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Mixed fractional Brownian motion (MFBM) is a linear combination of a Brownian motion
and an independent fractional Brownian motion which may overcome the problem of
arbitrage, while a jump process in time series is another problem to be address in modeling
stock prices. This study models call warrants with MFBM and includes the jump process
in its dynamics. The pricing formula for a warrant with mixed-fractional Brownian motion
and jump, is obtained via quasi-conditional expectation and risk-neutral valuation.
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1. Introduction

Warrant is a derivative that gives the holder the right, not an obligation, to purchase a given quantity of
an underlying share at a predetermined exercise price, on or before the expiry date. Hence, the holder
can either exercise the right to buy the shares at the exercise price or sell the warrant. Warrants can
be categorized into call warrants or put warrants, where the Bursa Malaysia allows the former type to
be traded. Warrants may be modelled using the Black—Scholes model [1| because of similar properties
to options.
The payoff of a warrant allows the holder the right to buy &£ number of shares of stock at the price
of GG, which is 1
mmax (kST — NG,0), (1)

where N is the number of shares for common stocks, M is the number of shares for outstanding
warrants, and S is the value of the underlying asset at maturity 7.

Brownian motion, which enables arbitrage-free market has been employed as the stochastic model
to simulate logarithmic returns, of which research by [2-4] demonstrated that the logarithmic return
distribution has characteristics such as fat tails, volatility smile and long-range dependence. This
encourages studies, such as the ones by [5-8] that modelled long-range dependency by characterising
the distribution of the logarithmic returns with fractional Brownian motion (FBM). However, |9, 10]
proposed the mixed-fractional Brownian motion (MFBM) which combines both the Brownian motion
and the FBM with Hurst parameter H € (0, 1) to solve the issue of allowing arbitrage in the FBM [11,
12]. According to [13], selecting H € (2,1) reduces the MFBM to the standard Brownian motion,
preventing arbitrage and allowing complete market. Furthermore, with reference to [14]|, the MFBM
can capture the local variability of the process model, providing a more accurate representation of the
financial data.

This research was supported by the Ministry of Higher Education Malaysia via the FRGS Grant with Reference Code
FRGS/1/2020/STG06/UPM/02/5.
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The MFBM has drawn a lot of interest for its potential in option pricing [15-17]. Additionally,
[18,19] added jumps to the MFBM to value currency options, compound options, and extendible
options. In [20], an actuarial technique was used to price Asian options under MFBM with jumps. On
that account, and the similarities between options and warrants, [21] has investigated the pricing of
warrants with the MEFBM.

In order to derive the closed-form pricing formula for call warrants, this work aims to model call
warrants with the MFBM and includes a jump process. The paper is organized as follows. Section 2
which explains the model formulation for call warrants in the MFBM environment with jumps, briefly
provides some description of the model. The analytical solution is derived in Section 3, and the study
is concluded in Section 4.

2. Preliminaries

This section briefly presents some description of the mixed-fractional Brownian motion (MFBM) as
described in [13] and the jump-diffusion dynamics as described in [22]. This model can be used in
arbitrage-free, equilibrium, and complete markets, as well as those that are arbitrage-filled, out of
equilibrium, and incomplete markets.

Let (Q,F,{F=0},P) be a filtered probability space where IP is the physical probability measure.
Then an MFBM, B} (a, ) is defined as

Bl (a,B) = aW, + pWH,

where W; is a Brownian motion, WtH is a fractional Brownian motion with Hurst parameter H €
(%, 1) ,{Fti=0} is the P-augmentation of the filtration generated by (Wp, WH) for 7 < ¢, and a and f3
are some real non-zero constants. Additional properties of the MFBM can be found in [15,16].

