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1. Introduction and main result

The aim of this paper is to establish the existence and the uniqueness of entropy solution for the
following nonlinear parabolic problem

(P )





∂u

∂t
− div (Φ(∇u− Θ(u))) + |u|p(x)−2u+ α(u) = µ in QT =]0, T [×Ω,

Φ (∇u− Θ(u)) · η + γ(u) = g on ΣT =]0, T [×∂Ω,

u(0, ·) = u0 in Ω,

where Ω is a bounded open domain of Rd, (d > 3) with Lipschitz boundary ∂Ω and T is a fixed positive
number. Furthermore, we will specify that µ is a bounded Radon measure supposed to be independent
on time, α, γ, Θ are continuous functions defined on R and verify some assumptions which will be
given later, η denotes the unit vector normal to ∂Ω and

Φ(ξ) = |ξ|p(x)−2ξ, ∀ξ ∈ RN .

Moreover, our main ideas and methods to study this problem come from [1,2]. More precisely, we apply
a time discretization of given continuous problem by the Euler forward scheme and study existence,
uniqueness and stability questions. Let us recall that this method has been used in the literature for
the study of some nonlinear parabolic problems, we refer for example to [2–4] for some details. This
scheme is usually used to prove existence of solutions as well as to compute numerical approximations.

The motivation of this paper contains several aspects. The first one is that in general parabolic
problems have important applications in a wide range of fields such as physics, biology, ecology, and
other. In mathematical modeling, parabolic equations are used together with boundary conditions
specifying the solution on the boundary of the domain. Dirichlet and Neumann conditions are examples
of classical boundary condition.

The second interesting aspect of this paper is the nonstandard growth setting. Such setting arises
for example by studying certain classes of non-Newtonian fluids such as electrorheological fluids which
are characterized by their ability to change the mechanical properties under the influence of the exterior
electromagnetic field (see [5]). Further, porous medium type equation with variable exponents is also
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studied in [6]. These physical problems are facilitated by the development of Lebesgue and Sobolev
spaces with variable exponent.

The third interesting aspect of the investigation of problems (P ) is motivated amongst others by
the following observations: In [2] (for the case p(·) = const, and µ ∈ L1(QT )), the authors proved
existence and uniqueness of entropy solution, and the approach used in the stationary case, where the
authors in [7] prove that every diffuse measure µ i.e. a measure which does not charge the sets of null
p-capacity belongs to L1(Ω) + W−1,p′(Ω), that permit them to prove the existence and uniqueness of
entropy solution for the following problem

{
A(u) = µ in Ω,
u = 0 on ∂Ω.

Therefore, the study of problems related to problem (P ) are also of interest, since these problems is
a very active field (see [8–12]). In these papers, the authors consider on the one hand a Leray–Lions
type operator, which permit them to exploit the growth condition, the coerciveness condition and the
monotonicity condition of the operator and the other hand in these papers the boundaries conditions
are homogeneous Dirichlet type, which allows them to exploit a result of decomposition of diffuse
Radon measure which is suitable for this type of situation (cf. [11, 13]) to achieve their work.

Unfortunately, in this work, due to the term Θ in the operator and since we consider a Neumann
boundaries conditions, we don’t have such Leray–Lions conditions for the operator − div(Φ(∇u−Θ(u)))
and we can’t use the result of decomposition of measure established in [11,13]. Therefore the techniques
developed in these articles are note suitable for the study of the problem (P ). To overcome these
difficulties we make some assumptions on initial data µ and on the domain Ω.

We define Mb(X) as the space of bounded Radon measure in X, equipped with it standard norm
‖ · ‖Mb(X).

In the context of variable exponent, the p(·)-capacity of any subset B ⊂ X is defined by

Capp(·)(B,X) = inf
u∈Sp(·)(B)

{∫

X

(
|u|p(x) + |∇u|p(x)

)
dx

}
,

with Sp(·)(B) =
{
u ∈W

1,p(·)
0 (X) : u > 1 in an open set containing B and u > 0 in X

}
. If Sp(·)(B) = ∅,

we set Capp(·)(B,X) = +∞.

For µ ∈ Mb(X), we say that µ is diffuse with respect to the capacity W 1,p(·)(X) (p(·)-capacity for
short) if µ(B) = 0 for every set B such that Capp(·)(B,X) = 0.

The set of bounded Radon diffuse measure in variable exponent setting is denoted by Mp(·)
b (X).

Let us recall that in the context of variable exponent, the Dirichlet boundary valued problem with
measure data was investigated in [14–16]. In [16], the authors proved that every measure µ ∈ Mp(·)

b (Ω)

admits a decomposition in L1(Ω) +W−1,p′(·)(Ω) and used it to prove the existence and uniqueness of
entropy solutions. In the case of Neumann boundary condition we work in general in W 1,p(·)(Ω), so we
cannot use directly the argument of decomposition of measure, since the second part of the measure is
in W−1,p′(·)(Ω) (the dual of W 1,p(·)

0 (Ω)). To overcome this difficulty, in [17] the authors assumed that

Ω is an extension domain (see [18]) that permit them to work with a space like W 1,p(·)
0 (Ω) and return

after to the space W 1,p(·)(Ω). With a view to use the same ideas we suppose that Ω is a bounded
domain in RN with boundary ∂Ω of class C1. Then, it has an extension domain (cf. [18]), so for any
fixed open bounded subset UΩ of RN such that Ω ⊂ UΩ, there exists a bounded linear operator

E : W 1,p(·)(Ω) →W
1,p(·)
0 (UΩ) ,

for which

i) E(u) = u a.e. in Ω for each u ∈W 1,p(·)(Ω),
ii) ‖E(u)‖

W
1,p(·)
0 (UΩ)

6 C‖u‖W 1,p(·)(Ω), where C is a constant depending only on Ω.
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We introduce the set M
p(·)
b (Ω) :=

{
µ ∈ Mp(·)

b (UΩ) : µ is concentrated on Ω
}
. This definition is

independent of the open set UΩ. Note that for u ∈W 1,p(·)(Ω) ∩ L∞(Ω) and µ ∈ M
p(·)
b (Ω), we have

〈µ,E(u)〉 =

∫

Ω
u dµ.

On the other and, as µ is diffuse, there exist f ∈ L1 (UΩ) and F ∈
(
Lp(·) (UΩ)

)N
such that µ =

f − div(F ) in D′ (UΩ).
Therefore, we can also write

〈µ,E(u)〉 =

∫

UΩ

fE(u) dx +

∫

UΩ

F · ∇E(u) dx.

The rest of the paper is organized as follows: in Section 2, we introduce some basic results regarding
the variable exponent spaces and notations. In Section 3, we introduce the Euler forward scheme
associated with the problem (P ). Finally, in Section 4, we analyze the stability of the discretized
problems and we study the existence of an entropy solution to the parabolic problem (P ).

2. Preliminaries

In this section, we recall some basic definitions, inequalities and the properties of the generalized
Lebesgue and Sobolev spaces with variable exponents. However, for more detailed theory, one can
refer [19].

We assume that

p(·) : Ω → R is a continuous function such that 1 < p− 6 p+ < +∞, (1)

where p− := ess infx∈Ω p(x) and p+ := ess supx∈Ω p(x).
We denote the Lebesgue space with variable exponent Lp(x)(Ω) (see [19]) as the set of all measurable

function u : Ω → R for which the convex modular

ρp(x)(u) :=

∫

Ω
|u|p(x)dx

is finite.
If the exponent is bounded, i.e., if p+ < +∞, then the expression

‖u‖p(x) := inf
{
λ > 0: ρp(x)(u/λ) 6 1

}

defines a norm in Lp(x)(Ω), called the Luxemburg norm.
The space (Lp(x)(Ω), ‖.‖p(·)) is a separable Banach space. Moreover, if 1 < p− 6 p+ < +∞,

then Lp(x)(Ω) is uniformly convex, hence reflexive and its dual space is isomorphic to Lp
′(x)(Ω), where

1
p(x) + 1

p′(x) = 1.
Finally, we have the Hölder type inequality

∣∣∣∣
∫

Ω
u v dx

∣∣∣∣ 6
(

1

p−
+

1

p+

)
‖u‖p(x)‖v‖p′(x) (2)

for all u ∈ Lp(x)(Ω) and v ∈ Lp
′(x)(Ω).

Let W 1,p(x)(Ω) :=
{
u ∈ Lp(x)(Ω): |∇u| ∈ Lp(x)(Ω)

}
, which is Banach space equipped with the

following norm
‖u‖1,p(x) := ‖u‖p(x) + ‖∇u‖p(x).

The space (W 1,p(x)(Ω), ‖ · ‖1,p(x)) is a separable and reflexive Banach space.
An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the

modular ρp(x) of the space Lp(·)(Ω). We have the following result.
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Proposition 2 (see [20, 21]). If un, u ∈ Lp(x)(Ω) and p+ <∞, the following properties hold true:

i) ‖u‖p(x) > 1 ⇒ ‖u‖p−p(x) < ρp(x)(u) < ‖u‖p+p(x);
ii) ‖u‖p(x) < 1 ⇒ ‖u‖p+p(x) < ρp(x)(u) < ‖u‖p−p(x);
iii) ‖u‖p(x) < 1 (respectively = 1;> 1) ⇔ ρp(x)(u) < 1 (respectively = 1;> 1);
iv) ‖un‖p(x) → 0 (respectively → +∞) ⇔ ρp(x)(un) < 1 (respectively → +∞);
v) ρp(x)

(
u/‖u‖p(x)

)
= 1.

