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The article focuses on the linear estimation problems of unknown rectangular matrices,
which are solutions of linear matrix equations with the right-hand sides belonging to
bounded sets. The random errors of the observation vector have zero mathematical ex-
pectation, and the correlation matrix is unknown and belongs to one of two bounded sets.
Explicit expressions of the guaranteed root mean square errors of estimates for linear op-
erators acting from the space of rectangular matrices into some vector space are given.
Guaranteed quasi-minimax root mean square errors of linear estimates are obtained. As
the test examples, two options for solving the problem are considered, taking into account
small perturbations of known observation matrices.
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1. Introduction

Problems of coefficient estimation in multiple regression have been studied by many authors (see, for
example, [1–10] and the bibliography therein). For practical purposes, studies of matrix parameter esti-
mates based on observations of some elements with errors are of interest. A number of matrix evaluation
problems under conditions of statistical uncertainty were investigated in the authors’ works [11–13].
Also, in publications [14–16], the problems of estimating matrices with a small parameter are solved.

In this article, for the problem of linear estimation of unknown rectangular matrices based on
observations, the guaranteed root mean square error of linear operators is obtained under the assump-
tion that the unknown matrix is a solution of a matrix linear equation with an undefined right-hand
side, and the unknown matrix is an implementation of a random matrix with a correlation operator
defined by from a special operator relation and belongs to some limited set. The observation model
matrix depends on a small parameter. The guaranteed root mean square (RMS) error of the estimate
represented by the vector is given. Two examples of implementation of the algorithm for solving the
evaluation problem are considered.

2. Problem statement

Let the scalar quantities be observed:

yk = sp
(
XAT

k

)
+ ηk, k = 1, N, (1)

where X ∈ Hm×n is an unknown matrices, solution of the linear equation

AX = B F, (2)

A ∈ Hm×m (detA 6= 0), B ∈ Hm×m are the known matrices; F ∈ Hm×n is an unknown matrix
belonging to some finite set Ğ; Ak ∈ Hm×n, k = 1, N are the known matrices; Hm×n is the space of
matrices m × n dimensions; sp(W ) is the trace of the square matrix W ; sp(XAT

k ) = 〈X,Ak〉 is the
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scalar product of matrices; T is matrix transposition symbol; ηk, k ∈ 1, N are sequence of random
variables.

Let us introduce the linear operator ℘, which operate from the vector space R
N into the matrix

space Hm×n and the linear operator ℘∗, conjugated to the operator ℘:

℘x ≡
N∑

k=1

Akxk = X;

℘∗X ≡
(

sp
(
XTA1

)
, . . . , sp

(
XTAN

))T
;

as well as vectors y = (y1, . . . , yN )T , η = (η1, . . . , ηN )T .
Observations (1) in vector form: y = ℘∗X + η.
It is assumed that the average value of the random vector η ∈ R

N is a null vector, that is, Eη = 0
(E is the symbol of mathematical expectation), and the correlation matrix R = E ηηT is unknown and
belongs to the bounded sets G2 or G3:

G2 =
{
R : sp(R−R0)2 6 q2

}
,

G3 =
{
R : sp(Q2R) 6 q2

}
, (3)

where R0 = (r
(0)
kj )k,j=1,N is a known symmetric nonnegative definite matrix, q2 is a known positive real

number, Q2 ∈ HN×N is a known symmetric positive definite matrix.
A linear operator L is introduced, which acts from the space Hm×n to the space Rs:

LX =
(
〈V1,X〉, . . . , 〈Vs,X〉

)T
,

where Vi ∈ Hm×n, i = 1, s are given matrices.

3. Solving the problem of linear estimation of observations

Definition 1. A linear estimate of an element LX is an element L̂X of the form

L̂X = Uy + c ≡
N∑

k=1

ukyk + c,

where uk ∈ R
s, k = 1, N ; U is a linear operator mapping the vector space R

N into the space R
s; the

vector c ∈ R
s.

Definition 2. The guaranteed RMS error of estimation L̂X is called the value

σi(U, c) =
{

max
Ğ,Gi

E
∥∥L̂X − LX

∥∥2
} 1

2
, i = 2, 3,

where
∥∥L̂X − LX

∥∥2 = sp
((
L̂X − LX

)(
L̂X − LX

)T )
.

Definition 3. The estimations LX = Ū (i)y + c̄(i), i = 2, 3, for which values of Ū (i), c̄(i), i = 2, 3 are
determined from the conditions

Ū (i), c̄(i) ∈ Arg min
U,c

σi(U, c), i = 2, 3

are called guaranteed RMS estimates.

Let us introduce the vectors u(p) =
(
u1p, u

2
p, . . . , u

N
p

)T
, p = 1, s, where ukp , k ∈ 1, N is the pth

component of the vector uk.