In a risk-neutral framework, assuming a market with no friction, the underlying asset price moves
according to the following dynamics:

dSt = (’f’ — /\,UJt) St dt + O'St th + O'HSt thH + (yt — 1)St dNt, (2)

where r is the risk-free rate, o and op are constant volatilities of the logarithmic returns when jumps
do not occur, N; denotes a Poisson process with intensity A, while y; is the size of absolute price
jump, and (y; — 1) is the size of the relative price jump (see [22]). Furthermore, according to [22], the
logarithmic asset price jump sizes are normally distributed, such that Iny; ~ A (,th,5t2), where py
is an i.i.d. logarithmic return jump size, and ¢ is an i.i.d. volatility of the logarithmic return jump.
Hence, 52 )
(y — 1) ~In <e’”+7 —1,e(2uy + 52 [66 — 1])

Suppose that Q is a risk-neutral probability, the quasi-conditional expectation of the stock price is
given as

E° [Sp|F] = Sper™).

Therefore, following [23], under @Q, the solution to Equation (2) is obtained via Ito6 formula as follows

Np_y
Sp =5, H eJtie(r—)\,ujt—%crz)(T—t)—%cr%(TZH—tZH)+o(WT—Wt)+oH(W{«{—WtH)7
i=1
or N
S = Spelrma =0t (T=t)= 5ok (T 21 ) o (Wr—Wa)tos (WH =W )+ 5 (3)

The derivation of the call warrants pricing formula under the MFBM-MJD market is under the as-
sumption of no transaction costs or taxes, and no riskless arbitrage opportunities exist.

3. Results and discussion

This section provides the derivation of the closed-form pricing formula for call warrants under the
mixed-fractional Brownian motion with Merton jump-diffusion model (MFBM-MJD).
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Suppose that the underlying asset price follows the process in Equation (2), and the payoff is
presented as a function of P(S7). At a risk-free interest rate, r, the price of the call warrant is the
discounted risk-neutral conditional expectation of its payoff function given by

wy(t, Sy) = e "TUEQ [P(Sy)|F]

where [E is a quasi-conditional expectation with respect to the risk-neutral measure Q.

From Equation (3) and following [24], it can be observed that the Wiener processes are Gaus-
sian, such that (Wp — W;) ~ N(0,7 —t) and (WH — WH) ~ N(0, T — 2). Tt follows that
(Wr — W) = VT —tZ; and (WH — W) = VT2H — 207, where Z; ~ N(0,1) and Zy ~ N(0,1).
Additionally, Jy,...,J;, is a sequence of i.i.d. random variables, where In.J;, ~ N(uy,,d?), which
implies Y"1 | InJ;, ~ N (nuyg,,n6?). Consequently, Y1 InJ;, = nuy, +/nd:Zs, where Zs ~ N (0, 1).

Therefore, we have

onNT —tZ, = oNVT —tZy +og/T?*H —t2H 7y + \/n 6, Zs, (4)

J%{ (T2H —2H) né2

where Z, ~ N(0,1) and 02 = o2 4+ ZL——— + 2% Hence, by Equations (3) and (4), and let
NT—t =n,
S% _ Ste(r—)\th—%crz)(T—t)—%U%(TQH—tQH)'FU(WT_Wt)"'UH(WTI}“I_WtH)‘i'”HJt"‘Un\/T_tZ”. (5)

L
We further let r,, =7 — Ay, + WE;_? . So, Equation (5) can be written as follows

S?‘ - Ste(r"_é) (T_t)'i‘o'n\/'thZn.

Consider the payoff function that is defined by Equation (1). Reference [25] states that warrant holders
should exercise their warrants only when kSt > NG. Then, under a risk-neutral world, the price of a
call warrant at ¢ € [0,77] is defined by

—r(T—t)
wy(t, Sy) = WEQ [max(kSr — NG, 0)|F/]
_ e_T(T_t) Q I e—T(T—t) 0 -
BT {STH{ST>NTG}|E } R e [H{ST>NTG}‘E ] '
A B

Now, let )
lng—g — (rn — )T —1t)

opV I —t
From Equations (3) and (5), and using the independence of N (T —t) and J;,, also the Poisson distri-
bution with intensity (7 — t), we solved A as follows

dy =

= S [s]e
n=0

0 n ,—\T—t)

o n!