For a measurable function u : Ω → R we introduce the following notation:

ρ1,p(x)(u) =

∫

Ω
|u|p(x)dx+

∫

Ω
|∇u|p(x)dx.

Proposition 3 (see [22, 23]). If u ∈W 1,p(x)(Ω), the following properties hold true:

i) ‖u‖1,p(x) > 1 ⇒ ‖u‖p−1,p(x) < ρ1,p(x)(u) < ‖u‖p+1,p(x);
ii) ‖u‖1,p(x) < 1 ⇒ ‖u‖p+1,p(x) < ρ1,p(x)(u) < ‖u‖p−1,p(x);
iii) ‖u‖1,p(x) < 1 (respectively = 1;> 1) ⇔ ρ1,p(x)(u) < 1 (respectively = 1;> 1).

Put

p∂(x) := (p(x))∂ =

{
(N−1)p(x)
N−p(x) , if p(x) < N,

∞, if p(x) > N.

Proposition 4 (see [23]). Let p ∈ C(Ω̄) and p− > 1. If q ∈ C(∂Ω) satisfies the condition 1 < q(x) <
p∂(x) ∀x ∈ ∂Ω, then, there is a compact embedding W 1,p(x)(Ω) →֒ Lq(x)(∂Ω).

In particular, there is a compact embedding W 1,p(·)(Ω) →֒ Lp(x)(∂Ω).

Let us introduce the following notation: given two bounded measurable functions p(x), q(x) : Ω →
R, we write q(x) ≪ p(x) if ess infx∈Ω(p(x) − q(x)) > 0.

For the next section, we need the following lemmas.

Lemma 1 (see [24]). Let ξ, η ∈ RN an let 1 < p <∞. We have 1
p |ξ|p − 1

p |η|p 6 |ξ|p−2ξ · (ξ − η).

Lemma 2 (see [25]). Let (vn)n∈N be a sequence of measurable functions in Ω. If vn converges in
measure to v and is uniformly bounded in Lp(x)(Ω) for some 1 ≪ p(x) ∈ L∞(Ω), then vn strongly
converges to v in L1(Ω).

For a measurable set U in Rd, meas(U) denotes its measure, Ci and C will denote various positive
constants. For a Banach space X and a < b, Lq(a, b;X) is the space of measurable functions u : [a, b] →
X such that (∫ b

a
‖u‖qXdt

) 1
q

:= ‖u‖Lq(a,b;X) <∞. (3)

For a given constant k > 0 we define the cut-off function Tk : R → R by

Tk(s) :=

{
s if |s| 6 k,

k sign(s) if |s| > k

with

sign(s) :=





1 if s > 0,
0 if s = 0,

−1 if s < 0.

Let Jk : R → R+ defined by

Jk(x) =

∫ x

0
Tk(s) ds

(Jk is a primitive of Tk). We have (see [26])
〈
∂v

∂t
, Tk(s)

〉
=

d

dt

(∫

Ω
Jk(v) dx

)
in L1(]0, T [),
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which implies that ∫ t

0

〈
∂v

∂t
, Tk(s)

〉
=

∫

Ω
J(v(t)) dx −

∫

Ω
J(v(0)) dx.

For all u ∈W 1,p(x)(Ω) we denote by τ(u) the trace of u on ∂Ω in the usual sense.
In the sequel, we will identify at the boundary, u and τ(u).
Set T 1,p(x)(Ω) =

{
u : Ω → R, measurable such that Tk(u) ∈W 1,p(x)(Ω), for any k > 0

}
.

Proposition 5 (see [27]). Let u ∈ T 1,p(x)(Ω). Then there exists a unique measurable function
v : Ω → RN such that ∇Tk(u) = vχ{|u|<k}, for all k > 0. The function v is denoted by ∇u. Moreover,

if u ∈W 1,p(x)(Ω) then v ∈
(
Lp(x)(Ω)

)N
and v = ∇u in the usual sense.

We denote by T 1,p(x)
tr (Ω) (cf. [28–30]) the set of functions u ∈ T 1,p(x)(Ω) such that there exists a

sequence (un)n∈N ⊂W 1,p(x)(Ω) satisfying the following conditions:

i) un → u a.e. in Ω.

ii) ∇Tk(un) → ∇Tk(u) in
(
L1(Ω)

)N
for any k > 0.

iii) There exists a measurable function v on ∂Ω, such that un → v a.e. on ∂Ω.

The function v is the trace of u in the generalized sense introduced in [28, 29]. In the sequel,

the trace of u ∈ T 1,p(x)
tr (Ω) on ∂Ω will be denoted by tr(u). If u ∈ W 1,p(x)(Ω), tr(u) coincides with

τ(u) in the usual sense. Moreover u ∈ T 1,p(·)
tr (Ω) and for every k > 0, τ(Tk(u)) = Tk(tr(u)) and if

ϕ ∈W 1,p(x)(Ω) ∩ L∞(Ω) then (u− ϕ) ∈ T 1,p(x)
tr (Ω) and tr(u− ϕ) = tr(u) − tr(ϕ).

3. The semi-discrete problem

In this section, we study the Euler forward scheme associated with the problem (P ). We make the
following hypotheses:

(H1) α and γ are continuous functions defined on R such that there exists two positive real numbers
M1, M2 with |α(x)| 6 M1, |γ(x)| 6 M2, α(x) · x > 0, γ(x) · x > 0 for all x ∈ R and
α(0) = γ(0) = 0;

(H2) µ ∈ M
p(·)
b (Ω), g ∈ L1(ΣT ) and u0 ∈ L1(Ω);

(H3) Θ: R → RN is a continuous function such that Θ(0) = 0 and |Θ(x) − Θ(y)| 6 C0|x− y| for all

x, y ∈ R, C0 is a positive constant such that C0 < min
((p−

2

)1/p− ,
(p−

2

)1/p+) .

Since µ ∈ Mp(·)
b (UΩ), then µ = f − div(F ) in D′(UΩ) with f ∈ L1(UΩ) and F ∈

(
Lp

′(·)(UΩ)
)N

,
where UΩ is the open bounded subset of RN which extend Ω via the operator E.

We regularize µ as follow: ∀x ∈ UΩ we define fn(x) = Tn(f(x))χΩ(x).
We consider FR = χΩF and µn = fn − div(FR).

For any n ∈ N, one has µn ∈ M
p(·)
b (Ω) ∩ L∞(Ω) and µn ⇀ µ in Mp(·)

b (UΩ). Furthermore, for any
k > 0 and any ξ ∈ T 1,p(·)(Ω), ∣∣∣∣

∫

Ω
Tk(ξ) dµ

n

∣∣∣∣ 6 k C(µ,Ω).

Now, we consider the following approximated problem

(Pn)





Un − τ div (Φ (∇Un − Θ(Un))) + τ |Un|p(x)−2 Un + τα (Un) = τµn + Un−1 in Ω,
Φ (∇Un − Θ(Un)) · η + γ (Un) = gn on ∂Ω,
U0 = u0 in Ω,

where Nτ = T , 0 < τ < 1, 1 6 n 6 N ,

gn(·) =
1

τ

∫ nτ

(n−1)τ
g(s, ·) ds on ∂Ω.
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Definition 1. An entropy solution to the discretized problems (Pn) is a sequence (Un)06n6N such
that U0 = u0 and Un is defined by induction as an entropy solution to the problem

{
Un − τ div (Φ (∇Un − Θ(Un))) + τ |Un|p(x)−2Un + τα(Un) = τµn + Un−1 in Ω,
Φ (∇Un − Θ(Un)) · η + γ(Un) = gn on ∂Ω

in the sense that Un ∈ T 1,p(·)
tr (Ω), |Un|p(·)−2Un ∈ L1(Ω), α(Un) ∈ L1(Ω), γ(Un) ∈ L1(∂Ω) and

τ

∫

Ω
Φ
(
∇Un − Θ(Un)

)
∇Tk

(
Un − ϕ

)
dx+ τ

∫

Ω
|Un|p(x)−2uTk(u− ϕ)dx

+

∫

Ω

(
τα(Un) + Un

)
Tk
(
Un − ϕ

)
dx+ τ

∫

∂Ω
γ(Un)Tk

(
Un − ϕ

)
dσ

6

∫

Ω
τTk

(
Un − ϕ

)
dµn +

∫

Ω
Un−1Tk

(
Un − ϕ

)
dx + τ

∫

∂Ω
gnTk

(
Un − ϕ

)
dσ (4)

for any ϕ ∈W 1,p(x)(Ω) ∩ L∞(Ω) and every k > 0.

We have the following result.

Theorem 1. Let hypotheses (H1)–(H3) be satisfied. Then

1) if (Un)06n6N is an entropy solution of problems (Pn), then Un ∈ L1(Ω) for all n = 1, . . . , N ;

2) for all N ∈ N, the problems (Pn) have an entropy solution Un ∈ T 1,p(·)
tr (Ω) ∩ L1(Ω) for all n =

1, . . . , N .