Statement 1. Let X ∈ Hm×n is the unknown matrix content the equation (2), and for the random
vector η (E η = 0) the unknown correlation matrix R = E ηηT belongs to sets G2 or G3. Then at i = 2
or i = 3 and c = 0 for the vector of estimates

L̂X =
(
U (i), y

)
=
((
u
(i)
(1), y

)
, . . . ,

(
u
(i)
(s), y

))T
, i = 2, 3
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the equalities hold:

max
Ğ,Gi

E
∥∥L̂X − LX

∥∥2 = J1
(
U (i)

)
+ Ji

(
U (i)

)
, i = 2, 3, (4)

where J1(U (i)) = max
F∈Ğ

∑s
p=1 sp

(
BTZ

(i)
p F T

)
,

J2
(
U (2)

)
=

s∑

p=1

(
R

(0)
1 u

(2)
(p), u

(2)
(p)

)
+ |q|

{ s∑

p,j=1

(
u
(2)
(p), u

(2)
(j)

)2
} 1

2

,

J3
(
U (3)

)
= q2

s∑

p=1

λmax(D), D =
(
Q−1

2 u
(3)
(p), u

(3)
(j)

)
p,j=1,s.

,

and matrices Z
(i)
p are the solutions of the equations:

ATZ(i)
p = Vp − ℘u(i)(p), i = 2, 3, p = 1, s.

Proof. Since at i = 2 or i = 3 the equalities are fulfilled:

E
∥∥L̂X − LX

∥∥2 = E

s∑

p=1

(
〈Vp,X〉 −

(
u
(i)
(p), y

))2

= E

s∑

p=1

(
〈Vp,X〉 −

(
u(i)p , ℘∗X

)
−
(
u
(i)
(p), η

))2
=

s∑

p=1

(〈
Vp − ℘u(i)(p),X

〉
−
(
u
(i)
(p), η

))2
,

〈
Vp − ℘u(i)(p),X

〉
=
〈
Z(i)
p AT ,X

〉
= sp

(
BTZ(i)

p F T
)
,

then we will get that

max
Ğ,Gi

E
∥∥L̂X − LX

∥∥2 = max
Ğ

s∑

p=1

(
sp
(
BTZ(i)

p F T
))2

+ max
Gi

s∑

p=1

E
(
u
(i)
(p), η

)2
.

From the equalities

max
G2

E

s∑

p=1

(
u
(2)
(p), η

)2
= max

G2

s∑

p=1

(
Ru

(2)
(p), u

(2)
(p)

)
= max

G2

s∑

p=1

sp
(
Ru

(2)
(p)u

(2)T
(p)

)

=

s∑

p=1

(
R

(0)
1 u

(2)
(p), u

(2)
(p)

)
+ |q|

{ s∑

p,j=1

sp
(
u
(2)
(p), u

(2)
(j)

)2
} 1

2

,

we get an expression for J2(U (2)).
From the ratios:

max
G3

s∑

p=1

E(u
(3)
(p), η)2 = max

b∈Ḡ3

s∑

p=1

(
u
(3)
(p), b

)2
= max

|a|=1
max
b∈Ḡ3

s∑

p=1

(
apu

(3)
(p), b

)2

= max
|a|=1

q2
s∑

p,j=1

(
Q−1

2 u
(3)
(p), u

(3)
(j)

)
apaj = q2λmax(D),

where Ḡ3 = {b : (Q2b, b) 6 q2}, the formula for J3(U (3)) follows. �

Let the set Ğ has the form:

Ğ =
{
F : sp(QFF T ) 6 1, Q ∈ Hm×m

}
,

where Q ∈ Hm×m is a known symmetric positive definite matrix.

Statement 2. If F belongs to the set Ğ, then the formula (4) in statement 1 will take the form:

max
Ğ

s∑

p=1

(
sp
(
BTZ(i)

p F T
))2

= λmax

(
D

(i)
1

)
, i = 2, 3,
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where D
(i)
1 =

(
sp
(
BQ−1BTZ

(i)
p Z

(i)T
j

))
p,j=1,s

.

Proof. The following equalities hold for i = 2, 3:

max
Ğ

s∑

p=1

(
sp
(
BTZ(i)

p F T
))2

= max
Ğ

max
|a|=1

s∑

p=1

(
sp
(
apB

TZ(i)
p F T

))2

= max
|a|=1

s∑

p,j=1

apaj sp
(
BQ−1BTZ(i)

p Z
(i)T
j

)
= λmax

(
D

(i)
1

)
.

I. Let LX = 〈V,X〉, the correlation matrix R = E ηηT belongs to the sets G2 or G3, the matrix F
belongs to the set Ğ. Denote by û(i), i = 2, 3 the vectors of dimension N obtained from the conditions:

û(i) ∈ Arg min
u(i)

Φi(u
(i)), i = 2, 3, (5)

where

Φi(u
(i)) = max

Ğ,Gi

E
(
〈V,X〉 − (u(i), y)

)2
. (6)

�

Statement 3. Vectors û(i), i = 2, 3 from formula (5) have the form:

û(i) = Ri℘
∗P̂ (i) i = 2, 3,

where

R2 = (R0 + |q|IN )−1, R3 = q2Q2;

IN is the single matrix N ×N dimension; matrices P̂ (i), i = 2, 3 are determined from the systems of
equations: {

AT Ẑ(i) = V − ℘û(i),
AP̂ (i) = Q̃Ẑ(i), Q̃ = BQ−1BT , i = 2, 3

(7)

and at the same time the equalities are fulfilled: max
Ğ,Gi

E
(
〈V,X〉 − (û(i), y)

)2
=
〈
V, P̂ (i)

〉
, i = 2, 3.

