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Mixed fractional Brownian motion (MFBM) is a linear combination of a Brownian motion
and an independent fractional Brownian motion which may overcome the problem of
arbitrage, while a jump process in time series is another problem to be address in modeling
stock prices. This study models call warrants with MFBM and includes the jump process
in its dynamics. The pricing formula for a warrant with mixed-fractional Brownian motion
and jump, is obtained via quasi-conditional expectation and risk-neutral valuation.
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1. Introduction

Warrant is a derivative that gives the holder the right, not an obligation, to purchase a given quantity of
an underlying share at a predetermined exercise price, on or before the expiry date. Hence, the holder
can either exercise the right to buy the shares at the exercise price or sell the warrant. Warrants can
be categorized into call warrants or put warrants, where the Bursa Malaysia allows the former type to
be traded. Warrants may be modelled using the Black–Scholes model [1] because of similar properties
to options.

The payoff of a warrant allows the holder the right to buy k number of shares of stock at the price
of G, which is

1

N +Mk
max (kST −NG, 0) , (1)

where N is the number of shares for common stocks, M is the number of shares for outstanding
warrants, and S is the value of the underlying asset at maturity T .

Brownian motion, which enables arbitrage-free market has been employed as the stochastic model
to simulate logarithmic returns, of which research by [2–4] demonstrated that the logarithmic return
distribution has characteristics such as fat tails, volatility smile and long-range dependence. This
encourages studies, such as the ones by [5–8] that modelled long-range dependency by characterising
the distribution of the logarithmic returns with fractional Brownian motion (FBM). However, [9, 10]
proposed the mixed-fractional Brownian motion (MFBM) which combines both the Brownian motion
and the FBM with Hurst parameter H ∈ (0, 1) to solve the issue of allowing arbitrage in the FBM [11,
12]. According to [13], selecting H ∈

(
3
4 , 1
)

reduces the MFBM to the standard Brownian motion,
preventing arbitrage and allowing complete market. Furthermore, with reference to [14], the MFBM
can capture the local variability of the process model, providing a more accurate representation of the
financial data.
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The MFBM has drawn a lot of interest for its potential in option pricing [15–17]. Additionally,
[18, 19] added jumps to the MFBM to value currency options, compound options, and extendible
options. In [20], an actuarial technique was used to price Asian options under MFBM with jumps. On
that account, and the similarities between options and warrants, [21] has investigated the pricing of
warrants with the MFBM.

In order to derive the closed-form pricing formula for call warrants, this work aims to model call
warrants with the MFBM and includes a jump process. The paper is organized as follows. Section 2
which explains the model formulation for call warrants in the MFBM environment with jumps, briefly
provides some description of the model. The analytical solution is derived in Section 3, and the study
is concluded in Section 4.

2. Preliminaries

This section briefly presents some description of the mixed-fractional Brownian motion (MFBM) as
described in [13] and the jump-diffusion dynamics as described in [22]. This model can be used in
arbitrage-free, equilibrium, and complete markets, as well as those that are arbitrage-filled, out of
equilibrium, and incomplete markets.

Let (Ω,F , {Ft,t>0},P) be a filtered probability space where P is the physical probability measure.
Then an MFBM, BH

t (α, β) is defined as

BH
t (α, β) = αWt + βWH

T ,

where Wt is a Brownian motion, WH
t is a fractional Brownian motion with Hurst parameter H ∈(

3
4 , 1
)
, {Ft,t>0} is the P-augmentation of the filtration generated by (WT ,W

H
T ) for τ 6 t, and α and β

are some real non-zero constants. Additional properties of the MFBM can be found in [15, 16].
In a risk-neutral framework, assuming a market with no friction, the underlying asset price moves

according to the following dynamics:

dSt = (r − λµJt)St dt+ σSt dWt + σHSt dW
H
t + (yt − 1)St dNt, (2)

where r is the risk-free rate, σ and σH are constant volatilities of the logarithmic returns when jumps
do not occur, Nt denotes a Poisson process with intensity λ, while yt is the size of absolute price
jump, and (yt − 1) is the size of the relative price jump (see [22]). Furthermore, according to [22], the
logarithmic asset price jump sizes are normally distributed, such that ln yt ∼ N

(
µJt , δ

2
t

)
, where µJ

is an i.i.d. logarithmic return jump size, and δ is an i.i.d. volatility of the logarithmic return jump.
Hence,

(yt − 1) ∼ ln
(
eµJ+

δ2

2 − 1, e(2µJ + δ2
[
eδ

2 − 1
])
.

