]pj(x)>dx dt
Qr

T =t
N
é/ g(t, ) da:dt—i—/ Z‘Dju’pj(f) da dt,
T QT ,7:1
because that g € L'(Q7), and u € W(Qr),
/ |ai(t, x, Du) [P0 dz dt < C.

T

So, using (10), one can obtain

N
”AUHWI(QT) < 22 ”ai(ux?Du)”LP;(')(QT) < C

i=1

Remark 3 (see [6]). Since p;(-) > 1+ NLH, then

N 2N 3N +2

1 — —
TNFI N 2 VDV +2)

> 0.

So, pi(-) > ]\2,—]):2 which implies

Wy ") c 12(Q) ¢ (W (@), vie{1,2,... N},

where these injections are continuous and dense.

The dual of Wol’p’i(')(Q) is denoted by (Wol’pi(')(Q))’ = W=1Pi0(Q), where 1/p;(-) + 1/p}(-) = 1.
Definition 1. Let X be a reflexive Banach space. A single-valued operator A: X — X* is called

— bounded, if A maps bounded subsets of X into bounded subsets of X*;
— hemicontinuous, if t — (A(u + tv), w) x=xx Is continuous for all u,v,w € X.

Lemma 4. Let A; be nonlinear operators of Wol’pi(')(Q) — W=LPi)(Q) such that
(Aju, p) = / a;(t,z, Diu)D;pdx, Yy € Wol’pi(')(Q).
Q

Then, the operator A; satisfies the next

1. A; is hemicontinuous and bounded of Wol’pi(')(Q) — WtrO(Q).
2. A; is monotone of Wol’pi(')(Q) — WLP(Q).

3. (Ai(v),v) = ay||v||", a; > 0, Vv € Wol’pi(')(Q) or (v e ﬂfil Wol’pi(')(Q)), 1< p; < oo.

Remark 4 (Ref. [10]). If [v]; = Hg—;’iHLPi(.) is quasi-norm in W()l’pi(')(Q), then for all \; suitable,

[v]; + Ai|v] is equivalent to ||vl|;

and if, instead of the condition 3 in lemma 4,

(Ai(v),v) = as[v]".

7

Mathematical Modeling and Computing, Vol.9, No. 3, pp. 519-535 (2022)



524 Mecheter Rabah

Proof. [Proof of lemma 4]

Firstly. Let r is strictly positive and let u € B, 190 g )(0 r) then Hu” 19i0) < r, one can get

@ =

”Ai(u)”wflvpé(')(ﬂ) = sup ’<AZ’U,, Q0>‘ = sup /al(tawaDlu)Dlwdw .
weW&'pi(')(Q) soEW()l’pi(')(Q) Q
llell<1 llell<1

Using the Holder’s inequality and (10),
1A ()l -1mi0 ) <2 sup - lailt, 2, Diu)ll prc ) [Pl i

Lo (-
vEWO’pZ( )(Q)
llell<1

<2 s failtw Dall e g (1Dl o + 1
¢ew()1’pi(')(ﬂ)
llell<1

< 2Hai(t7 Z, Diu)”Lp;(-)

LPi (Q)>

()

, 1/P;r, ) 1/17;/
< 2 max (/ |al(t,l‘,DZu)|Pz()d$> R </ |az(t,l‘,Dzu)|pl()dl‘>
{ Q
, 1/P;r, ) 1/17;,
< ([t i) ™ ([ ot D)
{ Q

because that p; ' > p;’ = 1/p; ' < 1/p;”’ and we recall that
Va>0, a<B=a"<d’+1 (11)
and using (2),
1/p)”
||Al(u)|| - ()(Q </ \a;(t, , Dyu)|PiC dm) +1
1/pf’

N
< 23O /Q (g(t,x) 3 Dju|pa'<r>)dx 1
j=1

1/pf’

