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The aim of this paper is to propose a new family of codes. We define this family over
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1. Introduction

The codes over finite rings remain a special topic of interest in the field of algebraic coding theory.
This is because of their wide real life applications such as lattices, designs, cryptography and many
others [1,2|. The study of codes over rings began in greater extent with studying codes over the ring
Z4 in [3], in particular, the work by [4,5] and subsequent literature. Recent literature highlight several
new families of rings, namely the Frobenius non-chain rings, which have been the focus of coding theory
due to their rich algebraic structures.

In this context, Bustomi et al. [6] generalized the ring considered by Li et al. [7] from the ring
T4 + ulig + vy + uvZy to the ring Zy + uZy + vZyg + Wy + wvZy + vwZy + vwZy + uvvwZy with the
conditions ug = u; vy = v; we = w; uv = vu; vw = wu and vw = wv. Bustomi et al. [6] studied linear
codes over this ring and further derive some corresponding properties.

Furthermore, Ndiaye and Gueye [8], investigated cyclic codes over the ring Fé“ —i—vFIf —H)2E,’;‘C +-t
UT’Féf, where v" ! = v, p is a prime number, r > 1 and ged(r;p) = 1. Ndiaye and Gueye [8] generalized
the results of [9], namely; they showed that the codes are principally generated, they gave a generator
polynomial for these codes, and they showed that the idempotent depends on idempotents of the above
ring [10]. Moreover, Ndiaye and Gueye [8], offer a Gray map and proprieties of the related dual code.

This paper is inspired by the findings in [6] and [§8]. We mainly study the ring R = z;l:(] viAy,
with vg’ = v5, being a composition of two rings Z, and A4. This represents a novel approach to con-
structing rings. Our novel approach leads to new findings and results about the idempotent elements.
Furthermore, we develop new structural properties of linear codes over R = 2320 vi Ay, with vg’ = vy
using the Chinese Remainder Theorem and the novel approach, which is underlined by the composite
ring above. We also construct generator matrices, with the new idempotents, and Gray images. We
demonstrate our findings and construction of ring using three applications.

The remainder of the paper is organized as follows. Section 2 provides the preliminaries. Section 3
defines a composition of two Gray maps from 2R to Z1®. We define and construct a linear code over
R, generator matrices and Gray images in Section 4. In Section 5, we give examples of possible
applications of codes over the new ring. Finally, in Section 6, we give conclusion and directions for
possible future research.

2. Preliminaries

This work is devoted to the use of linear codes over the rings Z4 and A4 in the construction of linear
codes over the ring 8. We begin by giving some basics about the ring Z4. More information of this
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can be found in [4,11,12]. Let Z4 be a commutative integer ring mod 4 with unity. Then Z, is a finite
chain ring with the maximal ideal (2) and the characteristic 4. Let Z} be the free Zs-module with
rank n. A subset C of Z} is called a linear code if and only if C' is an Z-submodule of Zj}. A code C
of length n over Zy is a subset of Z}. C is a linear code over Zy if it is an additive subgroup of Z4, so
a submodule of Z}}. Any Z, linear code C'is permutation equivalent to a code with a generator matrix

of the form
o Ty, A B
0 27, 2Q)°

where A and Q are Zo-matrices and B is Zy-matrix. So, we say that the code C is of type 4¥1252 and
the size of C' is 4F12F2,

We denote the ring Z4[v,va, v3,v4],/ (v = v;, Vv = vv;) as Ag. The ring Ay is an extension
of the rings defined in [6,7]. Thus, it has all the characteristics of these rings. We recall the basic
properties of this ring as follows. First, the ring Z4 can be written by the following equation:

A4—Z4+ZU,Z4+ZU, Z U]Z4+Z’UZ Z v; Z UkZ4+HUlZ4, (1)

=1 j=i+1 =1 j=i+1 k=j+1

with v = v;, vjv; = vjv; and 1 < @ # j < 4. The ring A4 is a local ring and | A4| = 46 it is neither a
prlnmpal ideal ring nor a chain ring, but is a Frobenius ring. An element ¢ from Ay is presented by

4 2 3 4
c:ao+<z > (sz Z )agj—F(Zvi Z v; Z vk) ”k—kHvla4 (2)
=1 =1 =it i=1 =i+l  k=j+1

