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A stagnation point flow past a stretching/shrinking surface in carbon nanotubes (CNTs)
with slip effects is investigated in this paper. Applying transformations of similarity, the
governing partial differential equations are modified to the nonlinear ordinary differential
equations. Afterward, they are numerically solved in Matlab by the bvp4c solver. The
single-wall CNTs and multi-wall CNTs are used, including water as a base fluid. The
effects of the flow parameters are investigated, shown in the form of graphs, and physically
evaluated for the dimensionless velocity, temperature, skin friction, and Nusselt numbers.
According to our findings, the unique solution exists for stretching sheets, whereas non-
unique solutions are obtainable for shrinking sheets. The stability analysis is utilized to
discover which solution is stable.
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1. Introduction

A fluid flow on a solid surface’s stagnation area is known as a stagnation point flow where fluid
approaching the surface divides into different streams. Hiemenz [1] is the first person who studied the
two-dimensional (2D) stagnation point flow through the static semi-infinite wall, where he reduced
the Navier–Stokes equations to the nonlinear ordinary differential equations by means of similarity
transformations. After that, Homann [2] extended problem [1] by considering axisymmetric stagnation
point flow. Solution for stagnation point flows and stretching sheet were examined by Mahapatra and
Gupta [3, 4]. Crane [5] analyzed the 2D boundary layer flow brought on elastic plain stretching sheet
while moving in its plane. However, Khan and Pop [6] are the first who investigated the problem on
stretching sheet in nanofluids. Following the publication of this seminal study, other researchers have
looked into the research problem of the fluid flow field of a stagnation point toward a stretch/shrink
surface [7–9].

Nowadays, there are many studies on nanofluids due to industrial application demand. One of the
reason is, nanofluid’s behavior is giving a big impact on enhancing heat transfer in applications such
as transportation, electronics and biomedicine. Choi [10] is the first person who introduced nanofluid
which consists of nanometer-sized particles known as nanoparticles. Although there are several mate-
rials that could be employed to create nanoparticles, carbon exhibits good outcomes resulting from its
strong electrical, mechanical, and thermal characteristics. Hence, Choi et al. [11] explored the thermal
capability of oil-based CNT. CNTs are a type of carbon allotrope that is a tube-shaped structure with
a diameter that is measured in nanometers and comprise of single wall (SWCNTs) and multi wall
(MWCNTs).

In comparison to other nanoparticles with a similar volume fraction, suspensions of carbon nan-
otubes have better thermal characteristics [12,13]. In this manner, carbon nanotubes can enhance the
thermal conductivity of base fluids as well as convective heat transfer. Ever since, numerous studies
have discovered the CNTs’ benefits and examined numerous boundary layer issues on CNTs [14–16].
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Researchers in earlier studies just examined the flow field that just complies with the no-slip bound-
ary condition, which then make it necessary to study the effect of slip boundary conditions. Bhat-
tacharyya et al. [17, 18] explored the boundary layer slip flow via flat plate and also on a moving
plate. The heat transfer and fluid flow of CNTs towards a flat plate under Navier slip boundary con-
ditions were initially studied by Khan et al. [19]. After that, several papers also took slip effects into
account [20–22].

The goal of this paper is to continue on the research conducted by Bachok et al. [23]. While they
were considering stagnation point flow in a nanofluid, this paper consider stagnation point flow for
both single-walled and multi-walled CNTs with water base fluid.

2. Methodology

Consider a 2D, steady and incompressible flow within scope y > 0 guided by a stretch/shrink sheet at
y = 0 with a fixed point of stagnation x = 0. Since a and b are constants with b > 0, it is assumed
that the stretch/shrink velocity Uw(x) = ax and the ambient fluid velocity U∞(x) = bx both vary
linearly from the point of stagnation. The following is a possible formulation for the boundary layer
equations [23]:

∂u

∂x
+
∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
= U∞

dU∞
dx

+
µnf
ρnf

∂2u

∂y2
, (2)

u
∂T

∂x
+ v

∂T

∂y
= αnf

∂2T

∂y2
(3)

and the boundary conditions are

v = 0, u = Uw + L
∂u

∂y
, T = Tw at y = 0,

u→ U∞, T → T∞, as y → ∞. (4)

