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The paper analyses a network with given input and output flows in each of its nodes.
The basis of this analysis is the algorithm for determining the set of solutions of the lin-
ear equations system, using the Gaussian method. The power of the set determines the
structural entropy of the system. By introducing uncertainty into the value of part of the
information flows, the deviation of the network from its equilibrium state is simulated.
The set of potential solutions, as a part of the total set of the system solutions, deter-
mines the statistical entropy of the system. The probability entropy is calculated for a
network with four nodes and a total flow of 10 erlangs with a sampling step of 1 erlang.
Calculated entropy values for 1, 2, 3, and 4 uncertain flows out of a total of 16 flows
that are transmitted between nodes of the fully connected network. As a result of the
conducted statistical analysis of entropy values, the optimal number of statistical intervals
for entropy values is determined: 4, 11, 24, and 43 intervals for 1, 2, 3, and 4 uncertain
flows, respectively. This makes it possible to highlight the set of flows in the system that
have the greatest influence on the entropy value in the system. The obtained results are
of practical importance, as they enable the detection of deviations of the network from its
equilibrium state by monitoring the passage of traffic on individual branches of a complex
telecommunication network. Since, as shown in our previous works, the task of determin-
ing the complete set of solutions of the system for the number of nodes greater than 4 has
a significant computational complexity, the application of the algorithm to such networks
requires an increase in the discretization step of the values of information flows in the
network. Another way to reduce computational complexity can be to reduce the set of
analysed solutions to a subset of solutions close to the equilibrium state of the system.

Keywords: entropy, solution of a system of linear equations, self-similarity, multifrac-
tality.
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1. Introduction

Analysis of the processes occurring in telecommunication systems with given values of the total flows in
the nodes of the system is a classic task that attracts the attention of many Ukrainian and foreign re-
searchers. Traditionally, the most developed and widespread of them are the tensor method of network
modeling [1,2], methods based on the Kerners theory of three phases [3], as well as numerous modifica-
tions of random graphs theory (Erdos–Reney, Watts–Strogats, Barabashi–Alberta models), percolation
theory [4]. This is important for ensuring the security of information systems using telecommunication
technologies [5, 6], as well as other aspects of protected data transfer [7–9].

Nevertheless, most of them provide an opportunity to obtain only integrated indicators of the entire
network. At the same time, the software and hardware used by the main telecommunication means of
service providers are being improved, and the introduction of neural network technologies allows the
use of complex algorithms to analyze the state of the network. In addition, the requirements for the
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complexity of the systems being studied to enable the obtaining of significant results in a practical
sense are growing significantly. This creates an additional incentive for the study of existing and
development of new methods and algorithms for the study of networks with information flows, which
impose additional conditions dictated by the content of the applied problems to be solved.

One of the possible methods of detailed analysis of the network state with the specified operating
conditions, due to both technical and economic factors of its operation, is to find all possible states.
Identifying all possible states and predicting transitions between them is the most detailed and reliable
information about the state of the network. Therefore, determining the set of all possible states and
predicting their change over time makes it possible to detect any changes due to external influences:
increase or decrease bandwidth between network nodes, increase or decrease traffic in its nodes and
any other changes. This makes it possible to improve load balancing algorithms and increase security
guarantees in information transmission systems.

A detailed analysis of the network makes it possible to apply the principle of maximum entropy.
This algorithm has been traditional for a long time in the tasks of finding information flows in networks
that arise in various fields of science and technology — from modeling of financial flows to tasks of load
balancing in telecommunication networks [10–12]. At the same time, some authors emphasize that the
maximum entropy method is more effective among the other traditional methods (fuzzy control and
heuristic strategy, the center of mass of the cluster, round–robin scheduling) [13].

One of the most important areas where the principle of maximum entropy can be applied is the
prediction of dynamic changes in networks, such studies are carried out in [14].