<C | gt 2)lp o —i—pr( Dju) +1

N 1/pi+l
i
C (”g(t?x)”Ll(Q) + 22 ”DiuHLPi(-) + N) +1

i=1

N N 1/p}’
c’ <1 +)° ||Diu||i"pi(_)> +1,

i=1

where C”:C(max{Hgt:E)Hﬂ + N,2}) i
Because of p;- p+:>1/p < 1/p+’—1 1/pi,

pi—1
1A @)y 1ty < K (L4 Telgrinog) T +1.
So, we have

HAZ(U)HW 1p()(Q) K(]."_T)pJF 1:T/.
Which implies the boundedness of A;.
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In fact, let u,v,w € Wol’pi(')(Q) and A € R. Let’s show that the function of R in R:

A= (Ai(u+ M), w) = /Qai(t,:E,Di(u + Av)) - Dyw

is continuous.
Let A € R be fixed and let {\,,} be a sequence of R converging to A. Since a; is from Carathéodory

function and A\, — A in R,
a; (t, x, Di(u+ )\nv)) — a; (t, x, Di(u + )\v)) a.e. in Q.

Using (2) and applying Young’s inequality,

N 1—_—1
pi(@)
ai (t, @, Di(u+ Apv)) - Diw < ﬁ(g(t,x) + E |Dj(u+ )\nv)|pﬂ'(x)> - | Dyw|
Jj=1

\Diw‘m(m) N g(t,z) + Z;VZI ]Dj(u + )\nv)‘pj(x)
pi(z) P()

|Diw|Pi(x) N g(t,z) + Zﬁvzl |Dju + )\nDjU)|pj(:c)
Pi(z) pj(z)

Since the sequence {\,} is bounded, it follows then from the dominated convergence theorem of

Lebesgue that
lim (A;(u+ Av), w) = (A;(u+ ), w),

n—oo

hence the hemicontinuity of A;.
Secondly. Indeed, for u,v € Wol’pi(')(Q), and by the condition 4.3):

(Aju — Aju,u —v) = / (ai(t,z, Diu) — a;(t,z, D;iv)) 8%(21 —v)dx
Q i

= / (ai(t,z, Dju) — a;(t, z, D;v)) (Dju — Div) dz > 0.
Q

So A; is monotone of Wol’pi(')(Q) — W‘lvl’é(')(Q),
Thirdly. For v € Wol’pi(')(Q), and by the condition (1),

(Ai(v),v) = / a;i(t,z, D;v)Dyvdx > a/Q | Dsvl||P ™ da > app,)(Div).

Q

By lemma (2) and remark 4, one can obtain

where
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3. Statement of main results

Given a real positive number k, we will define, for r in R, the functions

k, if r>k,
Ti(r)=4q v, if |r| <k,
—k, if r<—k.

and its primitive ©;: R — R defined by
2

r e : <
@k(r):/ Tk(t)dt:{ o, sk
0

klr| =%, if |r| > k.

We will then use the following results

T
/0 By, Ty(v)) dt = /Q 04(v(T)) - /Q 01,(0(0)). (12)

Before stating our main results, we define a weak solution of the problem (P;).

Definition 2. A function u(t,z) € W(Qr) is called weak solution of problem (P;) if for every test-
function

(el= {cp(z): v € W(Qr)NL™®(Qr), ¢t € W/(QT)} (13)
and the following identity holds:

T N T
/ (Opu, @) dt + Z/ / a;(t,x, Dyu) D dz dt
0 —Jo Ja

—i—/OT/QF(t,x,u)cpdxdt:/OT/Qgp(t,w)fdxdt, (14)

where a;(t,x,&) € Lp’li(')(QT); F(t,z,§) € LYQr).

Now, we announce our main results.