Proof. It follows from statement 1 when s = 1, V1 = V , Z(i)
1 = Z(i), i = 2, 3 that

max
Ğ,Gi

E
(
〈V,X〉 − (u(i), y)

)2
=
〈
Q̃Z(i), Z(i)

〉
+ Ji

(
u(i)
)
, i = 2, 3,

where

J2
(
u(2)

)
=
(
R

(0)
1 u(2), u(2)

)
+ |q|

(
u(2), u(2)

)
, J3

(
u(3)

)
=
(
Q−1

2 u(3), u(3)
)
.

Since the functions Φi(u
(i)), i = 2, 3 are strongly convex and quadratic, there are unique minimum

points û(i), i = 2, 3, which satisfy the conditions:
d

dτ
Φi

(
û(i) + τv(i)

)
τ=0
≡ 0, ∀v(i) ∈ R

N , i = 2, 3.

Then the equalities hold:
1

2

d

dτ
Φi

(
û(i) + τv(i)

)
τ=0

= sp
(
Q̃Ẑ(i)Z̃(i)T

)
+
(
Riû

(i), v(i)
)

= 0, i = 2, 3,

where

AT Z̃(i) = −℘v(i), i = 2, 3.

It follows that

û(i) = R−1
i ℘∗P̂ (i), i = 2, 3.

From the expression for errors

Φi

(
û(i)
)

=
〈
Q̃Ẑ(i), Ẑ(i)

〉
+
(
Ri℘

∗P̂ (i), ℘∗P̂ (i)
)
, i = 2, 3
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we obtain equalities:
〈
Q̃Ẑ(i), Ẑ(i)

〉
=
〈
P̂ (i), V − ℘∗û(i)

〉
=
〈
P̂ (i), V

〉
−
(
Ri℘

∗P̂ (i), ℘∗P̂ (i)
)
, i = 2, 3

i.e. Φi(û
(i)) =

〈
P̂ (i), V

〉
, i = 2, 3. �

Remark 1. Note that if the matrix X is a solution of a linear equation

AX = B F + C,

where C ∈ Hm×n is a known matrix, the correlation matrix R is unknown and belongs to the sets G2

or G3 (formula (3)), the matrix F belongs to the set Ğ, then at i = 2 or i = 3 the equality holds:

min
u,d

max
Ğ,Gi

E(〈V,X〉 − (u, y)− d)2 = max
Ğ,Gi

E
(
〈V,X〉 −

(
û(i), y

)
− d̂(i)

)2
=
〈
P̂ (i), V

〉
,

where d̂(i) =
〈
Ẑ(i), C

〉
.

Proof. Since equalities hold

û(i) = R−1
i ℘∗P̂ (i), i = 2, 3,

then ℘û(i) =
∑N

j=1Aj û
(i)
j =

∑N
k=1

∑N
j=1 r

(i)
kjAj sp

(
AT

j P̂
(i)
)

=
∑N

j=1A
(i)
j

〈
Aj , P̂

(i)
〉
, where R−1

i =
{
r
(i)
kj

}N
k,j=1

, A(i)
j =

∑N
k=1 r

(i)
kjAk, j = 1, N , i = 2, 3.

Let us denote

β
(i)
j =

〈
Aj , P̂

(i)
〉
, i = 2, 3, j = 1, N.

Then the solutions of the equation system (7) can be presented in the form:{
Ẑ(i) = Z0 −

∑N
j=1 β

(i)
j Z

(i)
j ,

P̂ (i) = P0 −
∑N

j=1 β
(i)
j P

(i)
j , i = 2, 3,

(8)

where Z0, P0 are the solutions of the matrix system of equations{
ATZ0 = V,

AP0 = Q̃Z0,

and matrices P (i)
j , Z(i)

j , i = 2, 3, j = 1, N are the solutions of systems of matrix equations:
{
ATZ

(i)
j = A

(i)
j ,

AP
(i)
j = Q̃Z

(i)
j , j ∈ 1, N, i = 2, 3.

The unknown coefficients β(i)j , i = 2, 3, j = 1, N of linear combinations (8) are solutions of systems of
linear algebraic equations:

β
(i)
k +

N∑

j=1

β
(i)
j

〈
P

(i)
j , Ak

〉
= 〈P0, Ak〉, i = 2, 3, k = 1, N.

�

II. Next, for the vector LX = (〈V1,X〉, . . . , 〈Vs,X〉)T , where Vp ∈ Hm×n, p = 1, s (s 6 m · n) are
given matrices, we determine the estimate at i = 2 or i = 3 as follows:

ĽX =
((
û
(i)
(1), y

)
,
(
û
(i)
(2), y

)
, . . . ,

(
û
(i)
(s), y

))T
,

where vectors û(i)(p), i = 2, 3, p = 1, s are determined from the conditions:

û
(i)
(p) ∈ Arg min

u(p)

σ2p,i(u(p)), i = 2, 3, p = 1, s,

σ2p,i(u(p)) = max
Ğ,Gi

E
(
〈Vp,X〉 − (u(p), y)

)2
, i = 2, 3, p = 1, s.