Another important aspect of the development of the maximum entropy method is its use in such
modern branches of science as artificial intelligence and quantum computing. The prediction of dynamic
changes in quantum mechanical systems, which are expected to be used in the latest technologies of
quantum communication and the Internet, is given in [15]. Algorithms for determining equilibrium
states in systems with flows between its nodes are used to develop methods of artificial intelligence
and machine learning [16].

If a set of system states is determined, it is theoretically possible to predict system states at future
observation points based on correlations between network states that form so-called Markov sequences.

For the least complex discrete systems, in which a correlation is observed only between adjacent
observation points, the state of the system can be described by a simple model based on a matrix of
transitions between system states:

Pn = ‖A‖n × P 0 (1)

where the P 0 denotes vector of probabilities of the initial state of the system, the Pn denotes probability
vector at the n-th observation moment, the ‖A‖ denotes a square matrix of transitions between system
states.

The model based on the transition matrix is convenient to use if the dimension of the discrete
system, or the number of its states is not very large.

2. Statement of the problem

2.1. Consideration of the system entropy

Previously, we have studied a system with specified values of flows in each of its nodes [17]. It has
been shown that even with a small number of nodes and low power of a set of possible flow values
in the system, the total number of its solutions is quite large, amounting to more than two million
for systems with three nodes and total traffic of 20, and systems with four nodes and total traffic of
10. This makes it impossible to apply the classical model (1) because the dimension of the matrix of
transitions between possible states of the system becomes huge:

dim ‖A‖ > 2 · 106 × 2 · 106.

Therefore, the paper considers a different approach to the analysis of changes in the system state over
time, based on the concept of entropy and the most general pattern, it means that all processes in a
closed system occur in the direction of its increase. Entropy is one of the numerical characteristics
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of the degree of complexity of systems that have different origins, can be both artificial and natural
systems. Its definition is based on the number of possible states of the system and the probability of
the system to be in one state or another. There are definitions of entropy for discrete and continuous
systems. For discrete systems, entropy is determined by adding for all possible states the probability
of this state multiplied by the logarithm of this probability taken with the inverse sign:

H = −
∑

i

pi · log(pi),

where the index “i” means addition over all possible states of the system.
For continuous systems, the concept of differential entropy is introduced in many sources (as an

example [18]), which is used in the theory of information transfer:

H = −
∫ ∞

∞
p(x) · log[p(x)] dx.

where p(x) is the probability density of x values that describe the state of the system.
The concept of entropy can be applied not only to static systems that are in one of the possible

states, but also to processes that are determined by changes in the states of the system. Changes
in the states of the system can occur both independently of each other and statistically correlated
transitions from one state to another, such systems and processes are called Markov. A method based
on the uncertainty of some system parameters has been developed to calculate the entropy of such
systems. The entropy of such a system is determined on the basis of many possible values of uncertain
parameters of the system, and this uses the classical concept of entropy of a discrete system with some
set of parameter values that determine its state.

2.2. Determining the set of the system solutions

In [17] the algorithm for determining the complete set of solutions for a network of information flows
with constraints on the value of the flow in each node of the system is described. By such constraints,
we have chosen the values of the total values of input and output streams for each node of the system.
In addition, there are restrictions on stream values: each value is a non-negative integer. The flow
matrix of such a system in the most general formulation of the problem is formed from by n2 flows
between each pair of system nodes.

To determine the complete set of the system solutions, the Gaussian method was used for a system
of 2 × n equations, where one equation is linearly dependent on the other due to the condition of
equality of flows in the input and output nodes of the system. Based on the structure of the system
fundamental solution, it can be argued that the whole set of solutions can be determined by the set
(n − 1)2 of non-negative integers, which we will define as a kernel of the system solutions set. The
power of this set, can also be determined by the Gaussian method applied to the system of equations
for a matrix of flows of dimension n− 1.

Next, we present the basic relations that state the problem for the system of dimension n. Therefore,
the matrix of flows in the system is a square n× n matrix:

I =



i1,1 · · · i1,n
...