Theorem 2. Let p;(-) be such that

1
(V>2_ gy N
pi()>2- g =l g

Let @ be an operator satisfying (a.1 — 3) and let F' be satistfying (4)—(5). Then the problem (Py) has
at least one weak solution

N
we (IF (0,73 Wy P ().
=1

Proposition 2 (the case F' = 0). Let f € L™(Qr), up € L*(f2) assume that p;(-), i =1,..., N
are defined as in (7) and A; is an operator which verifies all the hypotheses of Lemma 4. Then the
problem (P;) has at least one weak solution

N
we (IF (0,7 Wy P (9)).
1=1

Proof. The proof of this Proposition in lemma 4. ]
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3.1. Proof of Theorem 2

The proof of this theorem is realized in three steps.
Step 1: Approximate problems. We consider the following approximate problems

Oyuy, — div(a(t, z, Duy)) + Fp(t, z,up)) = f in Qr = Qx]0,T7;
(P1n) un(0,2) = up(z) in Q
up = 0 on 'y =)0, T[x09Q,

where, for each n > 0, F,(t,z,§) = % a.e. (t,z) € Qr, V¢ € R, note that F,,(¢,z, ) satisfies

the following conditions,
[Fu(t,2,8)| < |F(tx,&)| and  [Fy(t,2,8)] < n.

Remark 5. Under the conditions (a.1 — 3), there exists at least one solution wu, €
ﬂi\il LPi (O,T; Wol’pi(')(Q)) of the problem (P,) (see the Proposition 2).

Remark 6. From classical results (see [10]), there exists a solution wu,, of such a problem, moreover
up, is in C ([0, T]; L*(2)).

Step 2: Uniform estimates.
Lemma 5. Let a be an operator satisfying (a.1 — 3) and let F' be satisfying (4)—(5). Then the
sequence (uy) is bounded in ﬂf\;l LPi (0,T; Wol’pi(')(Q)).

Proof. Taking ¢ = I;(uy,) = u, as a test function in (Py,), one can obtain

T T T T
/ <8tun,un>dt+//a(t,w,Dun)Dundwdt+//Fn(t,x,un)undxdt://fundwdt. (15)
0 0Ja 0Ja 0JQ

For all n € N and with u,(0,z) = uy on Q,

T 1 1
/ (O, up) dt = —/ui(t,a:) dx——/u%da:.
0 2 Jo 2 Ja

Then,
1 N .1 T
— / ui(t,a:) dx + Z/ / a;i(t, x, Diyuy)Diuy, dz dt +/ / F,(t,x, up)u, dx dt
2 Ja —Jo Jo 0o Jo

T 1
:/ /fund$dt+—/ugdaz.
0o Ja 2 Ja

According to the two conditions (1), (5) and after dropping the non-negative term, we derive

N T T 1
aZ/ /\Diun\pi(x)da:dté/ /\f\]unlda:dt—i-i/u%da:.
— Jo Ja 0o Jo Q

Using the Hoélder’s inequality, and f € L>®(Qr), ug € L>(Q),

N T T
a Dju,, Pi(@) do dt < 2/ -, upll - dt+ C
S [ e 1811 g ol gt + Co

T
< . B .
<200l [ ol g+ Co
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By lemma 1.1 of [12],

N T T

T
< C/ ”Diun”Lm(-)(Q)dt‘i‘CO'
0

By the inequality (10),

T T 1/p; 1/p
/ [ Ditin]| 1ps ) () </ max (/ |Diun|pi(x)d:n> ,</ |Diun|pi(x)d3:> dt
0 0 Q Q
T 1/p;
< / 2 (/ |Diun|pi(m)daz> +1]dt
0 Q
T 1/p;
< 2/ </ |Diun|pi(m)dx> dt +T.
0 Q

Using Young’s inequality for all € > 0, we obtain

T 1/p; T
/ ( / IDiunlp“w’dw) dt < e / / | Dy [P @ da dt + €,
0 Q 0o Ja
N .7
SEZ/ /\Diun\pi(m)dxdt—i-Cl.
—Jo Ja
Then,
T N T
/ HDiunHLPi(.)(Q)dt<2EZ/ /|Diun|pi(m)dazdt—|—2C’1+T.
0 — Jo Ja
Finally,
N T N T
aZ/ /]Diun\pi(m)dxdt<2CEZ/ /]Diun\pi(:”)dxdt—i-(}p,
=170 JQ =170 JQ

where Cr = C(2C1 + T) 4+ Cp. Now, we choose € = a/4C, then

T N .1 9
/ / Dittn PPzt < 3 / / Dty [P dt < 20 (16)
0 JQ - Jo Ja @

So, the sequence (Dju,) is bounded in LP{()(Qr), that is to say [ Ditinll 1pit) gy < C- From the
embedding in Remark 2,