Consider the following elements of Ay

mo=(1—v1)(1—v2)(1—w3)(1 —va),  m23=r2v3(1—v1)(1—04),
m=wvi(1—-wv)(1—wv3)(L—v4), 124 =r20s(1—v1)(1—u3),
ne=wv2(l—wv)(1—wv3)(L—v4), m34=1r304(1—v1)(1—w2),
ny=wv3(l—v)(I—v2)(L —vg), mM23=0v10203(1 —vy),
=4 (1 —v)(1—v2)(L—v3), M4 =0v10204 (1 —v3),
ma=vv2 (L —v3)(L —v4),  m34=v10304 (1 — v3),
m,g =0v103 (1 —v2)(1 —wg),  M234 = v2v3v4 (1 —v1),
Nia = v104 (1 —v2)(1 —w3), M5 = V1VU20304.

The upper elements are pairwise orthogonal, since n,m; = 0, for 0 < ¢ # ¢ < 15, with properties
ZL oM = 1 and n? = n,, for 0 < ¢ < 15. Consequently, using the Chinese Remainder Theorem, we
obtain

Ay =10 A1 D mAL D ... D5 Ay ZnZly DMLy D ... S Nisly. (3)
Equation (2), has led us to Write an element c of Ay as follows c= ao + vial + v2a1 + v3a3 + vsaf +

v1v2a2 + v1v3a 34 v1v4a 44 vzvga 3+ v2v4a 44 v3v4a2 + v1v2v3a3 3+ v1v2v4a3 44 v1v3v4a:1),34 +

234 3 13 g4 23 24 ¢34 g123 124 (134 234
vov304a33 +v1v9v3V4ay, such that ag, af, a?, a3, al, ag, ad?, adt, a33, a3, a3, al?®, al?, ad3t, a3, ay € Zy.

Using Equation (3),

c=c Zm—l—(Z Z 77w>+(22: 23: 24: 77i,j,k>+7715 )

i=1 j=i+1 i=1 j=i+1k=j+1
therefore ¢ = cng +cny +cema +cens +ema+ema+ems+ena+cenestcnpatenzat+enes+eneg+
cm 3,4 + cn2,3.4 + cnis. We obtain
c=cono + c1m1 + cama + c3n3 + cang + csMi2 + M1z + TN+ C8M23 + Con2a
+ c10M3,4 + c11M1,2,3 + C12M1,2,4 + €13M1,3,4 + C14M2,3,4 + C15M15,
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with
Co = ao,
c1=ap+ a%,
Cco = ap + a%,
c3 = ag + ai{’,
c4 = ag + a‘ll,
Cs = agp + a% —I—a% + a§’2,
Ce = agp + a% —I—ai{’ + a%’?’,
cr =agp + a% —I—aff + a%"l,
cg = ag + a% + ai{’ + a%’?’,
Cog = ag + a% + aff + a§’4,
c10 = aop + a‘i’ + aff + a§’4,
ci1 = ag+a} +a +ad +ay” +ay’ + ag,s +ay??,
cl2 = ag + a% + a% + a‘11 + a%ﬁ + a%’4 I a2 4 aé’2’4,
c13 = ag + al + ad + at + ad® + ad* + a3t + 0l
cia = ag+ a2+ ad + at + a2® + a2t + a3t + o2,
cis = ag + ai +af +af +af + ay” + 0" + ayt + 037 + a3t + a3t + ay® 4 ay®?
+a§34+a§34+a15.
Therefore ¢; € Zy, for 0 < i < 15.

It is convenient to give a deﬁmtion of the map ¥ as follows,

VR .A4 — Z}lﬁ
c = \P(C):(Co,cl...,615).

As an extension of ¥ we can define a Gray map Wy from A3 to Z3® in the following expression

Ty A3 = z8
(¢,d, ") — Wa(e,d, ") = (V(c),¥(),¥(),
where
U(c)=(co,c1---,c15), W()=(cp,c)...,ch5), W(")=(c,cf ..., c5).

Note that, we have generalized the ring considered in Bustomi et al. [6] to the ring A4. Then we
replaced Ff in the ring Flf + UFI? + U2F§ +...+ v’"FIif with Ay, which was studied by Ndiaye et al. [§].
This new approach, in which we relied on merging two rings, allowed us to create a new ring R. Of
course, this new approach will produce new properties that we will study and explain in the coming
sections. Among the features, we mention the novel expression of the idempotent for 8. The new
Gray map is defined as a composition of two Gray maps, one of which is defined over A4. In addition,
the construct generator matrices of fR.