U% _ - —
e (sl By ]

& AT — )" —X(T-t) © 1 oo TD)2
= ( )'e St e“(T_t)/ e gy
n=0 e dy V27
e io: )\n(T - t)ne_)\(T_t) St eTn(T—t) /oo 1 e_éd,u
|
n do—ony/T—t V2T

n=

0 !

o0 AT — )" —X(T-t)

=> ( 7)1,6 SpeT=0[1 — ¢(dy — 0 VT — 1)]
n=0 )
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X yn _ f\n,—XT-t)
=y AT —t)"e Sp e TG (—dy + 0, VT — 1).

|
ne0 n:

Then, B can be solved as follows
B =Y E%|Iig, 0y | F' | P(Nr—y = m)
n=0

i )\n(T _ t)ne—)\(T—t)

n!

P NYT — \re—AMT=t) poo 1 »2
= Z A Jre / e 2dx
d

EQ[%ST>%QHJ?1

n=0 n! 2 \/ﬁ
0 AT — )" —X(T-1t)

S MEEDET Tl )
n=0 :
0 AT — )" —X(T-t)

3y if (—da).

Hence, the following proposition presents the closed-form pricing formula of a call warrant under

MFBM-MJD.

Proposition 1. The price of a call warrant under a mixed-fractional Brownian motion with jumps
with expiry date T and k number of shares of stocks for payment J, is given by

e—r(T—t) 0 /\n(T_t)ne—)\(T—t)

wy kST d(dy ) — NGd(day)| ,

" N+ Mk n!
n=0
where

2
0 In &8t 4 (r,, + Z2)(T — t)
opVI —t ’

2
dy — lnfv—%—l—(rn—%")(T—t)
opVI —t ’

5
,th_‘_?n

’f’n:T‘—)\,th—F T _¢ 3

On = \/02 s A DL
n — .
Tt Tt

Hence we have obtained the closed—form formula for call warrants under MFBM-M.JD.

4. Conclusion

In this study, the closed-form pricing formula for call warrants under mixed-fractional Brownian motion
with jump-diffusion (MFBM-MJD) is presented. The derivation applies quasi-conditional expectation
and uses the risk-neutral valuation approach. This model captures long-memory phenomenon and
discontinuous behavior in the logarithmic returns. Future work may include utilizing the path integral
method [26,27] to model the pricing of warrants.
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®opmyna LiHOYTBOPEeHHA KOJ1J1-BapaHTiB 3a 3MilWaHo-4pobosoro
OpoyHiBCbkOro pyxy 3i ctpubkonoaioHoto andysieto MepToHa

I6pariv C. H. 112, Jlaxam M. @.2

! Kagpedpa mamemamuru ma cmamucmuxy, Paxyavmem npupoouvur Hayx,
Vwisepcumem Iympa Manatisii,
48400 UPM Cepdane, Ceaanzop, Maratizis
2 Inemumym mamemamunnux docaidsceny Ynisepcumemy ITympa Manatisii,

48400 UPM Cepdane, Ceaanzop, Maratizis

Suimanuii japobosuii 6poyniscekuit pyx (3IBP) — ne Jiniitna kombinaiis 6poyHiBCbKO-
ro pyXy Ta He3aJIe?KHOr'0o JIPOOOBOTO OGPOYHIBCHKOI'O PYXY, K& MOXKE BUPIIIUTU IIPOOJIEMY
apbiTpaxy, TOAi K CTPUOKOBHUI IMPOIEC ¥ YACOBUX PsijiaX € IIe OJIHIEI0 MPOOJIEMOIO, AKY
CJIiJT BUDIIIATH i1, 9ac MOJETIOBAHHSA IiH Ha akiii. [le goctimKeHHs ciupsMoBaHe Ha MOJIe-
JIIOBaHHs BapaHTiB 3a pormomoror 3JIBP i BritouenHst crpubkomnomibHOro mporecy B fioro
muaaMiky. Popmysia MIHOYTBOPEHHS JjIs BapaHTa 3i 3MmimaHuM 1poOOBUM OPOYHIBCHKUM
pPyXOM i cTpUOKOM OTpHMAaHa 3a JOIOMOrOI0 KBa3lyMOBHOI'O OYiKyBaHHsI Ta HEATPAJIHHOI
JI0 PU3UKY OITIHKM.

Kntouosi cnosa: smiwano-dpobosuti bpoyniscorutl pyx, cmpubkonodiona dudysis Mep-
MOHaA, KOAN—GAPAHM.
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