Proof. (1) Taking ϕ = 0 in (4), for n = 1 we have

τ

∫

Ω
Φ
(
∇Tk(U1)−Θ

(
Tk(U

1)
))
∇Tk(U1) dx+τ

∫

Ω

1

p(x)

∣∣Θ
(
Tk(U

1)
)∣∣p(x)dx+τ

∫

Ω
|U1|p(x)−2U1Tk(U

1)dx

+

∫

Ω

(
τα(U1) + U1

)
Tk(U

1)dx + τ

∫

∂Ω
γ(U1)Tk(U1)dσ

6

∫

Ω
τ Tk(U

1) dµ1 +

∫

Ω
u0Tk(U

1) dx + τ

∫

∂Ω
g1Tk(U

1) dσ + τ

∫

Ω

1

p(x)

∣∣Θ
(
Tk(U

1)
)∣∣p(x)dx. (5)

By the Lemma 1, we get

∣∣∇Tk(U1) − Θ
(
Tk(U

1)
)∣∣p(x)−2(∇Tk(U1) − Θ(Tk(U

1)) · ∇Tk
(
Tk(U

1)
))

+
1

p(x)

∣∣Θ
(
Tk(U

1)
)∣∣p(x)

>
1

p(x)

∣∣∇Tk(U1) − Θ
(
Tk(U

1)
)∣∣p(x).

Therefore

τ

∫

Ω
Φ
(
∇Tk(U1) − Θ

(
Tk(U

1)
))
∇Tk(U1) dx + τ

∫

Ω

1

p(x)

∣∣Θ
(
Tk(U

1)
)∣∣p(x)dx > 0.

Moreover, we have
∫

Ω
|U1|p(x)−2U1Tk(U

1) dx =

∫

[|U1|6k]

∣∣Tk(U1)
∣∣p(x) dx +

∫

[|U1|>k]

∣∣U1
∣∣p(x)−2

U1Tk(U
1) dx

>

∫

[|U1|6k]

∣∣Tk(U1)
∣∣p(x) dx +

∫

[|U1|>k]
kp(x)dx

>

∫

[|U1|6k]

∣∣Tk(U1)
∣∣p(x) dx +

∫

[|U1|>k]

∣∣Tk(U1)
∣∣p(x) dx

>

∫

Ω

∣∣Tk(U1)
∣∣p(x) dx > 0.
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From the assumption (H1), we have

τ

(∫

Ω
τ α(U1)Tk(U1) dx +

∫

∂Ω
γ(U1)Tk(U

1) dσ

)
> 0.

Thanks to assumption (H3) and the fact that τ < 1, p(x) > 1 for all x ∈ Ω we get

τ

∫

Ω

1

p(x)

∣∣Θ
(
Tk(U

1)
)∣∣p(x)dx 6

∫

Ω
(C0k)p+dx 6 (C0k)p+ meas(Ω).

Since, we have ∣∣∣∣
∫

Ω
Tk(U

1) dµ1
∣∣∣∣ 6 C(µ,Ω)

and
N∑

n=1

τ‖gn‖L1(∂Ω) 6 ‖g‖L1(∂Ω).

Therefore, the inequality (5) becomes
∫

Ω
U1Tk(U

1)dx 6 kτC(Ω, µ) + kτ‖g1‖L1(∂Ω) + k‖u0‖1 + (C0k)p+ meas(Ω)

6 kτ

N∑

n=1

C(Ω, µ) + k

N∑

n=1

τ‖gn‖L1(∂Ω) + k‖u0‖1 + (C0k)p+ meas(Ω)

6 kNτC(Ω, µ) + k‖g‖L1(∂Ω) + k‖u0‖1 + (C0k)p+ meas(Ω)

6 kTC(Ω, µ) + k‖g‖L1(∂Ω) + k‖u0‖1 + (C0k)p+ meas(Ω). (6)

We have

lim
k→0

U1Tk(U
1)

k
dx = |U1|.

Then dividing (6) by k and letting k → 0, we deduce by Fatou’s lemma that

‖U1‖1 6 C1, (7)

where C1 is a constant depending on k, g, µ, u0, C0, T and Ω.
(2) The problem (P1) is equivalent to

{
−τ div (Φ(∇u− Θ(u))) + τ |u|p(x)−2u+ α(u) = ω in Ω,
Φ(∇u− Θ(u)) · η + γ(u) = g1 on ∂Ω,

(8)

where
α(s) := α(s) + s, ω := τf1 + ũ0 − τ div(FR)

with ũ0 defined on UΩ by

ũ0(x) =

{
u0(x) if x ∈ Ω,

0 else.

Therefore (ω, g1) ∈ M
p()̇
b (Ω) × L1(∂Ω), and using (H1), we obtain α is continuous, α(0) = 0 and

α(s)s > 0 for all s ∈ R. Hence, using [1, Theorem 3.4], we have the existence of an entropy solution;

in the sense of [1, Definition 3.2] i.e. U1 ∈ T 1,p(·)
tr (Ω), α(U1) ∈ L1(Ω), γ(U1) ∈ L1(∂Ω) and

τ

∫

Ω
Φ
(
∇U1 − Θ(U1)

)
∇Tk

(
U1 − ϕ

)
dx + τ

∫

Ω
|U1|p(x)−2uTk

(
U1 − ϕ

)
dx

+

∫

Ω

(
τα(U1) + U1

)
Tk
(
U1 − ϕ

)
dx + τ

∫

∂Ω
γ(U1)Tk

(
U1 − ϕ

)
dσ

6

∫

Ω
τ Tk

(
U1 − ϕ

)
dω + τ

∫

∂Ω
g1Tk

(
U1 − ϕ

)
dσ,

for any ϕ ∈ W 1,p(x)(Ω) ∩ L∞(Ω) and every k > 0, which ends the proof of existence of the entropy
solution for the problem (P1).
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Since Un−1 ∈ L1(Ω), by induction, we deduce that for n = 2, . . . , N , the problem{
u− div(Φ(∇u− Θ(u))) + τ |u|p(x)−2u+ τα(u) = τfn + Un−1 − τ div(FR) in Ω,
Φ(∇u− Θ(u)) · η + γ(u) = gn on ∂Ω

(9)

has an entropy solution Un ∈ T 1,p(·)
tr (Ω) ∩ L1(Ω), α(Un) ∈ L1(Ω), γ(Un) ∈ L1(∂Ω). Moreover if

1 < p− < p+ 6 2 from [31, Theorem 1] this entropy solution is unique. �

4. Stability

In order to obtain the convergence results for the Euler forward scheme, we will establish some a priori
estimates for the discrete entropy solution (Un)16n6N .

Theorem 2. Let hypotheses (H1)–(H3) be satisfied. There are positive constants C(T,Ω, µ, u0, g)
and C(T,Ω, µ, u0, µ, p+, f, g) depending on the data but not on N such that for all n = 1, . . . , N , we
have the following assertions:

Assertion 1. ‖Un‖1 6 C(T,Ω, µ, u0, g);
Assertion 2. τ

∑n
i=1 ‖α(U i)‖1 + τ

∑n
i=1 ‖γ(U i)‖1 + τ

∑n
i=1 ‖|U i|p(x)−2U i‖1 6 C(T,Ω, µ, u0, g);

Assertion 3.
∑n

i=1 ‖U i − U i−1‖1 6 C(T,Ω, µ, u0, g);
Assertion 4. τ

∑n
i=1 ρ1,p(x)(Tk(U

i)) 6 k C(T,Ω, µ, u0, p+, f, g).

Proof.
Proof of Assertion 1 and 2. We take ϕ = 0 as a test function in (4), to obtain

τ

k

(∫

Ω
Φ
(
∇Tk(U i) − Θ(Tk(U

i))
)
∇Tk(U i) dx +

∫

Ω

1

p(x)

∣∣Θ(Tk(U
i))
∣∣p(x)dx

)

+ τ

∫

Ω
|U i|p(x)−2U

iTk(U
i)

k
dx +

∫

Ω
U i
Tk(U

i)

k
dx +

∫

Ω
τα(U i)

Tk(U
i)

k
dx+ τ

∫

∂Ω
γ(U i)

Tk(U
i)

k
dσ

6
τ

k

∫

Ω
Tk(U

i) dµi + ‖U i−1‖1 + τ‖gi‖L1(∂Ω) + τ

∫

Ω

1

kp(x)
|Θ(Tk(U i))|p(x)dx.

We know that ∫

Ω
Φ
(
∇Tk(U i) − Θ(Tk(U

i))
)
∇Tk(U i)dx +

∫

Ω

1

p(x)

∣∣Θ(Tk(U
i))
∣∣p(x)dx > 0

and ∣∣∣∣
∫

Ω
Tk(U

i) dµi
∣∣∣∣ 6 k C(µ; Ω).

Consequently

τ

∫

Ω
|U i|p(x)−2U

iTk(U
i)

k
dx+

∫

Ω
U i
Tk(U

i)

k
dx+

∫

Ω
τα(U i)

Tk(U
i)

k
dx+ τ

∫

∂Ω
γ(U i)

Tk(U
i)

k
dσ

6 τC(µ,Ω) + τ‖gi‖L1(∂Ω) +
∥∥U i−1

∥∥
1

+ kp+−1C
p+
0 meas(Ω).