So, the ring R = 2320 viAy, with v2 = v5 is also a commutative Frobenius ring, with ||
Below, we give an element r = Zizo virs of R, where

sz rso+<2vz> 51+<sz Z Uj) ?2+<§2:w 23: v; 24: Uk) ZJk+HUl7‘s4 ,

i=1 Jj=i+1 i=1 j=i+1 k=j+1

= 480,

such that ry; € Zy, for 0 <4 < 4.
According to the definition of orthogonal non-zero idempotents of a commutative ring R, we have
the following proposition.
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Proposition 1. Let

1
Kl = Z(l —v1)(1 —wv2)(1 —w3)(1 — vyg) (v5 + vg + vg’ + vé) ,

-1
Ko = T(l —v1)(1 —wv2)(1 —w3)(1 — vyg) (v5 —I—U?, +v§; — 3v§) ,

and Ky =1— (1 _ ’Ul)(l — U2)(1 — Ug)(l — 'U4)Ugl

elements of . Then k1, k2 and k3 be orthogonal non-zero idempotents satisfying the Pierce conditions
over A.

Using Proposition 1, we can decompose R as the direct sum of three components

R =KIRD KR D K3RE k1 A4 D ko Ay D K3 Ay (4)
Lemma 1 (Ref. [8]). The element 7 = k11, + Kon¢ + k3ny is an idempotent in R if only if n,, ¢ and
1y are an idempotents in Ay, for 0 < ¢,(, A < 15.
3. Gray map and Gray images of linear codes over R

We construct the Gray map in this paper based on many methods described in [1,6,8]. The ring R
can be expressed as

%:ivé Z4+(Z4:U)Z4+(ZUZ Z vj)Z4—|—ﬁka4
k=1

t=0 =1 i=1 gj=i+1l

Moreover, according to Equation (4), each element r of fR is written as follows

4 4
r =K1 Zv [a0+2v2a1+z Z vlv]az ...—I—Hvkam}
t=0 k=1

i=1 j=i+1

4 3 4 4
é{bo—FZvi Z1+Z Z Uivjbéj—i-...-l-H?)kbm}
=1 k=1

4
+ Ko Z v
t=0 i=1 j=i+1
4 4
+ K3 Zv {co —i—Zv,cl —1—2 Z va]c2 oot H’ukclg,] )
t=0 i=1 j=i+1 k=1
Using Equations (3) and (4), one can get
4
r = 1o (K1ag + Kabo + Kaco) + vai (k1(ao + a}) + Ka(bo + bY) + K3(co + ¢}))
i=1
+)0) mijviy (ml(ao +al +ad 4 ab?) 4 ra(by + b8+ b+ 057 + k(o + ¢ 4 ] + cgﬂ))
i=1 j=i+1
3

+ Z Z Z i j K ViV Uk (ml(ao +al +d) + b +ab + abF + afF + aih)
1=1 j=i+1k=j+1

+ ko (bo + b5 + b 4 b 4+ b5 4 05F b0 F 05 TF) ka0 + ]+ e+ T+ F P ’“))
4 4 o
+ s Hvl K1 (ao + Z <a1 + Z <a2’j + Z ag’j’k)) + a15)
j=i+1 k=j+1
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+ ki <bo + f: < L+ 24: (bg’j + f: bf;;j”“>> + b15)
i=1

j=i+1 k=j+1
4 4 4
+ K3 (co + Z (cll + Z <c;’] + Z cg? >> +cl5)

It follows immediately that the definition of the Gray map from R to Z3® is the next

p=Tyol: R 2L 43 Iy zm 5)
ro= o Ui(r) = o(r).
According to |7] and [8], ¥1(r) = (a(r),b(r), c(r)), where

_ 1 2 3 4 12 13 14 23 24 34 123 124 134 234
CL(T)— a07a17a17a17a17a2 ,CL2 ,CL2 7a2 ,CL2 7a2 7a3 7a3 7a2 ,CL3 ,a15 |,

. 1 12 33 34 1,2 ;1,3 ;1,4 ;23 ;24 ;34 ;123 ;1,24 ;1,34 ;234
b(’r)_ <b07b17b17b17b17b2 7b2 7b2 7b2 7b2 7b2 7b3 7b3 7b2 7b3 7b15>7