...
...

in,1 · · · in,n


 . (2)

The system that defines the general set of solutions of the problem is :




i1,1 + · · · + i1,n = s1,
. . . . . . . . . . . . . . . . . . ,
in,1 + · · · + in,n = sn,
i1,1 + · · · + in,1 = d1,
. . . . . . . . . . . . . . . . . . ,
i1,n + · · · + in,n = dn,

(3)

where {s1, . . . , sn} is the set of input flows, and {d1, . . . , dn} is the set of output flows.
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3. The main results

3.1. Calculation of entropy by introducing indeterminate flows in the system

Consider an example of calculations for a system formed by four nodes with specified for each node
values of input {s1, s2, s3, s4} and output {d1, d2, d3, d4} flows and a given condition of equality of
sums of input and output flows:

∑4
i=1 si =

∑4
i=1 di = S. The algorithm defines a set of the system

solutions, each of them represents 16 unknown values of the flow matrix xi. Each such type solution
can be expressed in 9 independent variables λj and therefore each set of variables expresses a unique
solution of the problem. The analytical expression that defines the set of solutions of the problem has
the following form: 




i11 = d1 − s2 − s3 − s4 +
∑9

i=1 λi,

i12 = d2 − (λ2 + λ3 + λ7),

i13 = d3 − (λ4 + λ6 + λ8),

i14 = d4 − (λ1 + λ5 + λ9),

i21 = s2 − (λ1 + λ2 + λ6),

i31 = λ2,

i41 = λ6,

i24 = λ1,

i22 = s3 − (λ3 + λ4 + λ5),

i32 = λ3,

i33 = λ4,

i34 = λ5,

i23 = s4 − (λ7 + λ8 + λ9),

i42 = λ7,

i43 = λ8,

i44 = λ9.

(4)

This is the general solution of the system (3).

3.2. Determination of entropy by introducing indeterminate variables in the system flow matrix

Let us analyze the complexity of the problem associated with all possible ways to select independent
variables for the same problem of calculating the states of a system with four nodes. Based on the
general theory of the linear equations systems, it is obvious that one can choose from one to nine
independent system variables that correspond to individual elements of the matrix of information
flows (2). The number of possible choices from one to three independent variables is determined by
the binomial coefficient, as they can all be independent:

C1
16 = 16, C2

16 = 120, C3
16 = 560.

When choosing 4 or more (up to 9, the maximum number of independent variables), keep in mind that
not every combination of variables is a set of independent variables. Thus, for four variables that are
in one row or column, one of the variables can be expressed through others, as well as for 5, 6, 7, 8
and 9 variables, of which 4 are in one row or column.

Next, let us look at an example of solving the problem for 5 levels of ranking the values of infor-
mation flows, if the total traffic in the system is 10 erlangs,

{s1, s2, s3, s4} = {1, 4, 3, 2}, {d1, d2, d3, d4} = {4, 0, 2, 4}. (5)

The total number of solutions of the problem is 54795. Then the entropy of the problem, provided
that all flows are defined, is equal to

H0 = log10(54795) = 4.739.
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The developed algorithm also enables to determine the entropy of system states, provided that the
value of one or more variables in the system is unknown. As mentioned above, the total number of
solutions in the system given by system (4) and boundary conditions (5) is 54795, and the values of
the components of the matrix (2) belong to the set of integers {0, 1, 2, 3, 4, 5, 6}.

The following are the results obtained by calculating the entropy of the system for all possible
combinations of unknown variables, namely the minimum, maximum, mathematical expectation and
entropy variance for the number of independent variables from one to four. For more variables, the
task becomes too difficult to perform on a personal computer. Its solution is possible only through the
use of more powerful computing tools and with the use of algorithms for parallel calculations.

Table 1 shows the largest and smallest values of entropy determined on sets of 1, 2, 3 and 4
indeterminate system variables, as well as mathematical expectations and standard deviations of these
values, the number of series members and the number of intervals in the statistical distribution.