Then letting k → 0 and using Fatou’s lemma, it follows that

τ
∥∥|U i|p(x)−1

∥∥
1

+
∥∥U i

∥∥
1

+ τ
∥∥α(U i)

∥∥
1

+ τ
∥∥γ(U i)

∥∥
1
6 τ C(µ,Ω) + τ ‖gi‖L1(∂Ω) +

∥∥U i−1
∥∥
1
. (10)

Summing (10) from i = 1 to n we obtain

‖Un‖1+τ

n∑

i=1

∥∥α(U i)
∥∥
1
+τ

n∑

i=1

∥∥γ(U i)
∥∥
1
+τ

n∑

i=1

∥∥|U i|p(x)−1
∥∥
1
6 nτC(µ,Ω) + ‖g‖L1(∂Ω) + ‖u0‖1
6 NτC(µ,Ω) + ‖g‖L1(∂Ω) + ‖u0‖1
= TC(µ,Ω) + ‖g‖L1(∂Ω) + ‖u0‖1 , (11)

which give the inequalities 1 and 2.
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Proof of Assertion 3. We assume that k > 1, and we take ϕ = Th
(
U i−sign(U i−U i−1)

)
, (h > 1)

as a test function in (4). Then letting h→ ∞, we obtain,

τ lim
h→∞

I(k, h) +
∥∥U i − U i−1

∥∥
1
6 τ

(
C(µ,Ω) + ‖gi‖L1(∂Ω) +

∥∥α(U i)
∥∥
1

+
∥∥γ(U i)

∥∥
1

+
∥∥|U i|p(x)−1

∥∥
1

)

with

I(k, h) :=

∫

Ω
Φ(∇U i − Θ(U i))∇Tk

(
U i − Th

(
U i − sign(U i − U i−1)

))
dx

=

∫

Ωk,h∩Ω(k)
Φ
(
∇U i − Θ(U i)

)
∇U idx

and

Ωk,h :=
{
|U i − Th

(
U i − sign

(
U i − U i−1

))
| 6 k

}
,

Ω(k) =
{∣∣U i − sign

(
U i − U i−1

)∣∣ > h
}
.

Since
Ωk,h ∩ Ω(k) ⊂

{
k − 1 6 |U i| 6 k + h

}
,

Following the proof of [32, Lemma 3.6], one obtain

lim
h→∞

I(k, h) = 0.

Therefore∥∥U i − U i−1
∥∥
1
6 kτ

(
C(µ,Ω) + ‖g‖L1(∂Ω) +

∥∥α(U i)
∥∥
1

+
∥∥γ(U i)

∥∥
1

+
∥∥|U i|p(x)−1

∥∥
1

)
. (12)

As nτ 6 Nτ = T , then summing (12) from i = 1 to n and by the stability result 2, we obtain the
stability result 3.

Proof of Assertion 4. Taking ϕ = 0 in (4), we get

τ

(∫

Ω

∣∣∇Tk(U i) − Θ
(
Tk(U

i)
)∣∣p(x)−2(∇Tk(U i) − Θ(Tk(U

i))
)
∇Tk(U i)dx +

∫

Ω

∣∣Tk(U i)
∣∣p(x)dx

)

6 kτ
(
C(µ,Ω) + ‖gi‖L1(∂Ω) +

∥∥α(U i)
∥∥
1

+
∥∥γ(U i)

∥∥
1

)
+ k
∥∥U i − U i−1

∥∥
1
.

Thanks to Lemma 1 and the fact that

(a+ b)p 6 2p−1(ap + bp) ∀a, b ∈ R+, 1 6 p <∞,

we obtain the following inequalities
∣∣∇Tk(U i) − Θ(Tk(U

i))
∣∣p(x)−2(∇Tk(U i) − Θ(Tk(U

i))
)
∇Tk

(
Tk(U

i)
)

>
1

p(x)

∣∣∇Tk(U i) − Θ
(
Tk(U

i)
)∣∣p(x) − 1

p(x)

∣∣Θ(Tk(U
i)
∣∣p(x)

and ∣∣∇Tk(U i)
∣∣p(x) 6 2p(x)−1

(∣∣∇Tk(U i) − Θ
(
Tk(U

i)
)∣∣p(x) +

∣∣Θ
(
Tk(U

i)
)∣∣p(x)).

Then, by the assumption (H3) we deduce that
∣∣∇Tk(U i) − Θ

(
Tk(U

i)
)∣∣p(x)−2(∇Tk(U i) − Θ(Tk(U

i))
)
∇Tk(U i) +

∣∣Tk(U i)
∣∣p(x)

>
1

2p(x)−1

1

p(x)

∣∣∇Tk(U i)
∣∣p(x) +

∣∣Tk(U i)
∣∣p(x) − 2

p(x)

∣∣Θ(Tk(U
i)
∣∣p(x)

>
1

2p+−1

1

p+

∣∣∇Tk(U i)
∣∣p(x) +

(
1 − 1

p−
C
p(x)
0

) ∣∣Tk(U i)
∣∣p(x).

Consequently, the assumption on the constant C0 in (H3) gives the existence of a positive constant C
such that∫

Ω

(
|∇Tk(U i) − Θ(Tk(U

i))|p(x)−2
(
∇U i − Θ(U i)

)
∇Tk(U i) + |Tk(U i)|p(x)

)
dx >

min

{
1

2p+−1

1

p+
, C

}(∫

Ω
|∇Tk(U i)|p(x)dx+

∫

Ω
|Tk(U i)|p(x)dx

)
> min

{
1

2p+−1

1

p+
, C

}
ρ1,p(x)

(
Tk(U

i)
)
.
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From where we have,

τρ1,p(x)(Tk(U
i)) 6

1

min
{

1
p+2p+−1 , C

}
[
kτ
(
C(µ,Ω) + ‖gi‖L1(∂Ω) + k

∥∥α(U i)
∥∥
1

+
∥∥γ(U i)

∥∥
1

)

+ k
∥∥U i − U i−1

∥∥
1

]
. (13)

Then, summing (13) from i = 1 to n and using the stability results 1, 2, 3, we get

τ

n∑

i=1

ρ1,p(x)(Tk(U
i)) 6

1

min
{

1
p+2p+−1 , C

}
[
k
(
C(µ,Ω) + ‖g‖L1(∂Ω) + τ

n∑

i=1

∥∥α(U i)
∥∥
1

+ τ

n∑

i=1

∥∥γ(U i)
∥∥
1

)

+k

n∑

i=1

∥∥U i − U i−1
∥∥
1

]
6 k C(T,Ω, g, u0, p+). �

5. Convergence and existence result

This section is devoted to establish the existence of an entropy solution for the problem (P ).
We will work with the following spaces:

V =
{
v ∈ Lp−(0, T ;W 1,p(·)(Ω)) : ∇v ∈ (Lp(·)(QT ))d

}

and T 1,p(·)(QT ) = {u : Ω × (0, T ]; measurable |Tk(u) ∈ Lp−(0, T ;W 1,p(·)(Ω)) with ∇Tk(u) ∈(
Lp(·)(QT )

)d
for every k > 0}. We give now the entropy formulation of the nonlinear parabolic

problem (P ).

Definition 2. An entropy solution to problem (P ) is a function u ∈ T 1,p(·)(QT ) ∩ C(0, T ;L1(Ω))
such that
∫ t

0

∫

Ω
Φ(∇u− Θ(u))∇Tk(u− ϕ) dx ds +

∫ t

0

∫

Ω
α(u)Tk(u− ϕ) dx ds +

∫ t

0

∫

∂Ω
α(u)Tk(u− ϕ) dx ds

6 −
∫ t

0

〈
∂ϕ

∂s
, Tk(u− ϕ)

〉
ds+

∫

Ω
Jk(u(0) − ϕ(0)) dx −

∫

Ω
Jk(u(t) − ϕ(t)) dx

+

∫ t

0

∫

Ω
Tk(u− ϕ) dµ +

∫ t

0

∫

∂Ω
g Tk(u− ϕ) dσ ds,

for all φ ∈ L∞(Q) ∩ V ∩W 1,1(0, T ;L1(Ω)) for all k > 0 and t ∈ [0, T ].

The main result of this paper is:

Theorem 3. Let hypotheses (H1)–(H3) be satisfied. Then the nonlinear parabolic problem (P ) has
an entropy solution.

Proof. We introduce a piecewise linear extension (called the Rothe function)
{
uN (0) := u0,

uN (t) := Un−1 + (Un − Un−1) t−t
n−1

τ

(14)

for all t ∈]tn−1, tn], n = 1, · · · , N, in Ω and a piecewise constant function
{
uN (0) := u0,
uN (t) := Un, ∀t ∈]tn−1, tn], n = 1, . . . , N, in Ω,

(15)

where tn := nτ and (Un)16n6N an entropy solution of (Pn).
Thanks to Theorem2, there exists a nonnegative constant C(T,Ω, µ, u0, g) not depending on N

such that for all N ∈ N, we have
∥∥uN − uN

∥∥
L1(QT )

6
1

N
C(T,Ω, µ, u0, g),

∥∥uN
∥∥
L1(QT )

6 C(T,Ω, µ, u0, g),
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∥∥uN
∥∥
L1(QT )

6 C(T,Ω, µ, u0, g),
∥∥∥|uN |p(x)−2uN

∥∥∥
L1(QT )

6 C(T,Ω, µ, u0, g),

∥∥∥∥
∂uN

∂t

∥∥∥∥
L1(QT )

6 C(T,Ω, µ, u0, g), (16)

∥∥α(uN )
∥∥
L1(QT )

6 C(T,Ω, µ, u0, g),
∥∥γ(uN )

∥∥
L1(QT )

6 C(T,Ω, µ, u0, g).

Let us us observe that by Proposition 2 and Young inequality, we have
∫ T

0

∥∥Tk(uN )
∥∥p−
1,p(x)

dt 6

∫ T

0
max

{
ρ1,p(x)(Tk(u

N )); ρ1,p(x)(Tk(u
N ))

p−
p+

}
dt

6

∫ T

0
ρ1,p(x)(Tk(u

N ))dt +

∫ T

0
ρ1,p(x)(Tk(u

N ))
p−
p+ dt

6

∫ T

0
ρ1,p(x)(Tk(u

N ))dt +

∫ T

0

(
p−
p+
ρ1,p(x)(Tk(u

N )) + (1 − p−
p+

)

)
dt

6

N∑

n=1

∫ tn−1

tn

ρ1,p(x)(Tk(U
n))dt +

N∑

n=1

∫ tn−1

tn

ρ1,p(x)(Tk(Un))dt +
p+ − p−
p+

T

6 2

N∑

n=1

τρ1,p(x)(Tk(U
n))dt + T. (17)

Therefore, using the stability result 4, we obtain
∥∥Tk(uN )

∥∥
Lp− (0,T ;W 1,p(x)(Ω))

6 kC(T,Ω, µ, u0, g, p+), (18)

where C(T,Ω, µ, u0, g, p+) is a positive constant depending only the data not on N . �

Lemma 3. Let assumptions (H1)–(H3) be satisfied. Then the sequence (uN )N∈N converges in mea-
sure and a.e. in QT .

