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In this work, we numerically consider a swelling porous thermoelastic system with a heat
flux given by the Maxwell–Cattaneo law. We study the numerical energy and the exponen-
tial decay of the thermoelastic problem. First, we give a variational formulation written in
terms of the transformed derivatives corresponding to a coupled linear system composed
of four first-order variational equations. A fully discrete algorithm is introduced and a
discrete stability property is proven. A priori error estimates are also provided. Finally,
some numerical results are given to demonstrate the behavior of the solution.
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1. Introduction

The exponential stability in the linear isothermal theory of swelling porous elastic soils of fluid satu-
ration began to be studied by Quintanilla [1]. The author considered the following problem:

{
ρzztt − α1zxx − α2uxx + ξ(zt − u− t)− µzzxxt = 0 in (0, 1) × (0,∞),

ρuutt − µuxx − α2zxx + ξ(ut − zt) = 0 in (0, 1) × (0,∞).
(1)

Where the dependent variables (z, u) represent displacement of the fluid and the elastic solid material
respectively. The constants ρz and ρu are the densities of each constituent and the constants α1, α2

and µ represent the constitutive constants of the theory satisfy α2
2 6 α1µ. Quintanilla [1] established

an exponential stability result. In Dilberto and al. [2] the authors considered the one-dimensional
isothermal case with only one damping in the equation coming from the solid material. More precisely,
they considered the system given by{

ρzztt − α1zxx − α2uxx = 0 in (0, 1) × (0,∞),

ρuutt − α3uxx − α2zxx + γut = 0 in (0, 1) × (0,∞),
(2)

where the dependent variables z = z(x, t) and u = u(x, t) as defined before and ρz, ρu, α1 and α3

are positive constants and α2 6= 0 is a constant that can be either positive or negative satisfying
the relationship α2

2 < α1α3. They showed that the operator associated with the swelling problem of
porous elastic soils is an infinitesimal generator of a C0-semigroup of contractions and they proved the
exponential stability. They also carried out a study of the numerical behavior of the associated discrete
system using the finite difference method. In this work, we consider a swelling porous thermoelastic
with heat flux given by Maxwell–Cattaneo’s law [3]:

This work was supported by grant Hassan II University, FSAC, FAM Laboratory, Casablanca, Morocco.

772 c© 2023 Lviv Polytechnic National University



A numerical study of swelling porous thermoelastic media with second sound 773





ρzztt − α1zxx − α2uxx = 0, in (0, 1) × (0,∞),
ρuutt − α3uxx − α2zxx + δθx = 0, in (0, 1) × (0,∞),
ρθθt + qx + δuxt = 0, in (0, 1) × (0,∞),
τqt + βq + θx = 0, in (0, 1) × (0,∞),

(3)

with the following initial conditions

z(x, 0) = z0(x), zt(x, 0) = z1(x), θ(x, 0) = θ0(x), x ∈ [0, 1],
u(x, 0) = u0(x), ut(x, 0) = u1(x), q(x, 0) = q0(x), x ∈ [0, 1],

(4)

and boundary conditions: ∀t > 0

zx(0, t) = zx(1, t) = ux(0, t) = ux(1, t) = θ(0, t) = θ(1, t) = 0, (5)

where ρu, ρz, ρθ, α1, α2, α3, τ , β and δ are positive constants and z the displacement of the fluid, u
the elastic solid, θ and q are the temperatures and heat flux, respectively. The authors established the
results of well-posedness and exponential stability whatever the parameters of the system. In other
words, the system (3) is exponentially stable independent of any stability number or the wave speed
of the system.

Recently, more attention was given to the numerical study of the swelling porous themoelastic. The
present article is mainly concerned with the numerical decay rate of the discrete energy associated with
the solution of the system that we will set subsequently. We introduce a spatial discretization using
a classical finite element method based on the Galerkin approximation. Then we go on to design a
discretization scheme using the finite difference method for the time-derived terms and thus we prove
the energy decay rates for the discrete energy which will be, as we will see later, in good agreement
with the results obtained in the theoretical context [3].