Table 1. The value of the entropy of the matrix of information flows and its statistical characteristics.

The number of flows Hmin Hmax Hav Hstdev The number of sets The number of ranges
1 1.29 1.75 1.50 0.15 16 4
2 2.51 3.39 2.97 0.19 120 11
3 3.54 4.88 4.38 0.23 560 24
4 4.89 6.25 5.74 0.25 1812 43

Figures 1–3 show the entropy values calculated at the network nodes for one, two, three and four
undefined flows respectively.
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Fig. 1. The entropy of a network formed by four nodes is calculated by two indeterminate flows.

0 200 400 600100 300 50050 150 250 350 450 550

4

5

3.4

3.6

3.8

4.2

4.4

4.6

4.8

Nodes set number

E
n
tr

o
p
y

Fig. 2. The entropy of a network formed by four nodes is calculated by three indeterminate flows.
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Fig. 3. The entropy of a network formed by four nodes is calculated by four indeterminate flows.

The form of the given entropy graphs allows us to conclude that the entropy of the system de-
termined by us has the property of self-similarity on the set of tuples of independent variables that
determine individual values of flows in the network.

In Figs. 4, 5 shows the histograms of the distribution of entropy values obtained for the studied
system and for the entropy calculated for 3 and 4 undetermined nodes respectively, the number of
entropy value intervals on these histograms is 24 and 43.

0 20105 15
0

1

0.2

0.4

0.6

0.8

The value of entropy

N
o
rm

a
li
ze

d
 n

u
m

b
e
r 

o
f

se
ri

e
s 

m
e
m

b
e
rs

0 20 4010 305 15 25 35 45
0

1

0.2

0.4

0.6

0.8

The value of entropy

N
o
rm

a
li
ze

d
 n

u
m

b
e
r 

o
f

se
ri

e
s 

m
e
m

b
e
rs

Fig. 4. Histogram of entropy values constructed
for three selected nodes.

Fig. 5. Histogram of entropy values constructed
for four selected nodes.

As can be seen from Figs. 4, 5, the histograms of the distribution of entropy values have heavy tails,
from this it can be concluded that the entropy values have the property of self-similarity on a set of
different sets of uncertain flows in the network [5].

4. Conclusions

The algorithm for determining the entropy of a network with given values of incoming and outgoing
traffic in each node of the network is studied in the paper. The concept of structural entropy is used,
as the basis of the most well-known definition of the entropy of a complex system and is determined
on the basis of the number of the system states. The number of network states is calculated on the
basis of the possible number of solutions of the linear equations system simulating a network of a given
configuration with given values of the input and output flow in each node of the network.
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Another achieved result of the conducted research is the application of the concept of statistical
entropy, which is based on the known probabilities of the system being in one or another state. This
is necessary in order to analyze the dynamic characteristics of the network, which determines its
behaviour in case of deviation from the equilibrium state. The deviation of the network from the
equilibrium state is modeled by introducing uncertain flows that are part of a set of system solutions,
and statistical entropy is calculated based on the probability of an uncertain flow obtaining a certain
value from a set of possible system solutions.

The algorithm is applied to a network of four nodes with a total value of flows in each node of 10
erlangs and a flow discretization value of 1 erlang. Thus, the conducted analysis is based on a set of
the system solutions, the power of which is approximately equal to 2 · 106. The analysis is performed
for network with 1, 2, 3, and 4 unknowns out of 16 flows that fully define the system. Calculated
entropy values determined for each specific set of unknown flows from the 16 flows in the system. On
the basis of calculated entropy values, entropy graphs are constructed for all possible sets of unknown
flows in the system. Such data make it possible to predict the process of redistribution of information
flows in the system, leading to an increase in entropy in the system.