Such an estimate ĽX will be called a quasi-minimax RMS estimate.
Let us find the guaranteed RMS error of this estimate.
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Remark 2. If i = 2 or i = 3, the equalities that follow from the statement 2 hold:

max
Ğ,Gi

E
∥∥LX − ĽX

∥∥2 = λmax

(
D

(i)
2

)
+ Ji

(
Û (i)

)
,

where
D

(i)
2 =

(〈
Q̃Z(i)

p , Z
(i)
j

〉)
p,j=1,s

,

J2
(
Û (2)

)
=

s∑

p=1

(
R

(0)
1 û

(2)
(p), û

(2)
(p)

)
+ |q|

{ s∑

p,j=1

(
û
(2)
(p), û

(2)
(j)

)2
} 1

2

,

J3
(
Û (3)

)
= q2

s∑

p=1

λmax(D), D =
(
Q−1

2 û
(3)
(p), û

(3)
(j)

)
p,j=1,s

,

and matrices Z(i)
p , P (i)

p , i = 2, 3, p = 1, s are defined as solutions of systems of equations:
{
ATZ

(i)
p = Vp − ℘û(i)(p),

AP
(i)
p = Q̃Z

(i)
p , p = 1, s, i = 2, 3,

û
(i)
(p) = R−1

i ℘∗P (i)
p , p = 1, s, i = 2, 3. (9)

4. Quasi-minimax RMS estimates for small matrix perturbations

Let the known observation matrices of the model (1) have the form
Ak = Ak(0) + εAk(1) + o(ε)Im×n, k = 1, N, (10)

where ε ∈ R1 is a small parameter.
Then for the above introduced operators, the equality holds:

℘(ε)x = ℘(0)x + ε℘(1)x + o(ε)Im×n, x ∈ RN ,

℘∗(ε)X = ℘∗(0)X + ε℘∗(1)X + o(ε)IN×1, X ∈ Hm×n,

where ℘(0)x ≡ ∑N
k=1Ak(0)xk, ℘(1)x ≡ ∑N

k=1Ak(1)xk, xk ∈ R1, Im×n ∈ Hm×n is the matrix, all
elements of which are equal to one,

℘∗(0)X ≡
(

sp
(
XTA1(0)

)
, . . . , sp

(
XTAN (0)

))T
,

℘∗(1)X ≡
(

sp
(
XTA1(1)

)
, . . . , sp

(
XTAN (1)

))T
.

Let us determine the effect of small perturbations of the matrices on the estimates, as well as on the
errors of the observation estimates, using the results presented in statement 3 and remark 2. For this,
we determine the dependence on the small parameter of vectors û(i)(p)(ε), p = 1, s, i = 2, 3.

Statement 4. If in the observation model (1) the known matrices Ak(ε) ∈ Hm×n, k = 1, N , depend
on a small parameter ε ∈ R1 (formula 10) and the conditions of statement 3 are fulfilled, then for

vectors û
(i)
(p)(ε), p = 1, s, i = 2, 3 the expansions hold:

û
(i)
(p)(ε) = û

(i)
(p)(0) + εû

(i)
(p)(1) + o(ε)IN×1, p = 1, s, i = 2, 3, (11)

û
(i)
(p)(0) = R−1

i ℘∗(0)P (i)
p (0), p = 1, s, i = 2, 3,

û
(i)
(p)(1) = R−1

i ℘∗(1)P (i)
p (0) +R−1

i ℘∗(0)P (i)
p (1), i = 2, 3.

Proof. According to the formula (9) remark 2 we have:

û
(i)
(p)(ε) = R−1

i ℘∗(ε)P (i)
p (ε), p = 1, s, i = 2, 3,

where matrices P (i)
p (ε), i = 2, 3, p = 1, s are defined as solutions of systems of equations:

{
ATZ

(i)
p (ε) = Vp − ℘û(i)(p)

(ε),

AP
(i)
p (ε) = Q̃Z

(i)
p (ε), p = 1, s, i = 2, 3.
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If for the matrices P (i)
p (ε), Z(i)

p (ε) enter expansions:

Z(i)
p (ε) = Z(i)

p (0) + εZ(i)
p (1) + o(ε)Im×n, p = 1, s, i = 2, 3, (12)

P (i)
p (ε) = P (i)

p (0) + εP (i)
p (1) + o(ε)Im×n, p = 1, s, i = 2, 3,

then in the first approximation of the small parameter method, the solution of the systems of equations
will be matrices P (i)

p (k), Z(i)
p (k), p = 1, s, i = 2, 3, k = 0, 1, which are the solutions of matrix systems

of equations: {
ATZ

(i)
p (0) = Vp − ℘(0)û

(i)
(p)(0),

AP
(i)
p (0) = Q̃Z

(i)
p (0), p = 1, s, i = 2, 3,

{
ATZ

(i)
p (1) = Vp − ℘(1)û

(i)
(p)(0) − ℘(0)û

(i)
(p)(1),

AP
(i)
p (1) = Q̃Z

(i)
p (1), p = 1, s, i = 2, 3.

Thus, the representation takes place:

û
(i)
(p)(0) = R−1

i ℘∗(0)P (i)
p (0), p = 1, s, i = 2, 3,

û
(i)
(p)(1) = R−1

i ℘∗(1)P (i)
p (0) +R−1

i ℘∗(0)P (i)
p (1).