Proof. Let ε, r, k be positive numbers. For N,M ∈ N, we have the inclusion
{
|uN − uM | > r

}
⊂
{
|uN | > k

}
∪
{
|uM | > k

}

∪
{
|uN | 6 k, |uM | 6 k, |uN − uM | > r

}
. (19)

On the one hand, we have

meas
{
|uN | > k

}
6

1

k

∥∥uN
∥∥
L1(QT )

6
1

k
C(T, u0, f, g),

meas
{
|uM | > k

}
6

1

k

∥∥uN
∥∥
L1(QT )

6
1

k
C(T, u0, f, g).

Then, for k large enough, it follows that

meas
({

|uM | > k
}
∪
{
|uM | > k

})
6
ε

2
. (20)

On the other hand, by the Proposition 2, we have

∥∥Tk(uN )
∥∥
Lp(x)(QT )

6 max





(∫ T

0

∫

Ω
|Tk(uN |p(x)dx dt

) 1
p−

;

(∫ T

0

∫

Ω
|Tk(uN |p(x)dx dt

) 1
p+



 .

Since ∫ T

0

∫

Ω
|Tk(uN |p(x)dx dt =

∫ T

0
ρ1,p(x)(Tk(u

N ))dt

6

N∑

n=1

∫ tn−1

tn

ρ1,p(x)(Tk(U
n))dt 6

N∑

n=1

τρ1,p(x)(Tk(U
n)).
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Consequently, by the stability result 4, we have

∥∥Tk(uN )
∥∥
Lp(x)(QT )

6
(
k

1
p− + k

1
p+
)

max

{
C(u0, p+, f, g)

1
p+ , C(T,Ω, µ, u0, p+, g)

1
p+

}
. (21)

Hence, that the sequences (Tk(u
N ))N∈N is bounded in Lp(x)(QT ). Then, there exists a subsequence,

still denoted by (Tk(u
N ))N∈N, that is a Cauchy sequence in Lp(x)(QT ) ) and in measure. Thus, there

exists N0 ∈ N such that for all N,M > N0, we have

meas
{
|uN | 6 k, |uM | 6 k, |uN − uM | > r

}
<
ε

2
. (22)

Then, by (19), (20) and (22), (uN )N∈N converges in measure. Therefore there exists an element
u ∈M(QT ) (the set of measure on QT ) such that uN → u a.e. inQT . �

As in the proof of (21), one show that

∥∥∇Tk(uN )
∥∥
Lp(x)(QT )

6
(
k

1
p− + k

1
p+
)

max

{
C(u0, p+, f, g)

1
p+ , C(u0, p+, f, g)

1
p+

}
, (23)

i.e. the sequence (∇Tk(uN ))N∈N is uniformly bounded in (Lp(x)(QT ))d.
Consequently, one can extract a subsequence, still denoted by (∇Tk(uN ))N∈N such that

(∇Tk(uN ))N∈N converges to an element V in Lp(x)(QT ). As Tk(uN ) converges to Tk(u) in Lp(x)(QT ),
then ∇Tk(uN ) converges to ∇Tk(u) weakly in (Lp(x)(QT ))d. So from (18), we conclude that

Tk(u) ∈ Lp−(0, T ;W 1,p(x)(Ω)) for all k > 0.

Lemma 4. (uN )N∈N converges a.e. in ΣT .

Proof. We know that trace operator τW 1,1(Ω) →֒ L1 (∂Ω) is compact from, then there exists a
constant C such that

∫ T

0

∥∥Tk(uN (t)) − Tk(u(t))
∥∥
L1(∂Ω)

dt 6 C

∫ T

0

∥∥Tk(uN (t)) − Tk(u(t))
∥∥
W 1,1(Ω)

dt.

Which implies that, Tk(uN (t)) → Tk(u) in L1(ΣT ) and a.e. on ΣT .
Consequently, there exists A ⊂ ΣT such that Tk(uN (t)) converges to Tk(u(t)) on ΣT \ A with

meas(A) = 0.
Let us introduce the following set:

Ak = {(t, x) ∈ ΣT : |Tk(u(t))| < k} , and B = ΣT \ ∪∞
k=1Ak for k > 0.

We use the Hölder type inequality to obtain

meas(B) =
1

k

∫

B
|Tk (u)| dσ

6
1

k

∫ T

0

∫

∂Ω
|Tk(u)|dσ

6
1

k

∫ T

0
‖Tk(u)‖L1(∂Ω) dt

6
1

k

∫ T

0
‖Tk(u)‖W 1,1(Ω) dt (24)

6
1

k

∫ T

0

∫

Ω
(|Tk(u)| + |Tk(u)|) dx dt

6
1

k

(
1

p−
+

1

p+

)
‖1‖Lp′(x)(QT )

(
‖Tk(u)‖Lp(x)(QT ) + ‖∇Tk(u)‖(Lp(x)(QT ))d

)
.
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Combining (21) and (23), we get
∥∥Tk

(
uN
)∥∥
Lp(x)(Q)

+
∥∥∇Tk

(
uN
)∥∥

(Lp(x)(Q))d
6 2
(
k

1
p− + k

1
p+
)

× max

{
C(u0, p+, f, g)

1
p+ , C(u0, p+, f, g)

1
p+

}
. (25)

Applying the Fatou’s lemma in (25), we get

‖Tk(u)‖Lp(x)(Q) + ‖∇Tk(u)‖(Lp(x)(Q))d 6 2
(
k

1
p− + k

1
p+
)

max

{
C(u0, p+, f, g)

1
p+ , C(u0, p+, f, g)

1
p+

}
,

and (24) becomes

meas(B) 6 2
( 1

k1−p−
+

1

k1−p+

)
max

{
C(u0, p+, f, g)

1
p+ , C(u0, p+, f, g)

1
p+

}
. (26)

Hence, letting k → ∞ in (26) we deduce meas(B) = 0.
We define the function v on ∂Ω by

v(t, x) = Tk(u(t))(x) if (x, t) ∈ Ak.

Taking (x, t) ∈ ΣT \ (A ∪B); then there exists k > 0 such that (x, t) ∈ Ak and we have

uN (t, x) − v(t, x) = (uN (t, x) − Tk(u
N (t))(x)) + (Tk(uN (t))(x) − Tk(u(t))(x)).

As (x, t) ∈ Ak, we have
∣∣Tk(uN (t))(x)

∣∣ < k from which we deduce that Tk
(
uN (t)

)
(x) = uN (t, x).

Then
uN (t, x) − v(t, x) = (Tk(u

N (t))(x) − Tk(u(t))(x)) → 0 as N → ∞,

i.e. uε converges to v a.e. on ΣT . �

Lemma 5. The sequence (uN )N∈N converges to u in C(0, T ;L1(Ω)).

Proof. Let (tn = nτN)Nn=1 and (tm = mτM)Mn=1 be two partitions of the interval [0, T ] and let
(uN (t), uN (t)), (uM (t), uM (t)) be the semi-discrete solutions defined by (14), (15) and corresponding
to the respective partitions. Let ϕ ∈ L∞(Ω) ∩ V ∩W 1,1(0, T ;L1(Ω)). From (4), we have
∫ t

0

〈
∂uN

∂s
, Tk(u

N − ϕ)

〉
ds+

∫ t

0

∫

Ω
Φ(∇uN − Θ(uN )) · ∇Tk(uN − ϕ)dx ds

+

∫ t

0

∫

Ω
|uN |p(x)−2uNTk(u

N −ϕ)dx ds+

∫ t

0

∫

Ω
α(uN )Tk(u

N −ϕ)dx ds+

∫ t

0

∫

∂Ω
γ(uN )Tk(u

N −ϕ)dσ ds

6

∫ t

0

∫

UΩ

fNE(Tk(uM − ϕ))dx ds +

∫ t

0

∫

UΩ

FR · ∇Tk(uN − ϕ)dx ds +

∫ t

0

∫

∂Ω
gNTk(u

N − ϕ)dx ds (27)

and
∫ t

0

〈
∂uM

∂s
, Tk(uM − ϕ)

〉
ds+

∫ t

0

∫

Ω
Φ(∇uM − Θ(uM )) · ∇Tk(uM − ϕ)dx ds

+

∫ t

0

∫

Ω
|uM |p(x)−2uMTk(u

M−ϕ)dx ds+

∫ t

0

∫

Ω
α(uM )Tk(u

M−ϕ)dx ds+

∫ t

0

∫

∂Ω
γ(uM )Tk(uM−ϕ)dσ ds

6

∫ t

0

∫

UΩ

fME(Tk(uM − ϕ))dx ds +

∫ t

0

∫

UΩ

FR · ∇Tk(uM − ϕ)dx ds +

∫ t

0

∫

∂Ω
gMTk(u

M − ϕ)dx ds, (28)

with
fN (t, x) = fn(x), gN (t, x) = gn(x) ∀t ∈]tn−1, tn],

fM(t, x) = fm(x), gM (t, x) = gm(x) ∀t ∈]tm−1, t
m

].