(7,) = (¢ Cl 02 c3 C4 61,2 61,3 61,4 62,3 62,4 c3,4 01,2,3 61,2,4 01,3,4 02,3,4 1
c\r)= 53 61,61,61,61,69 HCg HCy HCy 10y 1,69 ,C3 €3 0o ,C3  HC15) -

In addition, ¢(r) = ¥y (a(r),b(r),c(r)) = (ao,bo,co,ao +al,bo+bl,co+cl ag+a? by + b3, co+c3, a0+

a3, bo+b3, co+ 3, ag+at, bo+ b, co+ct ap+al +a2 +ay? bo+ b+ 02 +by% o+t 43+ ey ag+al +
a‘I’—i—a;’g, bo—l—b% —i—b‘i’—l—b%’?’, co+c} +ci’+c;73, ao—l—a} +a‘11—|-a;74, bo—l—b% —i—b‘ll—l—b%A, co+ci +c‘11+c;74, ag+

a2%4+ai{’+a§’3,bo+b§+bi{’+b§’3,co+c% +3 43 ag+ a2 +at + a3t o+ 02+ b 400t o+ A+t +
¢y, a0 —|—a§’+a‘f+a§”4, bo —I—bi{’—l—b‘ll—l—b;’A, co —|—c§’+c§‘—|—c§”4, ao+a} —I—a%+ai{’+a;’2+a;’3+a§’3+a§’2’3, bo+
D403+ b3+ by + by + 03 4037 o+ el + A+ Sty F eyt P+ ey ag+al + a3 +at +ah? +
a%"l + a§’4 + a§’2’4, bo+ b% + b% + bj‘ + bé’z + b%’4 + b§’4 + b§’2’4, co+ c% + c% + c‘l1 + c§’2 + c§’4 + 63’4 + c§’2’4, ag+
al} + ai{’?’t a’ + ??%3 +aytFadt+ a§’3";,3b0 +2bi + bg + b ;rgb%’g’ N N e C T e B B
cy +cy +eg” ,ao+a%+a:{’+a‘11+a2’ +ay +ay +az™” ,bo—Hﬁ+b:1)’+b‘11+b§’3+b§’4+b§’4+b§’3’4,co+
E+A+A+ 2+ 3 M o ta + 2+ at oyt +ad P +ad 4 a2 + a3t +dd el +
ay®* +a5®t 4 a2 fags, bo+ 0L+ 02+ 03+ 034037 4050 byt 057 405 b3 by PR byt by 4
b5 tbis,cot it A +d+ e+t ot eyt + G+ e H ey e+ 0 ).

This Gray map can be naturally extended to n-tuples coordinatewise, then we define

P: (R)" — Zf;”
(ri,ro ... rn) = ®(ry,re...,r),

where

D(r1,re,...,mn) = Yo ((a(r1),b(r1),c(r1)), (a(re),b(ra),c(ra)) . .., (a(rn), b(ry), c(ry))) - (6)

Using Equation (6), we have ®(r1,79,...,7,) equals to (aj,a?,...,a% a} + ait,a? + a¥,... a2 +
; 1 1i 1.2 2% 2 ; plop2 i 1i 2
a?'z,...,ao—l—al'z—1—...—l—ala,ao—l—alz—l—...+a15,...,a8+a’f’—I—...—I—q’f57b0,b0,..., 0, by + 01", b5 +
T L M SRR P o S S P /S S T TR IR RN TLc

c%’,cg—I—C%Z,._..,cg+c?l,...,c(1]+c%’+...—1—5%5,03—1—0%1—1—;.+c%5,...,c6‘+c71“—|—...+c’1‘5).

Let d,d,d be minimal distances of C,C,C and %;, %;, %;, for 0 < i < 15 be minimal distances of
%;,;,C;, respectively. Using the definition of the Gray map in Equation (5), we define Gray images
by presenting a lemma followed by a theorem.

Lemma 2. If € is a linear code over R of length n and minimum distance 9, then V(&) is a linear
code over A,,_1 with parameters [371, k=k+k+k d=min {d, E,E}] . Whered = min{%, ..., %5},

E:min{%,...,g—m} andﬁzmin{%,...,@zm}.
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Theorem 1. If € is a linear code over R of length n and minimum distance §, then ®(€) is a linear
code over 74 with parameters

<48n,k: () + (37) + (iz),gzmm{%,...,%5,70,...,_@—1550,...,@:15}> |
1=0 =0 =0

4. A Linear code over R

A code € of length n over R is an R-submodule of (R)". We use the notation €1 to denote the dual
code of €, such that €+ = {x € (R)"|(z,y)n = 0,y € €}. We define the codes C, C and C as follows

C={aec A} |3b,c e A} |Ki1a+ Kkab+ Kzc € €},
C={be A}|3b,c € A} |Kkia+ kab+ Kk3c € €},
E:{ceAZ|EIa,b€AZ|/{1a—|—/<2b—|—/<3066}.