T _
/0 ||Diun||ijpi(.)(g)dt < C. (17)

Now, it remains to prove that fOT Huanif dt < C. By lemma 1.1 of [12],
LY (Q)

L,pi(-
linll i g < € I1Dstnl ) < C I Ditimllpicrgy Vun € Wo™ O ().

Pi (Q)
So,

N N
Py o 1Pi o 11Pi Lpi(-)
||uTLHLp: @ <C ||D2u”||Lpi(-)(Q) < Cz_; HDZUHHLM(-)(Q) . Vuy, € Q WO (Q)
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We integrate on [0,7] and use (17) to get

LPi (Q)
Therefore, the sequence u,, is bounded in (;Z; LPi (0, T, W, (Q)) |
Lemma 6. Let
| <r< min mind 281 (18)
1N zeq | pi(z) — 1

The sequence (u}, = dyuy) remains in a bounded set of L" (0, T; (I/VO1 i (Q))) + L*((0,T) x (Q)) where
r’ is the conjugate r.

Proof. For all n > 1,
I =div (a(t,az,Dun)) +f—F,

as f — F, is a bounded sequence in L'((0,T) x (2)), we still have to show that
v = div(a(t, z, Duy)) C (bounded in L7(0,T;(Wo"' (2))) whith 7> 1).

Forr > 1

HU"H(W(}”'(Q)) = sup ‘/Zal (t,z, Djuy,) ngd:n‘

WH<1

1
pi()
<p sw Z/<g+Z|Dun|ﬂ) Dyl de.

wEW (Q) i=1
I|¢I|<1

Using the Holder inequality, we see that

L al ) (1_ 1())’" Yr
/ < . p;( Pyl
Jonll oy <8 sup ( [ioseras) ([ (o L ipsu) i)

1'r Q) =1
I|¢I|<1

N _ 1), 1/r
<o ([ (o+ S mpu o) 0 w)
x Q

where again

N N 1
||vn\|’iW1,.,(Q)), < CZ (/Q(g - Z |Djun|pj(-))(1—m)rd;g>. (19)

0

By (18), 0 < (1 — p%('))r < 1. Integrating relation (19) on [0,7] and applying Young’s inequality,

T N
all s At S +Y [DjunPi) ) dw dt + C
L e //gZ|u| Nadt + Cr

7j=1
Using (16) and g € L(Qr), we obtain

T
Un " , /dt S C
/0 | ”(W&” @)

This finishes the proof of Lemma 6. ]
Step 3: Passage to the limit.
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Lemma 7. There exists a subsequence (still denoted by (u,)) which converges a.e. in (0,T) x Q to
a function u € L1((0,T) x Q). Therefore

F,(t,x,u,) = F(t,z,u) ae. in (0,T) x Q.

Proof. By lemma 6, the sequence (uj,) remains in a bounded set of L"(0,T;W~1"(Q)) + LY(Q)

n
according to Rellich-Kondrachov’s theorem, it comes that

LN CcW Q) i SN, r< —

N-1

So that
L'Q) c LY(0,7; W~ (Q)) and L7(0,T;W(Q)) € L' (0,T; W "(Q))
SO
LYQ) +L"(0,T; W—H(Q)) L' (0, T; W17 ()).