Suppose that Q is a risk-neutral probability, the quasi-conditional expectation of the stock price is
given as

EQ
[
ST
∣∣FH

t

]
= St e

r(T−t).

Therefore, following [23], under Q, the solution to Equation (2) is obtained via Itô formula as follows

ST = St

NT−t∏

i=1

eJtie(r−λµJt−
1
2
σ2)(T−t)− 1

2
σ2H(T 2H−t2H)+σ(WT−Wt)+σH(WH

T −WH
t ),

or

ST = Ste
(r−λµJt−

1
2
σ2)(T−t)− 1

2
σ2H(T 2H−t2H)+σ(WT−Wt)+σH(WH

T −WH
t )+

∑NT−t
i=1 lnJi . (3)

The derivation of the call warrants pricing formula under the MFBM-MJD market is under the as-
sumption of no transaction costs or taxes, and no riskless arbitrage opportunities exist.

3. Results and discussion

This section provides the derivation of the closed-form pricing formula for call warrants under the
mixed-fractional Brownian motion with Merton jump-diffusion model (MFBM-MJD).
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Suppose that the underlying asset price follows the process in Equation (2), and the payoff is
presented as a function of P (ST ). At a risk-free interest rate, r, the price of the call warrant is the
discounted risk-neutral conditional expectation of its payoff function given by

wt(t, St) = e−r(T−t)EQ
[
P (ST )

∣∣FH
t

]
,

where E is a quasi-conditional expectation with respect to the risk-neutral measure Q.
From Equation (3) and following [24], it can be observed that the Wiener processes are Gaus-

sian, such that (WT − Wt) ∼ N (0, T − t) and (WH
T − WH

t ) ∼ N (0, T 2H − t2H). It follows that
(WT −Wt) =

√
T − tZ1 and (WH

T −WH
t ) =

√
T 2H − t2HZ2, where Z1 ∼ N (0, 1) and Z2 ∼ N (0, 1).

Additionally, Jt1 , . . . , Jtn is a sequence of i.i.d. random variables, where ln Jti ∼ N (µJt , δ
2
t ), which

implies
∑n

i=1 ln Jti ∼ N (nµJt, nδ
2
t ). Consequently,

∑n
i=1 ln Jti = nµJt +

√
nδtZ3, where Z3 ∼ N (0, 1).

Therefore, we have

σn
√
T − tZn = σ

√
T − tZ1 + σH

√
T 2H − t2HZ2 +

√
n δtZ3, (4)

where Zn ∼ N (0, 1) and σ2n = σ2 +
σ2H (T 2H−t2H )

T−t +
nδ2t
T−t . Hence, by Equations (3) and (4), and let

NT−t = n,

SnT = Ste
(r−λµJt−

1
2
σ2)(T−t)− 1

2
σ2H(T 2H−t2H)+σ(WT−Wt)+σH(WH

T −WH
t )+nµJt+σn

√
T−tZn . (5)

We further let rn = r − λµJt +
µJt+

δ2t
2
n

T−t . So, Equation (5) can be written as follows

SnT = Ste

(
rn−σ2

n
2

)
(T−t)+σn

√
T−tZn .

Consider the payoff function that is defined by Equation (1). Reference [25] states that warrant holders
should exercise their warrants only when kST > NG. Then, under a risk-neutral world, the price of a
call warrant at t ∈ [0, T ] is defined by

wt(t, St) =
e−r(T−t)

N +Mk
EQ
[
max(kST −NG, 0)

∣∣FH
t

]

=
e−r(T−t)

N +Mk
k EQ

[
ST I{ST>

NG
k

}∣∣FH
t

]

︸ ︷︷ ︸
A

− e−r(T−t)

N +Mk
NGEQ

[
I{
ST>

NG
k

}∣∣FH
t

]

︸ ︷︷ ︸
B

.

Now, let

d2 =
ln NG

kSt
− (rn − σ2n

2 )(T − t)

σn
√
T − t

.