As proposed by [8], we have the following unique decomposition

¢ = k1C & kol B 130, (7)
and - —
¢l = Iilcj' D K/QCJ‘ D IigCJ‘, (8)
such that
C=n% ®me1 ... ®mMmses, 9)
C=n%odmC1&...&Mms%s, (10)
52770?0@771?1@---@”15?15, (11)
where
% ={ao € Z},YaeC}, € ={ap+ai€ZYaeC}, ..., i5=1{ag+ai€Z}VaecC},
Co=1{bo€ZINbeC}, C1={by+bl€Z}WbeC}, ..., Ci5={bo+b}ecZ]VbeC},
and
?0: {co EZZ,VCGE}, ?1 = {co—kc% EZZ,VCGE}, R ?15 = {co—kc‘f GZZL,VCEE}.

Combining Equations (7)—(11), we obtain the folowing theorem.

Theorem 2. Let € be a linear code of length n over $R. Then we have the following unique decom-

positions: . s s
¢ = Hl(@nk%k) @ﬁg(@nk?k) EB@(@Uk?k) (12)
k=0 k=0 k=0
and

€l=%1<é5977k‘5ﬁ>@Kz(éénkgf)@%s(ééﬁk?ﬁ)- (13)
k=0 k=0 k=0

Equations (12) and (13) lead to the following result on the idempotents of the ring R in the next
corollary.

Corollary 1. The product k;7¢ is an idempotent of R, for 1 <i < 3 and 0 < ¢ < 15.
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Proof. We have Z?:l Zéio(/{mg) = (Z?:l ki) ( Zio n¢), on the other hand

4 4 4 4 4 4 4
ZTK—H 1_U’)+Zij(1_vi)+Zvjzvk H (1—?)Z')+HUZ'
i=1 j=1 i;} j=1 ég;l% Zz;lék i=1
4 4 4 3 2 4
= 1—2%—1—21},2%-—21),- Z vj Z vk+Hv,
i=1 i=1 j=1 i=1  j=i+l k:j+1 i=1
4 4 3 4 3
+Zvi —22212-221]- +3Zvi Z vj Z Vg —41_11)Z
i=1 i=1 j=1 i=1  gj=i+l k= ]+1

i=1 j=1 =1 j=i+1 k=j+1
4 3 2 4 4
DS SETD SR | (8 1
i=1 Jj=i+1 k=j+1 i=1 i=1
=1,
and
3 1 4
Zmi = 1—|—ZH(1—’U@') [v5 + 03 + V3 + v — v5 — vE — V3 + 3v] — 43
i=1 i=1
= 17

i=1 1=1
= ki1,
and
4
m =[] —v)? =] —2v +7)
i=1 i=1
4
= H(l —v;)
i=1
= To,
so, that (k1m0)? = K313 = K1no.
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As we know (kan) - (k3m5) = (k2k3) - (Mom15), then

4 4
—1
Ko K3 = H(l - vl)( 1 )(v5 + 2 + 02 — 30d) [1 - H(l - vi)vg]
i=1 i=1
1 4 2
= K9 — Z(—fug’ — vg — ’ug + 3v§) “:Il(l — vz)]
= K1 — R1 = 0,
and
4 4 4 4
Toms = H(l - Uz) Hvz - H(vz - %2) - H(vz - vz)
i=1 i=1 i=1 i=1
=0.

It gives, (kamo) - (kams) = 0, for 1 < k; < 3 and 0 < ¢ < 15. Similar arguments hold for all third
conditions. The proofs for the rest idempotent are obtained using a similar approach. ]

Lemma 3. Let € be a linear code of lenght n over R. Then ®(€) = ¥1(C) ® ¥1(C) ® ¥;(C) and
€] = [1(O)][ w1 (C) [ (C) .