Therefore, the sequence (u},) remains bounded in L'(0,T; W~17(Q2)).
So, we can use Corollary 4 of [16], to see that u,, is relatively compact in L*((0,7) x Q).
This implies that we can extract a subsequence (denote again by (u,)) such

u, —u strongly in  L'((0,T) x Q) and a.e. in (0,7) x Q. (20)

Furthermore, we have F,,(t,z,u,) — F(t,z,u) a.e. in (0,T) x Q. [ ]

Lemma 8. Let a be an operator satisfying (a.1 — 3) and let F' be satisfying (4)—(5). Then
Ey(t,x,up) — F(t,z,u) strongly in  L'(0,T; L*(Q)).

Proof. We shall first obtain local-integrability of F,, (¢, z, uy) on (0,7) x . Observe that: if |u,| > v
then |T (uy)| = 7, where T, the truncation function at height v (y > 0).

So,

T T ~

/ / |Fn(t,:1:,un)|d:ndt:/ / Fo(t, 2, )| Lz dt

0 Jlun|>y 0 Jlun|>y v
1 T

<_/ / |Fo(t, )T, ()| da it
7 Jo [wn | =y
and because F,(t,z,u,)Ty(up) = %Tw(un) > 0, we find

T T
1
/ / |Fo(t, x,uy)| dedt < —/ /Fn(t,a:,un)Ty(un) dx dt.
0 Jlun|zy YJo Ja

We choose ¢ = T (uy) as a test function in problems (P,), then

un (T,2) N T
/da:/ T, (o) d0+2/ /ai(t,x,Diun)DiunT,’y(un)dxdt
Q 0 :

// o (s 2, un) Ty () daz dt = //fTund:ndt—l—/daz/ "0

After dropping the non-negative term, we derive

un (0,2)
/ / (t,z, un) Ty (uy) de dt < / /|f||T Un |d3:dt+/d:13/ o)|do.
un(Ox
/ / F,(t,x,up)| dedt < / /|f||T Up |d3:dt—|—/d3:/ o)ldo | .
|un‘>’Y
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Now, for any M >0, 0 < |T,(s)| < M + 1|4y for any s € R,

/ /]fHT )| dar dt < M/ /]f]da:dt—k’y/ /Iun>M]f]da;dt

Cr - MIIfllz=om + 7 / / \f|de dt.
0 Jlup|>M

Because f € L>®(Qr), up € L>(£2), we conclude that

un(Ox
// ()| de dt < (c MUl llz=(0r) —|—’y// \f\dxdtJr/dx/ yda>
[un =y |un|>M

< M / / |f|dx dt+g, where C’o—l/u%dx
Iun‘>M ’Y 2 Q

K
= // |fldxdt, where K =C1-M + Cy
/7 ‘Un|>M

/ / X{Jun|> M} f| dz dt.

T
/ / |Fo(t, x,uy,)| do dt Y25°0  uniformly with respect to n.
lun|>y

QIF—‘

9

<|N

Taking M = ,/7, we conclude that

For any measurable subset E C Q and the fact that |F,(t,z,uy)| < |F(t, z,u,)],

T T T
/ /|Fn(t,:n,un)|d:1:dt:/ / |Fn(t,:n,un)|d:ndt+/ / Fo (b 2, )| et
o Jp o JBn(un>} 0 JBn(un<a}
T T
é/ / \Fn(t,x,un)]da:dt—i—/ /\F(t,aj,un)]da:dt
En{junl>}

/ / t:z:un|d:17dt+/ /XEsup |F(t,z,0)|dzx dt.
Em{\un|>~f} loj<y

By (4),
— xg sup |F(t,z,0)| = 0 a.e. in Qr;
lol<y
o |XE' sup |F(t,l‘,0')| < sup |F(t7$70)| € Ll(QT)
o<y lol<y

and using Lebesgue’s dominated convergence theorem, we find that

//XEsup\Fta:J)\dxdt—)O as |E|— 0.

o<y
We deduce that F),(t,z,u,) is equi-integrable in Qp, then by Lemma 7, and Vitali’s theorem conver-

ence, :
& F,(t,r,u,) — F(t,z,u) strongly in LY(Qr). [ |

Lemma 9. Let a be an operator satisfying (a.1 — 3) and let F be satisfying (4)—(5). Then, the
sequence (Du,,) converges a.e. in (0,T) x § to a sequence (Du) € L'((0,T) x ), that is