Let h > 1, we take ϕ = Th(uM ) and ϕ = Th(uN ) respectively in (27) and (28). Adding both inequalities,
we obtain, for k = 1,
∫ t

0

〈
∂
(
uN − uM

)

∂s
, T1

(
uN − uM

)
〉
ds+ IN,M (h) +

∫ t

0

∫

Ω

∣∣uN
∣∣p(x)−2

uNT1
(
uN − Th

(
uM
))
dx ds
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+

∫ t

0

∫

Ω

∣∣uM
∣∣p(x)−2

uMT1
(
uM − Th

(
uN
))
dx ds +

∫ t

0

∫

Ω
α
(
uN
)
T1
(
uN − Th

(
uM
))
dx ds

+

∫ t

0

∫

Ω
α
(
uM
)
T1
(
uM − Th

(
uN
))
dx ds

+

∫ t

0

∫

∂Ω

[
γ
(
uN
)
T1
(
uN − Th

(
uM
))
d+ γ

(
uM
)
T1
(
uM − Th

(
uN
))]

dσ ds

6

∫ t

0

〈
∂
(
uN − uM

)

∂s
, T1

(
uN − uM

)
〉

−
〈
∂uN

∂s
, T1

(
uN − Th

(
uM
))〉

ds (29)

−
∫ t

0

〈
∂uM

∂s
, T1

(
uM − Th

(
uN
))〉

ds+

∫ t

0

∫

UΩ

fNE
(
T1
(
uN − Th

(
uM
)))

dx ds

+

∫ t

0

∫

UΩ

FR · ∇T1
(
uN − Th

(
uM
))
dx ds

+

∫ t

0

∫

UΩ

fME
(
T1
(
uM − Th

(
uN
)))

dx ds+

∫ t

0

∫

UΩ

FR · ∇T1
(
uM − Th

(
uN
))
dx ds

+

∫ t

0

∫

∂Ω

[
gNT1

(
uN − Th

(
uM
))

+ gMT1
(
uM − Th

(
uN
))]

dσ ds,

where

IN,M (h) =

∫ t

0

∫

Ω
Φ
(
∇uN − Θ

(
uN
))

· ∇T1
(
uN − Th

(
uM
))
dx ds

+

∫ t

0

∫

Ω
Φ
(
∇uM − Θ

(
uM
))

· ∇T1(uM − Th(uN ))dx ds.

We have∣∣∣∣∣

∫ t

0

〈
∂
(
uN − uM

)

∂s
, T1

(
uN − uM

)
〉
ds

∣∣∣∣∣ 6
∥∥∥∥∥
∂
(
uN − uM

)

∂s

∥∥∥∥∥
L1(QT )

∥∥T1
(
uN − uM

)∥∥
L∞(QT )

6 2C(T,Ω, µg, u0)
∥∥T1

(
uN − uM

)∥∥
L∞(QT )

and we have
lim

N,M→∞

∥∥T1
(
uN − uM

)∥∥
L∞(QT )

= 0.

Which implies that

lim
h→∞

lim
N,M→∞

∫ t

0

〈
∂
(
uN − uM

)

∂s
, T1

(
uN − uM

)
〉
ds = 0. (30)

Using the same process, one obtain the following convergences results

lim
h→∞

lim
N,M→∞

(∫ t

0

〈
∂uN

∂s
, T1

(
uN − Th

(
uM
))〉

+

〈
∂uM

∂s
, T1

(
uM − Th

(
uN
))〉

ds

)
= 0,

lim
h→∞

lim
N,M→∞

∫ t

0

∫

∂Ω

[
gNT1

(
uN − Th

(
uM
))

+ gMT1
(
uM − Th

(
uN
))]

dx ds = 0,

lim
h→∞

lim
N,M→∞

∫ t

0

∫

Ω
α
(
uN
)
T1
(
uN − Th

(
uM
))
dx ds+

∫ t

0

∫

Ω
α
(
uM
)
T1
(
uM − Th

(
uN
))
dx ds = 0,

and

lim
h→∞

lim
N,M→∞

∫ t

0

∫

∂Ω

[
γ
(
uN
)
T1
(
uN − Th

(
uM
))
d+ γ

(
uM
)
T1
(
uM − Th

(
uN
))]

dσ ds = 0.
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We have ∣∣∣∣
∫ t

0

∫

UΩ

fNE
(
T1
(
uN − Th

(
uM
)))

dx ds

∣∣∣∣ =

∣∣∣∣
∫ t

0

∫

Ω
TN (f)Tk

(
uN − Th

(
uM
))
dx ds

∣∣∣∣

6

∫ t

0

∫

Ω
|f |
∣∣T1
(
uN − Th

(
uM
))∣∣ dx ds

6 ‖f‖L1(QT )

∥∥T1
(
uN − Th

(
uM
))∥∥

L∞(QT )
.

On the one hand, we have

lim
N,M→∞

∥∥T1
(
uN
)
− Th

(
uM
)∥∥
L∞(QT )

= ‖T1(u) − Th(u)‖L∞(QT ) .

On the other hand,
lim
h→∞

‖T1(u) − Th(u)‖L∞(QT ) = 0.

Which implies that
lim
h→∞

lim
N,M→∞

∥∥T1
(
uN
)
− Th

(
uM
)∥∥
L∞(QT )

= 0.

Therefore,

lim
h→∞

lim
N,M→∞

∫ t

0

∫

UΩ

fNE
(
T1
(
uN
)
− Th

(
uM
))
dx ds = 0.

Similarly, one obtain

lim
h→∞

lim
N,M→∞

∫ t

0

∫

UΩ

fME
(
T1
(
uM
)
− Th

(
uN
))
dx ds = 0.

Concerning the terms with FR, we use the Hölder type inequality to get
∣∣∣∣
∫ t

0

∫

UΩ

FR · ∇E
(
T1
(
uN
)
− Th

(
uM
))
dx ds

∣∣∣∣ =

∣∣∣∣
∫ t

0

∫

Ω
F · ∇T1

(
uN − Th

(
uM
))
dx ds

∣∣∣∣

6

∫ t

0

∫

Ω
|F |
∣∣∇T1

(
uN − Th

(
uM
))∣∣ dx ds

6

(
1

p−
+

1

p′−

)
‖F‖(Lp′(x)(QT ))d

∥∥∇T1
(
uN − Th

(
uM
))∥∥

(Lp(x)(QT ))d
.

Now, we use the fact that
(
∇T1

(
uN
))

converges to ∇T1(u) in (Lp(x)(QT ))d to obtain

lim
h→∞

lim
N,M→∞

=
∥∥∇T1

(
uN − Th

(
uM
))∥∥

(Lp(x)(QT ))d
= 0.

Then, it follows that

lim
h→∞

lim
N,M→∞

∫ t

0

∫

UΩ

FR · ∇E
(
T1
(
uN − Th

(
uM
)))

dx ds = 0

and

lim
h→∞

lim
N,M→∞

∫ t

0

∫

UΩ

FR · ∇E
(
T1
(
uM − Th

(
uN
)))

dx ds = 0.

By the Fatou’s lemma one show that |uN |p(x)−2uN converges to |u|p(x)−2u in L1(QT ), hence applying
the generalized Lebesgue convergence theorem, we have

lim
N→∞

∫ t

0

∫

Ω

∣∣uN
∣∣p(x)−2

uNT1
(
uN − Th

(
uM
))
dx ds =

∫ t

0

∫

Ω
|u|p(x)−2uT1

(
u− Th

(
uM
))
dx ds.

So from the Lebesgue convergence theorem we deduce that

lim
M→∞

∫ t

0

∫

Ω
|u|p(x)−2uT1

(
u− Th(uM )

)
dx ds =

∫ t

0

∫

Ω
|u|p(x)−2uT1 (u− Th(u)) dx ds,

lim
h→∞

∫ t

0

∫

Ω
|u|p(x)−2uT1 (u− Th(u)) dx ds = 0.
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Then

lim
h→∞

lim
N,M→∞

∫ t

0

∫

Ω

∣∣uN
∣∣p(x)−2

uNT1
(
uN − Th

(
uM
))
dx ds = 0.

Using the same method, we obtain

lim
h→∞

lim
N,M→∞

∫ t

0

∫

Ω

∣∣uM
∣∣p(x)−2

uMT1
(
uM − Th

(
uN
))
dx ds = 0.

Consequently, letting N,M → ∞ and h→ ∞, in (29) we get

lim
h→∞

lim
N,M→∞

∫ t

0

〈
∂
(
uN − uM

)

∂s
, T1

(
uN − uM

)
〉
ds+ lim

h→∞
lim

N,M→∞
IN,M(h) 6 0. (31)

We know that 〈
∂v

∂t
, Tk(v)

〉
=

d

dt

∫

Ω
Jk(v) in L1(]0, T [),

then (31) becomes

lim
N,M→∞

∫

Ω
J1
(
uN (t) − uM (t)

)
dx + lim

h→∞
lim

N,M→∞
IN,M(h) 6 0. (32)

Now, we are going to prove that
lim
h→∞

lim
N,M→∞

IN,M (h) > 0.