From the above Lemma, we have the following results.
Theorem 3. Let € be a linear code of length n over R. Then ®(€) = (®}i0 %) @ (®]1'io %) ®
(®20%;) and |€] = G| ... |€15]|%0] - - |G15| %0 - - - [€0s].

Theorem 4. The generator matrix of a linear code € over ‘R, is
K110 91,0

K1 M5 %,15
K210 %20

K2 M5 %215
K310 43,0

K3 M5 93,15

Where 9, ¢ are generator matrices of linear codes 6¢, ?C and ?C, for 1 <1< 3and 0 < (<15,

Proof. By Corollary 1, we obtain the result. ]
Based on [13], we get the following proposition.

Proposition 2. If € is a linear code of length n over R, with generator matrix G, then

Gi 0 0
@) =|0 G o],
0 0 Gs

such that, for 1 <1< 3
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G0 Y0 Yo %o %o %o Yo Yo Y0 %o %o %o %o %o %o Yo
0 %, 0 0 0 %1 %1 %, 0 0 0 %1 %1 %1 0 9,
0 0 %2 0 0 %2 0 0 %92 92 0 9o 92 0 %o Y
0 0 0 %3 0 0 %3 0 %3 0 93 %3 0 Y93 93 93
0 0 0 0 %4 0 0 Y9a 0 G4 4a 0 G4 9G4 G4 Y4
0 0 0 0 0 % 0 0 0 0 0 %s %s 0 0 %5
0 0 0 0 0 0 % 0 0 0 0 % 0 % 0 %g
o 0o 0o 0o 0o 0o 0 % 0o 0 0 0 % % 0 %
9= 09 0o 0o 0 0 0 o0 o0 s 0 0 %g O 0 %s 9s
0 0 0 0 0 0 0 0 0 %9 0 0 %g 0 %Gy %o
6o o o o0 o 0 0 0 0 0 Y% O 0 %10 %10 Y0
0 0 0 0 0 0 0 0 0 0 0 Y% 0 0 0 Y%nu
O 0 0 0 0 0 0 0 0 0 0 0 % 0 0 %
0O 0 0 0 0 0 0 0 0 0 0 0 0 % 0 %
0 0 0 0 0 0 0 0 0 0 0 0 0 0 %,14 %714
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 G 15

Proof. By Lemma 3 and Theorem 3, we obtain the result.

5. Application examples

Example 1. Let ¢ ) = (

11
0 2

0 2

>7 Go ), = <2 0) and 93, = (é (2)> be generator matrices of linear

codes 6¢, ?C and ?Cv for 0 < ¢ < 15, for 0 < k, { < 15, respectively. We assume that,

The matrices G;, for 1 <7 < 3,

11111111111111111111111111111111
02020202020202020202020202020202
00110000001111110000001111110011
00020000000202020000000202020002
00001100001100001111001111001111
00000200000200000202000202000202
00000011000011001100111100111111
00000002000002000200020200020202
00000000110000110011110011111111
00000000020000020002020002020202
00000000001100000000001111000011
00000000000200000000000202000002
00000000000011000000001100110011
00000000000002000000000200020002
00000000000000110000000011110011
00000000000000020000000002020002
00000000000000001100001100001111
00000000000000000200000200000202
00000000000000000011000011001111
00000000000000000002000002000202
00000000000000000000110000111111
00000000000000000000020000020202
00000000000000000000001100000011
00000000000000000000000200000002
00000000000000000000000011000011
00000000000000000000000002000002
00000000000000000000000000110011
00000000000000000000000000020002
00000000000000000000000000001111
00000000000000000000000000000202
00000000000000000000000000000011
00000000000000000000000000000002