Du, — Du a.e. in (0,T) x Q. (21)

Proof. We will show that the sequence (Du,,) is a Cauchy sequence in measure on 2. This is to show
that

Vd > 0, Ve > 0, Ing such as Vp,q > ny meas{(t,z) € (0,T) x Q| |(Dup, — Dug)(t,z)| > 0} <e.
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For that, let us fix § > 0 and € > 0, and notice that for A > 0 and n > 0,

{(t,z) € (0,T) x Q| |(Dup, — Dug)(t,x)| = 6} C By UEyU E3U Ey,

where
Ey={(t,x) € (0,T) x Q| |Duy| = A}, B2 ={(t,z) € (0,T) x Q| [Dug| > A}
Es3 = {(t7x) € (07T) X Q‘ ’up - uq, 2 77}
and
Ey = {|Duy — Dug| = 6, |Duy| < A, [Dug| < A, Jup — ug| <}

In view of Lemma 5, by choosing A large we can make meas(F;) and meas(FE2) arbitrarily small. For
example

meas(F7) :/ ldzdt = 1 Adzxdt < l/ | Duy,| dz dt < l/ | Duy,| dz dt < g
Ey A Eq A Eq A Qr A

Then,
meas(E;) -0 as A — +oo.

T
/ /\up—uq\dxdtQ/ |up — ug| dx dt > e meas(E3).
0 JQ Es3

Since (u,) is a Cauchy sequence in L'(Q7), then, for ¢ > 0 fixed, we see that

For meas(E3),

meas(F3) -0 as p,q — +oo.

It remains to control meas(Fy4). Because the set {(£1,&2)],[&1] < A& < A& — &f < 0} is a
compact set and £ — a(t,z,§) is continuous for a.e. (¢,z) € Qp, the quantity

@t z, &) —at,z,&)) (& — &) >0

reaches its minimum value on this compact set, and we will denote it by p (¢, x) such that

(a(t7 xz, 51) - a(tv x, 52)) (51 - 52) Z /L(L l‘) > 0.
Consequently, by (8) for any 7 > 0 there exists 7/ > 0 such that

/E p(z)dr < 7" = meas(Ey) < 7. (22)

To get meas(Ey) < 7, it suffices to show that [, u g, M) dz < 7'. By the definitions of u(t,z) and Ej,
we can write

/ w(t,z)dedt < / [a(t,z, Dup) — a(t, x, Dug)| D (up, — Uq) Ly —uy|<e} dT dt
E4 E4
moreover the integral term is positive and DT:(up — ug) = D(up — tg)1{ju, —uy|<ec}> SO
/ p(t,x) < / [a(t,z, Duy) —a(t, z, Dug)| DT (up — ug), (23)
Fy Ey

where T. the truncation at level —e and e, and T are defined as

1, |o|<¢
o) ={ o |0

lo| > e.

Specifying T (u, — uq) as test function in (15) for u, and wu,,

/0T<8tup’T€(up_uq)>+/0T/Qa(t,x,Dup)DT€(up_uq)
// t:nup //fT )(24)
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and

/0T<atuq=T€(up_uq)>+/0T/Qa(t,a:,Duq)DTa(up—uq)
//Ft:nuq //fT —ug). (25)

Then subtracting the resulting inequality (24) and (25), we find

T
/0 (O (up — uq), T (up — ugq)) +/0 /Q (a(t’x’Dup) —a(t,z, Duq))DTe(up — uq)