We set

IN,M(h) =

4∑

i=1

Li(h),

where

Li(h) =

∫ t

0

∫

Ωi(h)
Φ(∇uN − Θ(uN )) · ∇T1

(
uN − Th

(
uM
))
dx ds

+

∫ t

0

∫

Ωi(h)
Φ
(
∇uM − Θ

(
uM
))

· ∇T1
(
uM − Th

(
uN
))
dx ds

and

Ω1(h) =
{
|uN | 6 h, |uM | 6 h

}
, Ω2(h) =

{
|uN | 6 h, |uM | > h

}
,

Ω3(h) =
{
|uN | > h, |uM | 6 h

}
, Ω4(h) =

{
|uN | > h, |uM | > h

}
.

Firstly, we have

L1(h) =

∫ t

0

∫

Ω1
1(h)

[
Φ
(
∇uN − Θ

(
uN
))

− Φ
(
∇uM − Θ

(
uM
))]

· ∇
(
uN − uM

)
dx ds

=

∫ t

0

∫

Ω1
1(h)

[
Φ
(
∇uN − Θ

(
uN
))

− Φ
(
∇uM − Θ

(
uM
))]

· ΨΘ

(
uN , uM

)
dx ds

+

∫ t

0

∫

Ω1
1(h)

[
Φ(∇uN − Θ(uN )) − Φ(∇uM − Θ(uM ))

]
·
(
Θ
(
uN
)
− Θ

(
uM
))
dx ds

>

∫ t

0

∫

Ω1
1(h)

[
Φ
(
∇Th

(
uN
)
−Θ

(
Th
(
uN
)))

−Φ
(
∇Th

(
uM
)
−Θ

(
Th
(
uM
)))]

· ΛhΘ
(
uN , uM

)
dx ds,

where

ΨΘ

(
uN , uM

)
= ∇uN − Θ

(
uN
)
−
(
∇uM − Θ

(
uM
))
,

ΛhΘ
(
uN , uM

)
= Θ

(
Th
(
uN
))

− Θ
(
Th
(
uM
))
,

Ω1
1(h) =

{∣∣uN
∣∣ 6 h,

∣∣uM
∣∣ 6 h,

∣∣uN − uM
∣∣ 6 1

}
.
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We have
Θ
(
Th
(
uN
))

− Θ
(
Th(uM )

)
→ 0 strongly in

(
Lp(x)(QT )

)d

and
Φ
(
∇Th

(
uN
)
− Θ

(
Th
(
uN
)))

− Φ
(
∇Th

(
uM
)
− Θ

(
Th
(
uM
)))

converges weakly in
(
Lp

′(x)(QT )
)d

, then it follows that the integral
∫ t

0

∫

Ω1
1(h)

[
Φ
(
∇Th

(
uN
)
− Θ

(
Th
(
uN
)))

− Φ
(
∇Th

(
uM
)
− Θ

(
Th
(
uM
)))]

· ΛhΘ
(
uN , uM

)
dx ds

tends to zero. Therefore
lim
h→∞

lim
N,M→∞

L1(h) > 0.

Secondly, by the assumption (H3), we have

L2(h) =

∫ t

0

∫

Ω1
2(h)

Φ
(
∇uN − Θ

(
uN
))

· ∇uNdx ds+

∫ t

0

∫

Ω2
2(h)

Φ
(
∇uM − Θ

(
uM
))

· ∇
(
uM − uN

)
dx ds

> −
∫ t

0

∫

Ω2
2(h)

Φ
(
∇uM − Θ

(
uM
))

· ∇uNdx ds,

with

Ω1
2(h) =

{∣∣uN
∣∣ 6 h,

∣∣uM
∣∣ > h,

∣∣uN − h sign(uM )
∣∣ 6 1

}
,

Ω2
2(h) =

{∣∣uN
∣∣ 6 h,

∣∣uM
∣∣ > h,

∣∣uN − uM
∣∣ 6 1

}
.

Taking ϕ = Th
(
uN
)

in (27), we deduce that

lim
h→∞

lim
N→∞

∫ t

0

∫

{h6|uN |6h+k}
Φ
(
∇uN − Θ

(
uN
))

· ∇uN = 0.

Which implies that

lim
h→∞

lim
N→∞

∫ t

0

∫

{h6|uN |6h+k}
∣∣∇uN − Θ(uN )

∣∣p(x) dx ds = 0, k > 0 (33)

and

lim
h→∞

lim
N→∞

∫ t

0

∫

{h6|uN |6h+k}
∣∣∇uN

∣∣p(x) dx ds = 0, k > 0. (34)

Thanks to Young inequality, we have
∣∣∣∣∣

∫ t

0

∫

Ω2
2(h)

Φ
(
∇uM − Θ(uM )

)
· ∇uNdx ds

∣∣∣∣∣ 6
∫ t

0

∫

Ω2
2(h)

∣∣∇uM − Θ(uM )
∣∣p(x)−1 ∣∣∇uN

∣∣ dx ds

6

∫ t

0

∫

{h6|uM |6h+1}
1

p′(x)

∣∣∇uM − Θ(uM )
∣∣p(x) dx ds +

∫ t

0

∫

{h−16|uN |6h}
1

p(x)

∣∣∇uM
∣∣p(x) dx ds

6

∫ t

0

∫

{h6|uM |6h+1}
1

p′−

∣∣∇uM − Θ(uM )
∣∣p(x) dx ds+

∫ t

0

∫

{h−16|uN |6h}
1

p−

∣∣∇uM
∣∣p(x) dx ds.

Then, from (33)–(34), we have

lim
N,M→∞

∫ t

0

∫

Ω2
2(h)

Φ
(
∇uM − Θ

(
uM
))

· ∇uN = 0,

therefore
lim
h→∞

lim
N,M→∞

L2(h) > 0.

Similarly, one obtain
lim
h→∞

lim
N,M→∞

(
L3(h) + L4(h)

)
> 0.
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Consequently
lim
h→∞

lim
N,M→∞

IN,M (h) > 0.

Hence, by (32) we get

lim
N,M→∞

∫

Ω
J1
(
uN (t) − uM (t)

)
dx = 0. (35)

We have

1

2

∫

{|uN−uM |61}

∣∣uN (t) − uM (t)
∣∣2 dx+

∫

{|uN−uM |>1}

∣∣uN (t) − uM (t)
∣∣ dx 6

∫

Ω
J1
(
uN (t) − uM (t)

)
dx;

then
∫

{|uN−uM |>1}

∣∣uN (t) − uM (t)
∣∣ dx =

∫

{|uN−uM |61}

∣∣uN (t) − uM (t)
∣∣ dx +

∫

{|uN−uM |>1}

∣∣uN (t) − uM (t)
∣∣ dx

6 CΩ

(∫

{|uN−uM |61}

∣∣uN (t) − uM (t)
∣∣2 dx

) 1
2

+

∫

{|uN−uM |>1}

∣∣uN (t) − uM (t)
∣∣ dx

6 C2(Ω)

(∫

Ω
J1(uN (t) − uM (t))dx

) 1
2

+

∫

Ω
J1
(
uN (t) − uM (t)

)
dx. (36)

Combining (35) and (36), it follows that (uN )N∈N is a Cauchy sequence in C(0, T ;L1(Ω)). Hence
(uN )N∈N converges to u in C(0, T ;L1(Ω)).

Now, we prove that the limit function u is an entropy solution of the problem (P ). We have
uN (0) = U0 = u0 for all N ∈ N, and u(0, ·) = u0. The inequality (27) implies
∫ t

0

〈
∂uN

∂s
, Tk

(
uN − ϕ

)
− Tk

(
uN − ϕ

)〉
ds+

∫ t

0

∫

Ω
Φ
(
∇uN − Θ

(
uN
))

· ∇Tk
(
uN − ϕ

)
dx ds

+

∫ t

0

∫

Ω

∣∣uN
∣∣p(x)−2

uNTk
(
uN − ϕ

)
dx ds +

∫ t

0

∫

Ω
α
(
uN
)
Tk
(
uN − ϕ

)
dx ds

+

∫ t

0

∫

∂Ω
γ
(
uN
)
Tk
(
uN − ϕ

)
dσ ds (37)

6

∫ t

0

〈 ϕ
∂s
, Tk

(
uN − ϕ

)
− Tk

(
uN − ϕ

)〉
ds+

∫

Ω
Jk
(
uN (0) − ϕ(0)

)
dx−

∫

Ω
Jk
(
uN (t) − ϕ(t)

)
dx

+

∫ t

0

∫

UΩ

fNE
(
Tk
(
uM − ϕ

))
dx ds+

∫ t

0

∫

UΩ

FR · ∇Tk
(
uN − ϕ

)
dx ds +

∫ t

0

∫

∂Ω
gNTk

(
uN − ϕ

)
dx ds.