G 0 0
s =[0 G o
0 0 Gs

are given respectively by

20202020202020202020202020202020
02020202020202020202020202020202
00200000002020200000002020200020
00020000000202020000000202020002
00002000002000002020002020002020
00000200000200000202000202000202
00000020000020002000202000202020
00000002000002000200020200020202
00000000200000200020200020202020
00000000020000020002020002020202
00000000002000000000002020000020
00000000000200000000000202000002
00000000000020000000002000200020
00000000000002000000000200020002
00000000000000200000000020200020
00000000000000020000000002020002
00000000000000002000002000002020
00000000000000000200000200000202
00000000000000000020000020002020
00000000000000000002000002000202
00000000000000000000200000202020
00000000000000000000020000020202
00000000000000000000002000000020
00000000000000000000000200000002
00000000000000000000000020000020
00000000000000000000000002000002
00000000000000000000000000200020
00000000000000000000000000020002
00000000000000000000000000002020
00000000000000000000000000000202
00000000000000000000000000000020
00000000000000000000000000000002
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12121212121212121212121212121212
30303030303030303030303030303030
00120000001212120000001212120012
00300000003030300000003030300030
00001200001200001212001212001212
00003000003000003030003030003030
00000012000012001200121200121212
00000030000030003000303000303030
00000000120000120012120012121212
00000000300000300030300030303030
00000000001200000000001212000012
00000000003000000000003030000030
00000000000012000000001200120012
00000000000030000000003000300030
00000000000000120000000012120012
00000000000000300000000030300030
00000000000000001200001200001212
00000000000000003000003000003030
00000000000000000012000012001212
00000000000000000030000030003030
00000000000000000000120000121212
00000000000000000000300000303030
00000000000000000000001200000012
00000000000000000000003000000030
00000000000000000000000012000012
00000000000000000000000030000030
00000000000000000000000000120012
00000000000000000000000000300030
00000000000000000000000000001212
00000000000000000000000000003030
00000000000000000000000000000012
00000000000000000000000000000030
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1 1 2 3
Example 2. Let 4 = (1) ; g =0 1 2 0] and % = (1 2) be generator matrices
2 0 30

of linear codes %¢, ?C and ?Cv for 0 < k, ¢ < 15, respectively. We assume that,

G 0 0
s =[0 G o
0 0 Gs

The matrices G;, for 1 < ¢ < 3 are given respectively by

123123123123123123123123123123123123123123123123
030030030030030030030030030030030030030030030030
000123000000000123123123000000000123123123000123
000030000000000030030030000000000030030030000030
000000123000000123000000123123000123123000123123
000000030000000030000000030030000030030000030030
000000000123000000123000123000123123000123123123
000000000030000000030000030000030030000030030030
000000000000123000000123000123123000123123123123
000000000000030000000030000030030000030030030030
000000000000000123000000000000000123123000000123
000000000000000030000000000000000030030000000030
000000000000000000123000000000000123000123000123
000000000000000000030000000000000030000030000030
000000000000000000000123000000000000123123000123
000000000000000000000030000000000000030030000030
000000000000000000000000123000000123000000123123
000000000000000000000000030000000030000000030030
000000000000000000000000000123000000123000123123
000000000000000000000000000030000000030000030030
000000000000000000000000000000123000000123123123
000000000000000000000000000000030000000030030030
000000000000000000000000000000000123000000000123
000000000000000000000000000000000030000000000030

1123112311231123112311231123112311231123112311231123112311231123
0120012001200120012001200120012001200120012001200120012001200120
2030203020302030203020302030203020302030203020302030203020302030
0000112300000000000011231123112300000000000011231123112300001123
0000012000000000000001200120012000000000000001200120012000000120
0000203000000000000020302030203000000000000020302030203000002030
0000000011230000000011230000000011231123000011231123000011231123
0000000001200000000001200000000001200120000001200120000001200120
0000000020:300000000020300000000020302030000020302030000020302030000000000000000000000000000000000000123000000123 92 = | 400000000000000000000000000000001 1230000000011230000000011231123
000000000000000000000000000000000000030000000030 0000000000000000000000000000000001200000000001200000000001200120
000000000000000000000000000000000000000123000123 0000000000000000000000000000000020300000000020300000000020302030
000000000000000000000000000000000000000030000030 0000000000000000000000000000000000001123000000001123000011231123
000000000000000000000000000000000000000000123123 0000000000000000000000000000000000000120000000000120000001200120
000000000000000000000000000000000000000000030030 0000000000000000000000000000000000002030000000002030000020302030
000000000000000000000000000000000000000000000123 0000000000000000000000000000000000000000112300000000112311231123
000000000000000000000000000000000000000000000030 0000000000000000000000000000000000000000012000000000012001200120
12121212121212121212121212121212 0000000000000000000000000000000000000000203000000000203020302030
00120000001212120000001212120012 0000000000000000000000000000000000000000000011230000000000001123
00001200001200001212001212001212 0000000000000000000000000000000000000000000001200000000000000120
00000012000012001200121200121212 0000000000000000000000000000000000000000000020300000000000002030
00000000120000120012120012121212 0000000000000000000000000000000000000000000000001123000000001123
00000000001200000000001212000012 0000000000000000000000000000000000000000000000000120000000000120
00000000000012000000001200120012 0000000000000000000000000000000000000000000000002030000000002030
00000000000000120000000012120012 0000000000000000000000000000000000000000000000000000112300001123
00000000000000001200001200001212 0000000000000000000000000000000000000000000000000000012000000120
00000000000000000012000012001212 0000000000000000000000000000000000000000000000000000203000002030
00000000000000000000120000121212 0000000000000000000000000000000000000000000000000000000011231123
00000000000000000000001200000012 0000000000000000000000000000000000000000000000000000000001200120
00000000000000000000000012000012 0000000000000000000000000000000000000000000000000000000020302030
00000000000000000000000000120012 0000000000000000000000000000000000000000000000000000000000001123
00000000000000000000000000001212 0000000000000000000000000000000000000000000000000000000000000120
00000000000000000000000000000012 0000000000000000000000000000000000000000000000000000000000002030
Example 3. Let 60 = ... = 615, 60 = ... = €15 and 6y = ... = €15. We now give examples of