2. Discrete energy decay

In this section, we recall the results of exponential stability obtained in [3] of a swelling porous ther-
moelastic media with second sound. Then we propose a finite element approximation to system (3).
Moreover, we prove that the discrete energy decays from which we derive a discrete stability property.

The total energy associated with the system (3) is given by

E(t) =
1

2

∫ 1

0

[
ρzz

2
t + ρuu

2
t + α1z

2
x + 2α2zxux + α3u

2
x + ρθθ

2 + τq2
]
dx (6)

satisfies

E′(t) = −β
∫ 1

0
q2dx. (7)

Theorem 1. The energy E(t) of the system (3) decays exponentially. In other words, there exist
two positive constants a0 and a1 such that the energy functional given by (6) satisfies

E(t) 6 a0 exp(−a1t), ∀t > 0.

Proof. See Ref. [3]. �

Weak formulation. To obtain the weak formulation we multiply the system (3) by test functions
χ, η, v, w ∈ H1(0, 1), then integrating by part where we use the notations ϕ = zt, ψ = ut:




ρz(ϕt, χ) + α1(zx, χx) + α2(ux, χx) = 0,

ρu(ψt, η) + α3(ux, ηx) + α2(zx, ηx) + δ(θx, η) = 0,

ρθ(θt, v) + (qx, v) + δ(ψhx, v) = 0,

τ(qt, w) + β(q, w) + (θx, w) = 0,

(8)

Let us partition the interval (0, 1) into subintervals Kj = (xj−1, xj) of length h = 1/(J + 1) with
0 = x0 < x1 < . . . < xJ < xJ+1 = 1, and define the finite element spaces

V h =
{
v ∈ H1(0, 1)|v ∈ C([0, 1]), v

∣∣
(xj ,xj+1)

is a linear polynomial j = 0, . . . , J
}
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and

V h
0 = V h ∩ H1

0 (0, 1).

For a given final time T and a positive integer N , let ∆t = T/N be the time step and tn = n∆t,
n = 0, . . . , N .

The finite element method for (8) using the backward Euler scheme is to find ϕnh, ψ
n
h , qnh ∈ V h, and

θnh ∈ V h
0 such that, for n = 1, . . . , N and for all (χh, ηh, vh, wh) ∈ (V h)4





ρz
∆t

(ϕnh − ϕn−1
h , χh) + α1(z

n
hx, χhx) + α2(u

n
hx, χhx) = 0,

ρu
∆t

(ψnh − ψn−1
h , ηh) + α3(u

n
hx, ηhx) + α2(z

n
hx, ηhx) + δ(θnhx, ηh) = 0,

ρθ
∆t

(θnh − θn−1
h , vh) + (qnhx, vh) + δ(ψnhx, vh) = 0,

τ

∆t
(qnh − qn−1

h , wh) + β(qnh , wh) + (θnhx, wh) = 0.

(9)

Let us introduce the discrete energy given by

Enh =
1

2

(
ρz‖ϕnh‖2 + ρu‖ψnh‖2 + α1‖znhx‖2 + 2α2(z

n
hx, u

n
hx) + α3‖unhx‖2 + ρθ‖θnh‖2 + τ‖qnh‖2

)
,

where

(u, v) = (u, v)L2(0,1)

and

‖u‖ =
√

(u, u), ∀u, v ∈ L2(0, 1).

Thus, the following decay result, similarly to the continuous case, holds.

Theorem 2. The discrete energy decays to zero, that is,

Enh − En−1
h

∆t
6 0, n = 1, . . . , N.