From Equations (3) and (5), and using the independence of N(T − t) and Jti , also the Poisson distri-
bution with intensity λ(T − t), we solved A as follows

A =

∞∑

n=0

EQ
[
SnT I

{
ST>

NG
k

}∣∣FH
t

]
P (NT−t = n)

=

∞∑

n=0

λn(T − t)ne−λ(T−t)

n!
EQ

[(
Ste

(
rn−σ2

n
2

)
(T−t)+σn

√
T−tZn

)
I{
ST>

NG
k

}∣∣FH
t

]

=
∞∑

n=0

λn(T − t)ne−λ(T−t)

n!
St e

rn(T−t)
∫ ∞

d2

1√
2π
e−

(x−σn
√
T−t)2

2 dx

=

∞∑

n=0

λn(T − t)ne−λ(T−t)

n!
St e

rn(T−t)
∫ ∞

d2−σn
√
T−t

1√
2π
e−

v2

2 dv

=
∞∑

n=0

λn(T − t)ne−λ(T−t)

n!
St e

rn(T−t)[1 − φ(d2 − σn
√
T − t)

]
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=

∞∑

n=0

λn(T − t)ne−λ(T−t)

n!
St e

rn(T−t)φ(−d2 + σn
√
T − t).

Then, B can be solved as follows

B =

∞∑

n=0

EQ
[
I{ST>

NG
k

}
∣∣FH

t

]
P (NT−t = n)

=
∞∑

n=0

λn(T − t)ne−λ(T−t)

n!
EQ
[
I{ST>

NG
k

}
∣∣FH

t

]

=

∞∑

n=0

λn(T − t)ne−λ(T−t)

n!

∫ ∞

d2

1√
2π
e−

x2

2 dx

=
∞∑

n=0

λn(T − t)ne−λ(T−t)

n!

[
1 − φ(d2)

]

=

∞∑

n=0

λn(T − t)ne−λ(T−t)

n!
φ(−d2).

Hence, the following proposition presents the closed-form pricing formula of a call warrant under
MFBM-MJD.

Proposition 1. The price of a call warrant under a mixed-fractional Brownian motion with jumps
with expiry date T and k number of shares of stocks for payment J , is given by

wt =
e−r(T−t)

N +Mk

∞∑

n=0

λn(T − t)ne−λ(T−t)

n!

[
kSte

rn(T−t)φ(d1J ) −NGφ(d2J )
]
,

where

d1 =
ln kSt

NG + (rn + σ2n
2 )(T − t)

σn
√
T − t

,

d2 =
ln kSt

NG + (rn − σ2n
2 )(T − t)

σn
√
T − t

,

rn = r − λµJt +
µJt +

δ2t
2 n

T − t
,

σn =

√

σ2 +
σ2H (T 2H − t2H)

T − t
+

nδ2t
T − t

.

Hence we have obtained the closed–form formula for call warrants under MFBM-MJD.

4. Conclusion

In this study, the closed-form pricing formula for call warrants under mixed-fractional Brownian motion
with jump-diffusion (MFBM-MJD) is presented. The derivation applies quasi-conditional expectation
and uses the risk-neutral valuation approach. This model captures long-memory phenomenon and
discontinuous behavior in the logarithmic returns. Future work may include utilizing the path integral
method [26,27] to model the pricing of warrants.
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Формула цiноутворення колл-варантiв за змiшано-дробового
броунiвського руху зi стрибкоподiбною дифузiєю Мертона

Iбрагiм С. Н. I.1,2, Лахам М. Ф.2

1Кафедра математики та статистики, Факультет природничих наук,
Унiверситет Путра Малайзiї,

43400 UPM Серданг, Селангор, Малайзiя
2Iнститут математичних дослiджень Унiверситету Путра Малайзiї,

43400 UPM Серданг, Селангор, Малайзiя

Змiшаний дробовий броунiвський рух (ЗДБР) — це лiнiйна комбiнацiя броунiвсько-
го руху та незалежного дробового броунiвського руху, яка може вирiшити проблему
арбiтражу, тодi як стрибковий процес у часових рядах є ще однiєю проблемою, яку
слiд вирiшити пiд час моделювання цiн на акцiї. Це дослiдження спрямоване на моде-
лювання варантiв за допомогою ЗДБР i включення стрибкоподiбного процесу в його
динамiку. Формула цiноутворення для варанта зi змiшаним дробовим броунiвським
рухом i стрибком отримана за допомогою квазiумовного очiкування та нейтральної
до ризику оцiнки.

Ключовi слова: змiшано-дробовий броунiвський рух, стрибкоподiбна дифузiя Мер-
тона, колл–варант.
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