The velocity components in directions of x and y are respectively u and v, nanofluid’s temperature
is T , and length of slip is L. αnf , ρnf and µnf are the thermal diffusivity, density and viscosity of the
nanofluid, accordingly, that are provided by Oztop and Abu–Nada [24]:

αnf =
knf

(ρCp)nf
, ρnf = (1 − ϕ)ρf + ϕρCNT , µnf =

µf
(1 − ϕ)2.5

,

(ρCp)nf = (1 − ϕ)(ρCp)f + ϕ(ρCp)CNT ,
knf
kf

=
1 − φ+ 2φ kCNT

kCNT−kf ln
kCNT+kf

2kf

1 − φ+ 2φ
kf

kCNT−kf ln
kCNT+kf

2kf

,

where CNTs volume fraction is ϕ, (ρCp)nf , knf are the heat capacity and thermal conductivity of
nanofluid, while kCNT , (ρCp)CNT , ρCNT are the thermal conductivity, heat capacity and densities of

CNTs, sequentially, and kf for fluid’s densities. The term knf

kf
was adapted from Xue [25] in which the

Maxwell theory model consider the impacts of CNTs space distribution on heat conductivity.
By adopting the following transformation, the governing Eqs. (1)–(3) and conditions (2) can be

expressed more simply as

ψ = (bvf )
1
2xf(η), η =

(
b

vf

) 1
2

y, θ(η) =
T − T∞
Tw − T∞

, (5)

where the variable of similarity is η and function of stream is ψ described as u = ∂ψ
∂y and v = −∂ψ

∂x , that
comply with Eq. (1) equivalently. Eqs. (2)–(3) and conditions (2) can be simplified to the following
ODEs by using Eq. (5):

Af ′′′ + ff ′′ − f ′2 + 1 = 0, (6)
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B

Pr
θ′′ + fθ′ = 0, (7)

f(0) = 0, f ′(0) = ε+ σf ′′(0), θ(0) = 1,

f ′(η) → 1, θ(η) → 0, as η → ∞, (8)

where A = 1
(1−ϕ)2.5(1−ϕ+ϕρCNT /ρf )

, B =
knf/kf

1−ϕ+ϕ(ρCp)CNT /(ρCp)f
, σ = L

(
b
vf

) 1
2 is the parameter of slip

and ε = a
b is the parameter of velocity ratio which for stretching is when ε > 0 and shrinking is when

ε < 0.
The number of local Nusselt Nux and the coefficient of skin friction Cf are the physical quantities

of concern in this study,

Cf =
µnf
ρfU2∞

(
∂u

∂y

)

y=0

, Nux = − xknf
kf (Tw − T∞)

(
∂T

∂y

)

y=0

The quantities of physical interest that we acquire following transformations are

Cf Re1/2x = (1 − ϕ)−2.5f ′′(0), Nux Re−1/2
x = −knf

kf
θ′(0) (9)

where Rex = U∞x
νf

is the number of Reynolds.
Stability analysis is carried out to identify the smallest unknown eigenvalue. That is because the

results give the same interpretation, where the first solution is stable, whereas the second solution
is non stable and this finding was corroborated by many researchers [26–28]. The unsteady case is
introduced to perturb the Eqs. (2)–(3) which is replaceable with

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= U∞

dU∞
dx

+
µnf
ρnf

∂2u

∂y2
, (10)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= αnf

∂2T

∂y2
. (11)

The new similarity transformation is introduced as follows

ψ = (vf b)
1
2xf(η, τ), η =

(
b

vf

) 1
2

y, θ(η, τ) =
T − T∞
Tw − T∞

, τ = bt. (12)

Implementing the new transformation given in Eq. (12) into Eqs. (10)–(11), we obtain:

A
∂2θ

∂η2
+ f

∂θ

∂η
− ∂θ

∂τ
= 0, (13)

B

Pr

∂2θ

∂η2
+ f

∂θ

∂η
− ∂θ

∂τ
= 0. (14)

Subject to the boundary conditions

f(0, τ) = 0,
∂f

∂η
(0, τ) = ε+ σ

∂2f

∂η2
(0, τ), θ(0, τ) = 1,

∂f

∂η
(η, τ) → 1, θ(η, τ) → 0 as η → ∞.