�

Corollary 1. There are asymptotic distributions:

D(ε) ≡
(
Q−1

2 û
(3)
(p)(ε), û

(3)
(j)(ε)

)
p,j=1,s

= D(0) + εD(1) + o(ε)Is×s, (13)

D
(i)
2 (ε) ≡

(〈
Q̃Z(i)

p (ε), Z
(i)
j (ε)

〉)
p,j=1,s

= D
(i)
2 (0) + εD

(i)
2 (1) + o(ε)Is×s, i = 2, 3,

where D(0) =
(
Q−1

2 û
(3)
(p)(0), û

(3)
(j)(0)

)
p,j=1,s

,

D(1) =
(
Q−1

2 û
(3)
(p)(1), û

(3)
(j)(0)

)
p,j=1,s

+
(
Q−1

2 û
(3)
(p)(0), û

(3)
(j)(1)

)
p,j=1,s

,

D
(i)
2 (0) =

(〈
Q̃Z(i)

p (0), Z
(i)
j (0)

〉)
p,j=1,s

, i = 2, 3,

D
(i)
2 (1) =

(〈
Q̃Z(i)

p (1), Z
(i)
j (0)

〉)
p,j=1,s

+
(〈
Q̃Z(i)

p (0), Z
(i)
j (1)

〉)
p,j=1,s

, i = 2, 3.

Remark 3. According to statement 4 for i = 3 there is equality

max
Ğ,G3

E
∥∥LX − ĽX

∥∥2 = λmax

(
D

(3)
2 (ε)

)
+ q2λmax(D(ε)).

To determine the eigenvalues of matrices D(ε), D(i)
2 (ε), i = 2, 3, we will also apply the small parameter

method, the algorithm of which was used in the authors’ publication [15]. The application of the

method is determined by knowledge of eigenvalues and eigenvectors of matrices D(0), D(i)
2 (0), i = 2, 3.

Example 1. Let s = 1, V1 = Im, and the matrices of the model (1) have the form:

Ak = Im + εAk(1), k = 1, N, Q = Im, R3 = q2IN ,

where Ak(1) are known m×m matrices, Im is the single m×m matrix.
Then, according to the formula (6), as well as the statement 3, the estimation error will have the

form:

σ3
(
û(3)(ε)

)
=
{

max
Ğ,G3

E
(
〈Im,X〉 −

(
û(3)(ε), y

))2} 1
2

=
〈
Im, P

(3)(ε)
〉 1

2 . (14)

The matrix P (3)(ε) is defined as the solution of the system of equations:
{
ATZ(3)(ε) = Im − ℘(ε)û(3)(ε),

AP (3)(ε) = BBTZ(3)(ε),
(15)

and at the same time û(3)(ε) = q2℘∗(ε)P (3)(ε).
Applying the small parameter method for the variables of the system of equations (15) û(3)(ε),

Z(3)(ε), P (3)(ε), we use asymptotic expansions according to the formulas (11), (12).
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Then the zero approximation of the system of equations (15) has the form:
{
ATZ(3)(0) = Im − ℘(0)û(3)(0),

AP (3)(0) = BBTZ(3)(0),
(16)

where û(3)(0) = q2℘∗(0)P (3)(0), and the first approximation of the system of equations (15) is presented
in the form: {

ATZ(3)(1) = −q2℘(0)℘∗(0)P (3)(1) + C(1),

AP (3)(1) = BBTZ(3)(1),
(17)

where C(1) = −q2
(
℘(1)℘∗(0)P (3)(0) + ℘(0)℘∗(1)P (3)(0)

)
,

û(3)(1) = q2
(
℘∗(0)P (3)(1) + ℘∗(1)P (3)(0)

)
.

Solving the equation system (16) of the zero approximation with using the small pa-
rameter method. Since the equality

℘(0)℘∗(0)P (3)(0) = N spP (3)(0)Im

holds, we have

spP (3)(0) = q−2 spP
(3)
1 (0)

(
q−2 +N spP

(3)
1 (0)

)−1
,

where the matrix P (3)
1 (0) is defined as the solution of the system of equations:

{
ATZ

(3)
1 (0) = Im,

AP
(3)
1 (0) = BBTZ

(3)
1 (0).

(18)

Using the solution of the system of equations (18), we obtain equalities:

P
(3)
1 (0) =

(
A−1B

)(
A−1B

)T ≡ P, (19)

û(3)(0) = spP
(
q−2 +N spP

)−1
N∑

k=1

ek,
(
û(3)(0), y

)
= spP

(
q−2 +N spP

)−1
N∑

k=1

yk,

where ek, k = 1, N is the basis vectors of space RN .
Thus, in the zero approximation of the small parameter method, we obtain the ratio:

P (3)(0) = αP,
(
û(3)(0), y

)
= q2α spP

N∑

k=1

yk, α =
(
1 + q2N spP

)−1
, (20)

σ3
(
û(3)(0)

)
= (α spP )

1
2 .

Solving the system of equations (17) of the first approximation of the small parameter
method. We will rewrite the system of equations (17) in the form:

{
ATZ(3)(1) = −q2N sp

(
P (3)(1)

)
Im + C(1),

AP (3)(1) = BBTZ(3)(1),

C(1) = −q2α
(

spP

N∑

k=1

Ak(1) + Im

N∑

k=1

〈Ak(1), P 〉
)
.