T
= / /Q(Fn(t,w,uq) — Fo(t, z,up))Te(up — ug).
0
The fact that |T;| < €, then

/Q@E(up T)dx —/ O ( dw—i—/ / (t,z, Duy) —a(t,z, Dug)) DT (up — ug) d dt
= / /(Fn(t,aj,uq) — F(t, ,up))Te(up — ugq) dz dt.
The first term is positive (O.(z) > 0) and (O.(x) 0< 5\2]) So
/0 ! /Q (@t 2, Duy) — a(t, @, Dug)) DTo(uy — ug) da dt
/ /|F (t,x,uq) — (ta:up)|d:ndt+€/|u0—u0|daz
The fact that F,, € L>®(Qr) and ug € L>®(Q2), we obtain

T
/ / (a(t, z, Dup) — a(t, x, Dug)) DT (up — ug) drdt < Ce =% 0 (uniformly in p and ¢).  (26)
Q

/ p(x)de < 7',
Ey

and also by (22) we have meas(F4) < 7. Thus, we have the convergence of Du,, to Du in measure, as
well as the property (after extracting a subsequence).

Du,, — Du a.e. in (0,T) x Q. [

For e small enough, (23) and (26) imply

4. End of the proof of Theorem 2

For ¢ € Z (see (13)),

T
/ (Optin, @) dt +/ a(t,z, Dun) Dy dx dt+/ Fo(t,x,uy)pdxdt :/ o(t,z) f dx dt. (27)
0 T T

T

1) Passage to the limit in f()T@tUm p)dt.

T
/ (Opup, p) dt = —/ UpOpp da dt — / (0, z) up dx
0 T Q
The sequence u,, — u in W(Qr) and d;p € W'(Qr). Then,

lim UpOpp dx dt = / udyp dx dt.
T

n—-4o0o Qr
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2) Passage to the limit in fQT Fo(t,z,up)pdzdt.
By lemma 8,

[ Bttsue- [ Feawd =| [ (o) - Feow)
Qr Qr Qr
< CO||Fu(t, o, un) — F(t,z,u)|| L) — 0, as n — +oo.

Ensure that
lim Fn(t,:n,un)gpdzndt:/ F(t,x,u)pdxdt.

e JQr Qr
3) Passage to the limit in fQT a(t,x, Duy)Dy dx dt.
Using the convergence (21) and the condition (a.2),

a(t,z, Duy,) — a(t,z, Du) a.e. in (0,T) x Q

and by (2), we find
a(t,x, Duy,) is bounded in Lf”z‘(')(QT).

So, we deduce

a(t,z, Duyp) — a(t, x, Du) in LP{O)(Qr).
Because Dy € LPC)(Qr) then,

lim a(t,x,Dun)Dgodazdt:/ a(t,x, Du)Dp dx dt.

n——+o0o Qr T

We therefore have to prove that u is a solution to problem (P;). This finishes the proof of theorem 2.
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AHi3oTponHa napabosiyHa 3agada 3i 3MIHHUM MOKa3HUKOM |
perynsipHumMmmn gaHummu

Meuerep P.

Kagedpa mamemamuru ma ingpopmamuru, Ywisepcumem Mcina, Mcina, Aaotcup,
Jlabopamopis GYHKUIOHAAYHO20 GHANIZY TG 2E0MEMPIT NPOCMOPIE

VY it poboTi JOCTITKY€EThCsT ICHYBaHHS CJIAOKUX PO3B’SA3KiB 151 KJIacy HEJIHIHUX mapa-
00JIIYHUX PIBHSIHB 13 peryispHuME jJaHuMu y npocropax CobosieBa 31 3MIHHOK €KCIIOHEH-
toro. JloBoaurhes “Bepcist” crabkol omninku mpocropy Jlebera, sika cxomutsb g0 “ Lions J. L.
Quelques méthodes de résolution des problemes auzx limites. Dunod, Paris (1969), nis
napaBoJivHUX PIBHIHD 3 aHI30TPOIHUME TTOCTIHHUMY MOKasHuKamMu (p; () = p;).

Knto4osi cnoea: anizomponii napaborivmi, HEATHIUHT Napabosiuni DIGHANHA, PE2YAADHI
dani.

Mathematical Modeling and Computing, Vol.9, No.3, pp.519-535 (2022)