Next, the following equations are used to detect the stability of the flow [29]:

f(η, τ) = f0(η) + e−γτF (η, τ), θ(η, τ) = θ0(η) + e−γτG(η, τ), (15)

where γ is parameter of unknown eigenvalue, F (η) and G(η) are small relative to f0(η) and θ0(η),
respectively. Using Eq. (15) into (13)–(14) and letting τ → 0, where F (η) = F0(η) and G(η) = G0(η),
we have the linearized equation as follows:

AF ′′′
0 + f0F

′′
0 − (2f ′0 − γ)F ′ = 0,

B

Pr
G′′

0 + f0G
′
0 + Fθ′0 + γG0 = 0,
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F ′
0(0) = σF ′′

0 (0), F0(0) = 0, G0(0) = 0,

F ′
0(η) → 0, G0(η) → 0.

Following the work of Harris et al. [30], one of the boundary conditions need to be relaxed. Hence,
we changed F ′

0(η) → 0 as η → ∞ with the new condition F ′′
0 (η) = 1.

3. Results and discussion

The bvp4c solver in Matlab is used to numerically solve the system of Eqs. (6)–(7) and the conditions
in (8). With water as the base fluid, we take into consideration both SWCNTs and MWCNTs. Citing
Oztop and Abu–Nada [24] as sources, the range of the volume fraction of CNTs that we have taken
into consideration is 0 6 ϕ 6 0.2, where ϕ = 0 is a regular fluid with a Prandtl number of Pr = 6.2.
Table 1 is a list of the CNTs’ and the base fluid’s thermophysical characteristics.

Table 1. Thermophysical properties of CNTs (Khan et al. [19]).

Physical Base Nanoparticles
properties fluid SWCNTs MWCNTs
ρ (kg/m3) 997 2600 1600
cp (J/kg K) 4179 425 796
k (W/m K) 0.613 6600 3000

The variation and comparison of
f ′′(0) with earlier research that is doc-
umented in the literature, which is Ba-
chok et al. [23], are shown in Table 2,
which demonstrates a positive accor-
dance and so provides assurance that the
numerical results produced are valid. In
addition, Table 2 also contains the f ′′(0) values for ϕ 6= 0 for future references.

Table 2. f ′′(0) values for some ε and ϕ with water base fluid.

ε Bachok et al. [23] Present results
ϕ = 0 ϕ = 0 ϕ = 0.1 ϕ = 0.2

2 −1.88731 −1.88731 −1.78244 −1.64150
1 0 0 0 0

0.5 0.71330 0.71330 0.67366 0.62039
0 1.23259 1.23259 1.16410 1.07205

−0.5 1.49567 1.49567 1.41527 1.30087
−1 1.32882 1.32882 1.25499 1.15575

[0] [0] [0] [0]
−1.15 1.08223 1.08223 1.02210 0.94128

[0.11670] [0.11670] [0.11022] [0.10150]
−1.2 0.93247 0.93247 0.88066 0.81103

[0.23365] [0.23365] [0.22067] [0.20322]
−1.2465 0.58428 0.58428 0.55182 0.50818

[0.55430] [0.55430] [0.52350] [0.48210]

[ ] Second solution

Figure 1 displays the variety of f ′′(0) and −θ′(0) with several values of the stretching/shrinking
parameter ε, for three different values of CNTs volume fraction ϕ, where ϕ = 0, 0.1 and 0.2 for water-
SWCNTs when Pr = 6.2. There are dual solutions, as can be observed when εc < ε 6 −1, also there is
a unique solution exists when ε > −1 and no solutions for ε < εc < 0 (εc — critical value of ε). These
figures allow us to deduce that an increment of ϕ improves skin friction while decreasing surface’s heat
transfer.