By replacing the variables:

Z(3)(1) = −q2N sp
(
P (3)(1)

)
Z

(3)
1 (1) + Z2,

P (3)(1) = −q2N sp
(
P (3)(1)

)
P

(3)
1 (1) + P2,

introduce unknown matrices Z(3)
1 (1), P (3)

1 (1), Z2, P2, which are determined from the systems of equa-
tions: {

ATZ
(3)
1 (1) = Im,

AP
(3)
1 (1) = BBTZ

(3)
1 (1),

{
ATZ2 = C(1),
AP2 = BBTZ2.

(21)
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After solving the systems of equations (21), we obtain equalities:

P2 = PC(1), P (3)(1) = α1P2, α1 =
(
1 + q2N sp

(
P

(3)
1 (1)

))−1
, (22)

û(3)(1) = q2
(

spP (3)(1)

N∑

k=1

ek +
(〈
A1(1), P (3)(0)

〉
, . . . ,

〈
AN (1), P (3)(0)

〉)T
)
,

(
û(3)(1), y

)
= q2

(
α1 spP2 + α

〈
Ak(1), P

〉) N∑

k=1

yk,

〈
Im, P

(3)(1)
〉

= α1 spP2 ≡ α1 sp(PC(1)) = −2q2α1 spP

N∑

k=1

〈
Ak(1), P

〉
.

Finally, we get that the guaranteed RMS error of estimation σ3(u
(3)(ε)) in the first approximation of

a small parameter is determined by the expression:

σ3
(
u(3)(ε)

)
= (α spP )

1
2 +

ε

(α spP )
1
2

q2α1 spP

N∑

k=1

〈
Ak(1), P

〉
+ o(ε), (23)

where the values of the parameters α, P , α1 are determined, respectively, by the formulas (19), (20),
(22).

Remark 4. It is assumed that in the formula (23) the multiplier for the parameter ε is of the same
order with a zero approximation.

Example 2. Let s = 2, and the matrices of the model (1) have the form:

Ak = A0 + kB0 + εAk(1), k = 1, N, (24)

the correlation matrix R = E ηηT belongs to the set G3 (formula (3) at q = 1):

G3 = {R : sp(Q2R) 6 1}.
It is necessary to find a guaranteed estimate for the vector LX = (〈V1,X〉, 〈V2,X〉)T in the form:

ĽX =
((
û
(3)
(1), y

)
,
(
û
(3)
(2), y

))T
.

In accordance with the corollary and remark 3 of statement 4, the guaranteed RMS error of estimation
has the form:

σ2(û(3)(ε)) = max
Ğ,G3

E
∥∥ĽX − LX

∥∥2 = E

2∑

p=1

(〈 ˆ̂
Vp,X

〉
− (û

(3)
(p), y)

)2
= λmax

(
D

(3)
2 (ε)

)
+ λmax(D(ε)),

where D
(3)
2 (ε) =

(〈
Q̃Z

(3)
p (ε), Z

(3)
j (ε)

〉)
p,j=1,2

, D(ε) =
((
Q−1

2 û
(3)
(p)(ε), û

(3)
(j)(ε)

))
p,j=1,2

, and matrices

Z
(3)
i (ε), P (3)

i (ε), i = 1, 2 are determined from systems of equations:
{
ATZ

(3)
p (ε) = Vp − ℘(ε)û

(3)
(p)(ε),

AP
(3)
p (ε) = Q̃Z

(3)
p (ε), p = 1, 2,

(25)

û
(3)
(p)(ε) = ℘∗(ε)P (3)

p (ε), p = 1, 2.

Applying the method of small parameter to variables û(3)(p)(ε), Z
(3)
p (ε), P (3)

p (ε) systems of equations (25),

we use asymptotic expansions according to the formulas (11), (12), and forD(3)
2 (ε), D(ε) is an according

to the formula (13). The zero approximation of the system of equations (25) has the form:
{
ATZ

(3)
p (0) = Vp − ℘(0)û

(3)
(p)(0),

AP
(3)
p (0) = Q̃Z

(3)
p (0), p = 1, 2,

(26)

û
(3)
(p)(0) = ℘∗(0)P (3)

p (0), p = 1, 2.
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Since equalities hold:

℘(0)û
(3)
(p)(0) =

N∑

j=1

(A0 + jB0)
〈
(A0 + jB0), P (3)

p (0)
〉

= αpL1(N) + βpL2(N), p = 1, 2,

where αp =
〈
A0, P

(3)
p (0)

〉
, βp =

〈
B0, P

(3)
p (0)

〉
,

L1(N) = A0 +B0

N∑

j=1

j, L2(N) = A0

N∑

j=1

j +B0

N∑

j=1

j2,

then the system of equations (26) takes the form:{
ATZ

(3)
p (0) = Vp − αpL1(N)− βpL2(N),

AP
(3)
p (0) = Q̃Z

(3)
p (0), p = 1, 2.