Setting k = k + ‖ϕ‖∞. Then, it follows that
∫ t

0

∫

Ω
Φ
(
∇uN − Θ(uN )

)
· ∇Tk

(
uN − ϕ

)
dx ds

=

∫ t

0

∫

Ω
Φ
(
∇Tk

(
uN
)
− Θ

(
Tk
(
uN
)))

· ∇Tk
(
Tk
(
uN
)
− ϕ

)
dx ds

=

∫ t

0

∫

Ω

[
Φ
(
∇Tk

(
uN
)
− Θ

(
Tk(u

N )
))

· ∇Tk(uN ) − Φ
(
∇Tk

(
uN
)
− Θ

(
Tk
(
uN
)))

· ∇ϕ
]
1Q(N,k),

with Q(N, k) =
{∣∣Tk

(
uN
)
− ϕ

∣∣ 6 k
}
. Hence, (37) becomes

∫ t

0

〈
∂uN

∂s
, Tk(uN − ϕ) − Tk(u

N − ϕ)

〉
ds−

∫ t

0

∫

Ω
Φ
(
∇Tk

(
uN
)
− Θ(Tk(u

N ))
)
· ∇ϕ1Q(N,k)

+

∫ t

0

∫

Ω

[
Φ
(
∇Tk

(
uN
)
− Θ

(
Tk
(
uN
)))

· ∇Tk
(
uN
)

+
1

p(x)

∣∣Θ
(
Tk
(
uN
))∣∣p(x)

]
1Q(N,k)

+

∫ t

0

∫

Ω

∣∣uN
∣∣p(x)−2

uNTk
(
uN − ϕ

)
dx ds+

∫ t

0

∫

Ω
α
(
uN
)
Tk
(
uN − ϕ

)
dx ds
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+

∫ t

0

∫

∂Ω
γ
(
uN
)
Tk
(
uN − ϕ

)
dσ ds

6 −
∫ t

0

〈
∂ϕ

∂s
, Tk

(
uN − ϕ

)〉
ds+

∫

Ω
Jk
(
uN (0) − ϕ(0)

)
dx−

∫

Ω
Jk
(
uN (t) − ϕ(t)

)
dx (38)

+

∫ t

0

∫

UΩ

fNE
(
Tk
(
uM − ϕ

))
dx ds +

∫ t

0

∫

UΩ

FR · ∇Tk
(
uN − ϕ

)
dx ds

+

∫ t

0

∫

∂Ω
gNTk

(
uN − ϕ

)
dx ds+

∫ t

0

∫

Ω

1

p(x)

∣∣Θ
(
Tk
(
uN
))∣∣p(x) dx dt.

We have
Θ
(
Tk
(
uN
))

→ Θ
(
Tk(u)

)
strongly in

(
Lp(x)(QT )

)d
, (39)

∇Tk
(
uN
)
→ ∇Tk(u) strongly in

(
Lp(x)(QT )

)d
. (40)

Then,
Φ
(
∇Tk

(
uN
)
− Θ

(
Tk
(
uN
)))

→ Φ
(
∇Tk(u) − Θ

(
Tk(u)

))
strongly in

(
Lp(x)(QT )

)d

Now, since ∇ϕ1Q(N,k) converges in Lp(x)(QT ) to ∇ϕ1Q(k), we have
∫ t

0

∫

Ω
Φ
(
∇Tk

(
uN
)
− Θ

(
Tk
(
uN
)))

· ∇ϕ1Q(N,k) →
∫ t

0

∫

Ω
Φ
(
∇Tk(u) − Θ

(
Tk(u)

))
· ∇ϕ1Q(k),

where Q(k) =
{∣∣Tk(u) − ϕ

∣∣ 6 k
}
. We know that

[
Φ
(
∇Tk

(
uN
)
− Θ

(
Tk
(
uN
)))

· ∇Tk(uN ) +
1

p(x)
|Θ(Tk(u

N ))|p(x)
]
1Q(N,k) > 0.

Therefore, by (39), (40) and Fatou’s lemma,∫ t

0

∫

Ω

[
Φ
(
∇Tk(u) − Θ

(
Tk(u)

))
· ∇Tk(u) +

1

p(x)

∣∣Θ
(
Tk(u)

)∣∣p(x)
]
1Q(N,k)dx ds

6 lim inf

∫ t

0

∫

Ω

[
Φ
(
∇Tk(uN ) − Θ(Tk(u

N ))
)
· ∇Tk

(
uN
)

+
1

p(x)

∣∣Θ
(
Tk
(
uN
))∣∣p(x)

]
1Q(N,k)dx ds.

By the hypothesis (H3) we have
1

p(x)

∣∣Θ
(
Tk
(
uN
))∣∣p(x) 6

(
Ck
)p+

,

which implies by (39) and the dominated convergence theorem that
∫ t

0

∫

Ω

1

p(x)

∣∣Θ
(
Tk
(
uN
))∣∣p(x) dx ds→

∫ t

0

∫

Ω

1

p(x)

∣∣Θ
(
Tk(u)

)∣∣p(x) dx ds.

By Lemma5, we deduce that uN (t) → u(t) in L1(Ω) for all t ∈ [0, T ], which implies that
∫

Ω
Jk
(
uN (t) − ϕ(t)

)
dx→

∫

Ω
Jk
(
u(t) − ϕ(t)

)
dx ∀t ∈ [0, T ]. (41)

Following the method used in the proof of equality (30) to show that

lim
N→∞

∫ t

0

〈
∂uN

∂s
, Tk

(
uN − ϕ

)
− Tk

(
uN − ϕ

)〉
ds = 0. (42)

Let us show that

lim
N→∞

∫ t

0

∫

UΩ

fNE
(
Tk
(
uN − ϕ

))
dx ds+

∫ t

0

∫

UΩ

FR ·∇E
(
Tk
(
uN − ϕ

))
dx ds =

∫ t

0

∫

Ω
Tk
(
uN − ϕ

)
dµ ds.

We have∫ t

0

∫

UΩ

fNE
(
Tk
(
uN − ϕ

))
dx ds +

∫ t

0

∫

UΩ

FR · ∇E
(
Tk
(
uN − ϕ

))
dx ds
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=

∫ t

0

∫

UΩ

TN (f)χΩE
(
Tk
(
uN − ϕ

))
dx ds+

∫ t

0

∫

UΩ

FχΩ · ∇E
(
Tk
(
uN − ϕ

))
dx ds

=

∫ t

0

∫

Ω
TN (f)Tk

(
uN − ϕ

)
dx ds+

∫ t

0

∫

Ω
F · ∇Tk

(
uN − ϕ

)
dx ds.

Thanks to the Lebesgue dominated convergence theorem, we have

lim
N→∞

∫ t

0

∫

Ω
TN (f)Tk

(
uN − ϕ

)
dx ds =

∫ t

0

∫

Ω
f Tk(u− ϕ) dx. (43)

Since ∇Tk(uN − ϕ) converges to ∇Tk(u − ϕ) in
(
Lp(x)(QT )

)d
, then using the Hölder type inequality,

we have
∣∣∣∣
∫ t

0

∫

Ω

(
F · ∇Tk

(
uN − ϕ

)
− F · ∇Tk(u− ϕ)

)
dx ds

∣∣∣∣ 6
∫ t

0

∫

Ω
|F |
∣∣∇Tk

(
uN − ϕ

)
−∇Tk(u− ϕ)

∣∣ dx ds

6

(
1

p−
+

1

(p′)−

)
‖F‖(Lp′(x)(QT ))d

∥∥∇Tk
(
uN − ϕ

)
−∇Tk(u− ϕ)

∥∥
(Lp(x)(QT ))d

→ 0 (44)

as N tends to ∞.
Hence, passing to the limit and using (43)–(44), we obtain

lim
N→∞

∫ t

0

∫

UΩ

fNE
(
Tk
(
uN − ϕ

))
dx ds+

∫ t

0

∫

UΩ

FR · ∇E
(
Tk
(
uN − ϕ

))
dx ds

=

∫ t

0

∫

Ω
f Tk(u− ϕ)dx +

∫ t

0

∫

Ω
F · ∇Tk(u− ϕ)dx

=

∫ t

0

∫

UΩ

f E (χΩ(Tk(u− ϕ))) dx+

∫

UΩ

F · ∇E (χΩTk(u− ϕ)) dx

=

∫ t

0
〈µ,E (Tk(u− ϕ))〉 ds

=

∫ t

0

∫

Ω
Tk(u− ϕ)dµ ds. (45)

Finally, letting N → ∞ in (37) and using the above results and also the continuities of α, γ and the
facts that

fN → f in L1(QT ),

gN → g in L1
(
ΣT

)
,

Tk
(
uN − ϕ

)
→ Tk(u− ϕ) in L∞(QT ),

Tk
(
uN − ϕ

)
→ Tk(u− ϕ) in L∞(ΣT

)
.

We deduce that u is an entropy solution of the nonlinear parabolic problem (P ). �
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Iснування та стiйкiсть розв’язкiв нелiнiйних параболiчних задач
зi збуреним градiєнтом та вимiрювальними даними

Бенбубкер М. Б.1, Траоре У.2

1Вища технологiчна школа Сiдi,
Унiверситет Мохамеда Бен Абделлаха, Фес, Марокко
2Лабораторiя математики та iнформатики (LAMI),

Унiверситет Джозефа КI-ЗЕРБО,
Уагадугу, Буркiна-Фасо

У цiй статтi доводиться iснування ентропiйного розв’язку нелiнiйних параболiчних
рiвнянь з дифузними даними радонiвської мiри, який не навантажує множини ну-
льової p(·)-ємностi та неоднорiдної крайової умови Неймана. За допомогою методики
часової дискретизацiї аналiзуються питання iснування, єдиностi та стiйкостi. Функ-
цiональна постановка включає простори Лебега та Соболєва зi змiнними показника-
ми.

Ключовi слова: нелiнiйна параболiчна задача, змiннi показники, ентропiйний
розв’язок, крайовi умови типу Неймана, напiвдискретизацiя, мiра Радона.
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