A statistical analysis of the obtained entropy values is carried out. Based on the histograms of the
entropy values distribution, the optimal number of entropy values intervals for the analysis is calculated:
4 for one unknown flow value, 11 for two, 24 for three, and 43 intervals for four unknown flow values.
Statistical analysis simplifies the quantitative analysis of network entropy, while highlighting the sets
of flows whose uncertainty leads to the largest increase in entropy. This enables to predict the most
important areas in the network, highlighting them among the others. It also makes it possible to
determine where significant changes in traffic occur, without conducting direct measurements, but
only by analyzing changes in the entropy of information flows in the network.

The developed method can be used for more complex networks with more than four nodes. But at
the same time, it is necessary to use discretization with a larger interval to reduce the possible number
of values of information flows in networks.

The practical value of the developed method lies in the fact that for a network of a given configu-
ration and with a given number of flows, it is possible to determine the branches of the network that
lead to the greatest change in entropy, and therefore, deviations of the network from the equilibrium
state. In such areas, additional traffic analyzers can be installed to monitor its values and dynamics
of changes.

Conducting further research is associated with reducing the computational complexity of the prob-
lem. The studied set of the system solutions can be reduced, taking into account only the subset of
solutions that is close to the equilibrium state of the system. That’s why it is possible to carry out a
detailed analysis of the system without increasing the step of discretization of the values of information
flows in the system. Solutions that determine the equilibrium state of the system can be found by the
method of maximum structural entropy.
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Розрахунок ентропiї у мережах з iнформацiйними потоками

Полiтанський Р. Л.1, Бобало Ю. Я.2, Зарицька О. Л.2, Киселичник М. Д.2, Вiстак М. В.3

1Чернiвецький нацiональний унiверситет iменi Юрiя Федьковича,
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3Львiвський нацiональний медичний унiверситет iменi Данила Галицького
вул. Пекарська, 69, 79010 Львiв, Україна

У роботi проводиться аналiз мережi iз заданими вхiдними та вихiдними потоками у
кожному її вузлi. Основою цього аналiзу є алгоритм визначення множини розв’язкiв
системи лiнiйних рiвнянь, оснований на методi Гауса. Потужнiсть множини визначає
структурну ентропiю системи. Шляхом введення невизначеностi у значення части-
ни iнформацiйних потокiв моделюється вiдхилення мережi вiд її рiвноважного стану.
Множина потенцiйних розв’язкiв, якi є частиною загальної множини розв’язкiв си-
стеми, визначає статистичну ентропiю системи. Iмовiрнiсна ентропiя розрахована для
мережi iз чотирма вузлами та сумарним потоком, який становить 10 ерлангiв iз кро-
ком дискретизацiї 1 ерланг. Обчисленi значення ентропiї для 1, 2, 3 та 4 невизначених
потокiв iз загальної кiлькостi 16 потокiв, якi передаються мiж вузлами повнозв’язної
мережi. У результатi проведеного статистичного аналiзу значень ентропiї визначе-
на оптимальна кiлькiсть статистичних iнтервалiв для значень ентропiї: 4, 11, 24 i 43
iнтервали для 1, 2, 3 та 4 невизначених потокiв вiдповiдно. Це дозволяє видiлити мно-
жини потокiв у системi, що мають найбiльший влив на значення ентропiї у системi.
Одержанi результати мають практичне значення, оскiльки уможливлюють виявлення
вiдхилень мережi вiд її рiвноважного стану шляхом контролю за проходженням тра-
фiку на окремих дiлянках складної телекомунiкацiйної мережi. Оскiльки, як показано
у наших попереднiх роботах, задача визначення повної множини розв’язкiв системи
для кiлькостi вузлiв бiльше 4 має значну обчислювальну складнiсть, то застосування
алгоритму до таких мереж потребує збiльшення кроку дискретизацiї значень iнфор-
мацiйних потокiв у мережi. Iншим способом зменшення обчислювальної складностi
може бути зменшення множини аналiзованих розв’язкiв до пiдмножини розв’язкiв,
що наближенi до рiвноважного стану системи.

Ключовi слова: ентропiя, розв’язки системи лiнiйних рiвнянь, самоподiбнiсть,
мультифрактальнiсть.
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