(27)

If now the matrices Z(3)
p (0), P (3)

p (0), p = 1, 2 to present in the form of combinations:

Z(3)
p (0) = Z(0)

p (0) + αp(0)Z(1)
p (0) + βp(0)Z(2)

p (0),

P (3)
p (0) = P (0)

p (0) + αp(0)P (1)
p (0) + βp(0)P (2)

p (0),

then the entered unknown matrices Z(k)
p (0), P (k)

p (0), p = 1, 2, k = 0, 2 are determined from the system

of equations (27) for certain combinations of coefficients: Z
(0)
p (0), P (0)

p (0), p = 1, 2 at αp(0) = 0,

βp(0) = 0; Z(1)
p (0), P (1)

p (0), p = 1, 2 at Vp = 0, βp(0) = 0; Z(2)
p (0), P (2)

p (0), p = 1, 2 at αp(0) = 0,
Vp = 0.

Nonzero coefficients αp(0), βp(0), p = 1, 2 is the solution of the following systems of equations:{ (
1−

〈
A0, P

(1)
p (0)

〉)
αp(0) +

〈
A0, P

(2)
p (0)

〉
βp(0) =

〈
A0, P

(0)
p (0)

〉
,〈

B0, P
(1)
p (0)

〉
αp(0) +

(
1−

〈
B0, P

(2)
p (0)

〉)
βp(0) =

〈
B0, P

(0)
p (0)

〉
, p = 1, 2.

Thus, in the zero approximation, the equalities hold:

û
(3)
(p)(0) =

(〈
(A0 +B0), P

(3)
p (0)

〉
, . . . ,

〈
(A0 +NB0), P (3)

p (0)
〉)T

, p = 1, 2,

〈 ˆ̂
Vp,X

〉
=
〈
A0, P

(1)
p (0)

〉 N∑

k=1

yk +
〈
B0, P

(1)
p (0)

〉 N∑

k=1

kyk, p = 1, 2,

σ2
(
û(3)(0)

)
= E

2∑

p=1

(〈 ˆ̂
Vp,X

〉
−
(
û
(3)
(p), y)

)2
= λmaxD

(3)
2 (0) + λmaxD(0),

D(0) =
(
Q−1

2 û
(3)
(p)(0), û

(3)
(j)(0)

)
p,j=1,2

, D
(3)
2 (0) =

(〈
Q̃Z(3)

p (0), Z
(3)
j (0)

〉)
p,j=1,2

.

Since for the first approximation of the system of equations (25) the relations hold:{
ATZ

(3)
p (1) = −℘(0)℘∗(0)P

(3)
p (1) + Vp(1),

AP
(3)
p (1) = Q̃Z

(3)
p (1), p = 1, 2,

Vp(1) = −
(
℘(1)℘∗(0)P (3)

p (0) + ℘(0)℘∗(1)P (3)
p (0)

)

= −
N∑

j=1

Aj(1)
〈
(A0 + jB0), P (3)

p (0)
〉
−

N∑

j=1

(A0 + jB0)
〈
Aj(1), P (3)

p (0)
〉
,

û
(3)
(p)(1) =

(
℘∗(0)P (3)

p (1) + ℘∗(1)P (3)
p (0)

)
,

℘(0)℘∗(0)P (3)
p (1) =

N∑

j=1

(A0 + jB0)
〈
(A0 + jB0), P (3)

p (1)
〉

= αp(1)L1(N) + βp(1)L2(N),

where αp(1) =
〈
A0, P

(3)
p (1)

〉
, βp(1) =

〈
B0, P

(3)
p (1)

〉
, p = 1, 2, then matrices Z(3)

p (1), P (3)
p (1), p = 1, 2

are determined from systems of matrix equations:{
ATZ

(3)
p (1) = Vp(1) − αp(1)L1(N)− βp(1)L2(N),

AP
(3)
p (1) = Q̃Z

(3)
p (1), p = 1, 2.
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If now matrices Z(3)
p (1), P (3)

p (1), p = 1, 2 present in the form of combinations:

Z(3)
p (1) = Z(0)

p (1) + αp(1)Z(1)
p (1) + βp(1)Z(2)

p (1), (28)

P (3)
p (1) = P (0)

p (1) + αp(1)P (1)
p (1) + βp(1)P (2)

p (1),

then the unknown matrices Z(k)
p (1), P (k)

p (1), p = 1, 2, k = 0, 2 are determined from systems of equa-

tions (28) for certain combinations of coefficients: Z(0)
p (1), P (0)

p (1), p = 1, 2 at αp(1) = 0, βp(1) = 0;

Z
(1)
p (1), P (1)

p (1), p = 1, 2 at Vp(1) = 0, βp(1) = 0; Z(2)
p (1), P (2)

p (1), p = 1, 2 at αp(1) = 0, Vp(1) = 0.
Nonzero coefficients αp(1), βp(1), p = 1, 2 are solutions of such systems equations:

{ (
1−

〈
A0, P

(1)
p (1)

〉)
αp(1) +

〈
A0, P

(2)
p (1)

〉
βp(1) =

〈
A0, P

(0)
p (1)

〉
,〈

B0, P
(1)
p (1)

〉
αp(1) +

(
1−

〈
B0, P

(2)
p (1)

〉)
βp(1) =

〈
B0, P

(0)
p (1)

〉
, p = 1, 2.