Figure 2 show the divergence of f ′′(0) and −θ′(0) with several values of ε, for three different values
of slip parameter σ, where σ = 0, 0.2 and 0.4 for water base fluid when Pr = 6.2 and ϕ = 0.1. The
range of ε values where a solution exists expands as σ grows (ε > εc). The value of εc = −1.2465 for
ϕ = 0.1 and σ = 0 shows a good agreement with Bachok et al. [23].
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Fig. 1. (a) f ′′(0) and (b) −θ′(0) graphs for ϕ and ε with water-SWCNT, respectively.
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Fig. 2. (a) f ′′(0) and (b) −θ′(0) graphs for σ and ε with water-SWCNT, respectively.
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x with ϕ for different σ.
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x , given by Eq. (9) are illustrated in Figure 3 with ϕ for three different
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1/2
x reduces
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Fig. 6. γ at selected ε for σ = 0.2 and ϕ = 0.1 for
water–SWCNTs.

as the slip parameter increases, whereas Nux Re
−1/2
x

rises which conclude that slip presence enhance the
surface’s heat transfer. It is also discovered that
SWCNTs have higher Cf Re

1/2
x and Nux Re

−1/2
x

than MWCNTs due to their higher density and
thermal conductivity, refer to Table 1.

Figures 4–5 display the profiles of velocity and
temperature for a selection of parameter values.
Both the first and second solutions are referred to
in terms of the curves in Figures 1–2, with the first
solution having greater values for f ′′(0) and −θ′(0)
than the second solution. These profiles asymptot-
ically satisfy the conditions (8) indicating the exis-
tence of the dual solutions depicted in Figures 1–2.

Figure 4 presents the profiles for velocity and
temperature for different value of slip parameter, where σ = 0, 0.2 and 0.4 when ϕ = 0.1 and ε = −1.22.
The velocity profile is observed to increase in the first solution and drop in the second solution as σ
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increases, while the temperature profile declines. While, Figure 5 presents the profiles for velocity and
temperature for different types of CNTs which are SWCNT and MWCNT, with σ = 0.2, ϕ = 0.2,
ε = −1.22 and water base fluid where SWCNT is discovered to have a higher temperature and velocity
than MWCNT.

Figure 6 presents the smallest eigenvalues γ for different values of ε. For the upper branch solution,
the smallest own values are shown to be positive, while the opposite is true for the lower branch solution.
Figure 6 also shows how γ approaches 0 for both similarity solutions as ε → εc, which supports the
idea that γ is equal to zero when ε = εc. Because of this, the first solution was more stable than the
second.

4. Conclusion

The impacts of CNTs volume fraction and effect of slip on the stagnation point flow past a stretch-
ing/shrinking sheet were examined theoretically and analysed in this study. The problem was resolved
using the Matlab bvp4c solver. The findings show that

1. Unique solutions exist for stretching sheets, while dual solutions exist for shrinking sheets.
2. With an increase in slip, the range of solutions expands.
3. Skin friction declines as the slip parameter rises, while heat transmission increases.
4. For both: skin friction and the number of local Nusselt, single-walled CNTs are more effective than

multi-walled CNTs.
5. According to the stability study, the first solution is stable and the second solution is not stable.
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У цiй статтi дослiджується потiк через точку застою поверхнi, що розтягуєть-
ся/стискається, у вуглецевих нанотрубках (ВНТ) з ефектами ковзання. Застосовуючи
перетворення подiбностi, основнi диференцiальнi рiвняння в частинних похiдних мо-
дифiкуються, щоб отримати нелiнiйнi звичайнi диференцiальнi рiвняння. Потiм вони
чисельно розв’язуються в Matlab за допомогою розв’язувача bvp4c. Застосовуються
одностiннi та багатостiннi ВНТ; вода слугує базовою рiдиною. Дослiджено вплив па-
раметрiв потоку, який продемонстровано у виглядi графiкiв i фiзично оцiнено для
таких величин: безрозмiрна швидкiсть, температура, поверхневе тертя та числа Нус-
сельта. Згiдно з отриманими даними, однозначнi розв’язки iснують для листiв, що
розтягуються, тодi як для листiв, що стискаються, отримано неоднозначнi розв’язки.
Аналiз стiйкостi застосовується, щоб визначити, який розв’язок є стiйким.

Ключовi слова: вуглецевi нанотрубки, подвiйнi розв’язки, потiк точки застою,
розтягування/стискання листа, ефекти ковзання, аналiз стiйкостi.
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