Proof. Choosing χh = ϕnh, ηh = ψnh , vh = θnh and wh = qnh in (9), we obtain

ρz

(
ϕnh − ϕn−1

∆t
, ϕnh

)
+ α1(z

n
hx, ϕ

n
hx) + α2(u

n
hx, ϕ

n
hx) = 0,

ρu

(
ψnh − ψn−1

h

∆t
, ψnh

)
+ α3(u

n
hx, ψ

n
hx) + α2(z

n
hx, ψ

n
hx) + δ(θnhx, ψ

n
h) = 0,

ρθ

(
θnh − θn−1

h

∆t
, θnh

)
+ (qnhx, θ

n
h) + δ(ψnhx, θ

n
h) = 0,

τ

(
qnh − qn−1

h

∆t
, qnh

)
+ β(qnh , q

n
h) + (θnhx, q

n
h) = 0.

(10)

Using the fact that (a− b, a) = 1
2(‖a− b‖2 + ‖a‖2 − ‖b‖2), we obtain

ρz
2∆t

(
‖ϕnh − ϕn−1

h ‖2 + ‖ϕnh‖2 − ‖ϕn−1
h ‖2

)
+ α1(z

n
hx, ϕ

n
hx) + α2(u

n
hx, ϕ

n
hx) = 0,

ρu
2∆t

(
‖ψnh − ψn−1

h ‖2 + ‖ψnh‖2 − ‖ψn−1
h ‖2

)
+ α3(u

n
hx, ψ

n
hx) + α2(z

n
hx, ψ

n
hx) + δ(θnhx, ψ

n
h) = 0,

ρθ
2∆t

(
‖θnh − θn−1

h ‖2 + ‖θnh‖2 − ‖θn−1
h ‖2

)
+ (qnhx, θ

n
h) + δ(ψnhx, θ

n
h) = 0,

τ

2∆t

(
‖qnh − qn−1

h ‖2 + ‖qnh‖2 − ‖qn−1
h ‖2) + β(qnh , q

n
h) + (θnhx, q

n
h

)
= 0,

(11)

and adding the latter equations we find that
ρz
2∆t

(
‖ϕnh − ϕn−1

h ‖2 + ‖ynh‖2 − ‖ϕn−1
h ‖2

)
+ α1(z

n
hx, ϕ

n
hx) + α2(u

n
hx, ϕ

n
hx) + α3(u

n
hx, ψ

n
hx)
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+
ρu
2∆t

(
‖ψnh − ψn−1

h ‖2 + ‖ψnh‖2 − ‖ψn−1
h ‖2

) ρθ
2∆t

(
‖θnh − θn−1

h ‖2 + ‖θnh‖2 − ‖θn−1
h ‖2

)

+ α2(z
n
hx, ψ

n
hx) +

τ

2∆t

(
‖qnh − qn−1

h ‖2 + ‖qnh‖2 − ‖qn−1
h ‖2

)
+ β‖qnh‖2 = 0.

Now, we note that

α1(z
n
hx, ϕ

n
hx) =

α1

∆t
(znhx, z

n
hx − zn−1

hx )

=
α1

2∆t

(
‖znhx‖2 − ‖zn−1

hx ‖2
)
+

α1

2∆t
‖znhx − zn−1

hx ‖2,

α2(u
n
hx, ϕ

n
hx) + α2(z

n
hx, ψ

n
hx) =

α2

k

(
unhx, z

n
hx − zn−1

hx

)
+
α2

∆t

(
znhx, u

n
hx − un−1

hx

)

=
α2

∆t

(
(znhx, u

n
hx)− (zn−1

hx , un−1
hx ) + (znhx − zn−1

hx , unhx − un−1
hx )

)
,

α3(u
n
hx, ψ

n
hx) =

α3

∆t

(
unhx, u

n
hx − un−1

hx

)

=
α3

2∆t

(
‖unhx‖2 −

∥∥un−1
hx

∥∥2
)
+

α3

2∆t

∥∥unhx − un−1
hx

∥∥2 ,
and

α1(z
n
hx, ϕ

n
hx) + α3(u

n
hx, ψ

n
hx) + α2 ((u

n
hx, ϕ

n
hx) + (znhx, ψ

n
hx))