Thus, for the first approximation, the equalities are fulfilled:

û
(3)
(p)(1) =

(〈
(A0 +B0), P (3)

p (1)
〉
, . . . ,

〈
(A0 +NB0), P

(3)
p (1)

〉)T

+
(〈
A1(1), P (3)

p (0)
〉
, . . . ,

〈
AN (1), P (3)

p (0)
〉)T

, p = 1, 2,

〈 ˆ̂
Vp,X

〉
=
〈
A0, P

(1)
p (1)

〉 N∑

k=1

yk +
〈
B0, P

(1)
p (1)

〉 N∑

k=1

kyk, p = 1, 2,

σ2(û(3)(1)) = E
2∑

p=1

(〈 ˆ̂
Vp,X

〉
−
(
û
(3)
(p)(1), y

))2
= λmaxD

(3)
2 (1) + λmaxD(1),

where D(1) =
(
Q−1

2 û
(3)
(p)(1), û

(3)
(j)(1)

)
p,j=1,2

, D(3)
2 (1) =

(〈
Q̃Z

(3)
p (1), Z

(3)
j (1)

〉)
p,j=1,2

.

As a result, we get that the guaranteed RMS error of estimation σ
(
û(3)(ε)

)
(formula (14)) in the

first approximation of the small parameter method is determined by the expression:

σ
(
û(ε)

)
=
(
λmaxD

(3)
2 (0) + λmaxD(0)

) 1
2 + ε

λmaxD
(3)
2 (1) + λmaxD(1)

2
(
λmaxD

(3)
2 (0) + λmaxD(0)

) 1
2

+ o(ε).

Let us supplement example 2 with assumptions about parameter values:
1) for the unknown matrix X in the equation (2):

A = Q = I2m ⇒ BBT = I2m;

2) in the evaluation model (formula (24):

A0 = I2m, B0 = 0, Ak(1) = (1/2)k−1I2m, k = 1, N ; V1 = I2m,

V2 = (vij)i,j=1,2m, vij =

{
0, if i 6= j,

(−1)i−1, if i = j.

Then for the zero approximation of the small parameter method we have equalities:

αp =
〈
A0, P

(3)
p (0)

〉
, βp = 0, L1(N) = A0, L2(N) = A0

N∑

j=1

j,

α1(0) = γ0, α2(0) = 0, L1(N) = NI2m,

P (3)
p (0) = Z(3)

p (0) = Vp + αp(0)N I2m, p = 1, 2,

û
(3)
(1)(0) = γ0

N∑

k=1

ek, û
(3)
(2)(0) = 0,

λmaxD
(3)
2 (0) = 2m, λmaxD(0) = Nγ20 , γ0 =

2m

(1 + 2mN)
.
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Equalities hold for the first approximation:

α1(1) = 4γ20γ2, α2(1) = 0,

V1(1) = −γ0γ2I2m, V2(1) = 0,

Z(3)
p (1) = P (3)

p (1) = Vp(1) − αp(1)N I2m, p = 1, 2,

û
(3)
(1)(1) = 4γ0γ2(1− γ0)

N∑

k=1

ek, û
(3)
(2)(1) = 0,

λmaxD
(3)
2 (1) = 8mγ20γ

2
2 , λmaxD(1) = 16

(
γ0γ2(1− γ0)

)2
N,

γ2 = 1−
(
1
2

)N
.

Therefore, the guaranteed root mean square error of estimation σ(û(3)(ε)) in the first approximation,
the small parameter has the form:

σ
(
û(3)(ε)

)
=
(
2m+Nγ20

) 1
2 + 4εγ20γ

2
2

m+ 2N(1− γ0)2

(2m +Nγ20)
1
2

+ o(ε).

5. Conclusion

The problems of linear estimation of unknown rectangular matrices, which are solutions of linear
matrix equations whose right-hand sides belong to bounded sets, are studied. The random errors of
the vector of observations have zero mathematical expectation, and the correlation matrix is unknown
and belongs to one of two bounded sets.

Explicit expressions of the guaranteed RMS errors of estimates of linear operators acting from the
space of rectangular matrices into some vector space are given.

Guaranteed quasi-minimax RMS errors of linear estimates are obtained. As test examples, two
options for solving the problem are considered, taking into account small perturbations of known
observation matrices.
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Гарантованi середньоквадратичнi оцiнки розв’язкiв лiнiйних
матричних рiвнянь в умовах невизначеностi
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Дослiджено задачi лiнiйного оцiнювання невiдомих прямокутних матриць, якi є
розв’язками лiнiйних матричних рiвнянь, правi частини яких належать обмеженим
множинам. Випадковi похибки вектора спостережень мають нульове математичне
сподiвання, а кореляцiйна матриця невiдома й належить однiй iз двох обмежених
множин. Наведенi явнi вирази гарантованих середньоквадратичних похибок оцiнок
лiнiйних операторiв, що дiють iз простору прямокутних матриць у деякий векторний
простiр. Отриманi гарантованi квазiмiнiмакснi середньоквадратичнi похибки лiнiй-
них оцiнок. Як тестовi приклади розглянуто два варiанти розв’язування задачi з
урахуванням малих збурювань вiдомих матриць спостереження.

Ключовi слова: лiнiйне оцiнювання; гарантованi середньоквадратичнi оцiнки; га-
рантованi середньоквадратичнi похибки; лiнiйний та спряжений оператори; малий
параметр; квазiмiнiмакснi середньоквадратичнi оцiнки.
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