some new linear codes with their minimal distances, over Z4. These new codes are constructed as
Gray images of codes over our new ring R. We refer to [14] for the most accurate data on linear codes
over Zy.
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Table 1. New linear codes over Z4 of small length.

G Y. T 9¢ G D¢ 2  d
41 4 [42] 3 43 2 [192,96] 2
6,1 6 [6,2] 4 [63 4 [288,96] 4
8.2 6 (34 4[58 1 [384,22] 1
9.6) 3 [9,5] 4 [93] 6 (432,224 3
[1,5] 6 [1L6] 5 [11,7] 4 [528,288 4
[4,10] 4 [14,7 6 [14,4] 9 [672,336] 4
(18,3 13 (18,5 10 [18,11] G (864,304 6
20,4 13 [20,7) 10 [20,6] 11 [960,272] 10

Table 2. New linear codes over Z, of large length.
G 9 G T G I ®(¢) d
[ | 20 [26, 5] 16 (26, 9] 12 [1248, 256] 12
[56, 7] 36 [56,42] 7 [56, 38] 9 [2688, 1392] 7
[70,4]

70,4] 52 [70,11] 36 [70,19] 29  [3360,544] 29
115,30] 42 [115,33] 39 [115,43] 31 [5520,1696] 31
128,48] 30 [128,63] 27 [128,71] 23 [6144,3072] 23

48 [173,62] 46 [173,77] 40  [8304,3104] 40
67 [213,68] 62 [213,73] 59 [10224,3264] 59

[ ] [ ] [ ]

[ ] [ ] [ ] [

[151,56] 40 [151,64] 34 [151,68] 32 [7248,3008] 32
[ ] [ ] [ ]

[ ] [ ] [ ]

6. Conclusion

The purpose of this paper is to introduce a novel approach to constructing the ring R. At first we
determine the definition and some of the properties of A4 and explain the use of a novel approach
to construct the ring R. Further, new results about the idempotent elements are discussed and new
structural properties of linear codes over R = Zgzo vi Ay, with vg = vy are developed. Moreover, we
represent the Gray map over SR as a composition of two Gray maps and construct generator matrices
with new idempotent. Examples are given to show new linear codes over Z,4 of small and large lengths.
This work can be extended in various ways. This includes the generalization of the ring R, the study
of the cyclic, skew, and skew constant cyclic codes over R. These extensions are left for future work.
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Mobynosa niniliHux kopis Hapg R = ZLSLZO v Ay

Manki M., Tary K.
Daxyarvmem mamemamuru, Yruisepcumem Mocmegu Ben Byaetd, Bamua 2, Bamwa, Aaocup
Mera 1i€l crarTi — 3aIpONOHyBATH HOBE CiMEHCTBO KOAiB. MH BH3HATAEMO IO CIM'I0 HA
. o 4 s 5 - . .
Kimbem R = Y. vi A4, 3 v2 = vs5. BuBomumo HOro BIACTHBOCTI, MATPHILIO-T€HEPATOP i

3o6pazkenns ['pes. Ile HOBe ciMeiicTBO KOJIB MPOLIIOCTPOBAHO 38 JIOIIOMOTOI0 TPHOX IIPO-
rpam.

Knw4osi cnosa: xodu 1ad xiavusmu; idemnomenmu; eidobpasrcenns 1'pes.
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