=
α1

2∆t

(
‖znhx‖2 − ‖zn−1

hx ‖2
)
+

α3

2∆t

(
‖unhx‖2 − ‖un−1

hx ‖2
)

+
α2

∆t

(
(unhx, z

n
hx)− (un−1

hx , zn−1
hx )

)
+

α1

2∆t

∥∥znhx − zn−1
hx

∥∥2

+
α3

2∆t

∥∥unhx − un−1
hx

∥∥2 + α2

∆t

(
znhx − zn−1

hx , unhx − un−1
hx

)
,

Using Young’s inequality: ±ab 6 σa2 + 1
4σ b

2, with σ = α2
2α3

and the fact that α1α3 > α2
2, we find that

α1

2∆t

∥∥znhx − zn−1
hx

∥∥2 + α3

2∆t

∥∥unhx − un−1
hx

∥∥2 + α2

∆t

(
znhx − zn−1

hx , unhx − un−1
hx

)
> 0.

Consequently,

0 =
ρz
2∆t

(∥∥ϕnh − ϕn−1
h

∥∥2 + ‖ϕnh‖2 −
∥∥ϕn−1

h

∥∥2
)
+ α1 (z

n
hx, ϕ

n
hx)

+ α2 (u
n
hx, ϕ

n
hx) +

ρs
2∆t

(∥∥ψnh − ψn−1
h

∥∥2 + ‖ψnh‖2 −
∥∥ψn−1

h

∥∥2
)

+ α3 (u
n
hx, ψ

n
hx) + α2 (z

n
hx, ψ

n
hx) +

ρθ
2∆t

(∥∥θnh − θn−1
h

∥∥2 + ‖θnh‖2 −
∥∥θn−1

h

∥∥2
)
+

τ

2∆t

(∥∥qnh − qn−1
h

∥∥2 + ‖qnh‖2 −
∥∥qn−1
h

∥∥2
)
+ β ‖qnh‖2

>
Enh − En−1

h

∆t
and the theorem is proved using the definition of the discrete energy. �

3. Error analysis: a priori error estimates

In this section, we obtain a priori error estimates on the numerical approximation, in which we obtain
the convergence of error.

Theorem 3. If we denote by (ϕ,ψ, z, u, θ, q), the solution to problem (3), and by
{ϕnh, ψnh , znh , unh, θnh , qnh}Nn=0, the solution to problem (9), then we have the following a priori error esti-

mates for all {χnh}Nn=0, {ηnh}
N
n=0, {vnh}

N
n=0, {wnh}

N
n=0 ⊂ V h,

max
06n6N

{
‖ϕn − ϕnh‖2 + ‖ψn − ψnh‖2 + ‖znx − znhx‖2 + ‖unx − unhx‖2 + ‖qn − qnh‖2 + ‖θn − θnh‖2

}

6 C∆t

N∑

i=1

(∥∥ϕit −∆ϕi
∥∥2 +

∥∥ψit −∆ψi
∥∥2 +

∥∥zixt −∆zix
∥∥2 +

∥∥uixt −∆uix
∥∥2
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+
∥∥θit −∆θi

∥∥2 +
∥∥qit −∆qi

∥∥2 +
∥∥ϕi − χih

∥∥2 +
∥∥ϕix − χihx

∥∥2

+
∥∥ψi − ηih

∥∥2 +
∥∥ψix − ηihx

∥∥2 +
∥∥θi − vih

∥∥2 ∥∥θix − vihx
∥∥2 + +

∥∥qix − wihx
∥∥2
)

+
C

∆t

N−1∑

i=1

∥∥ϕi − χih −
(
ϕi+1 − χi+1

h

)∥∥2 + C

∆t

N−1∑

i=1

∥∥ψi − ηih −
(
ψi+1 − ηi+1

h

)∥∥2

+
C

∆t

N−1∑

i=1

∥∥θi − vih −
(
θi+1 − vi+1

h

)∥∥2 + C

∆t

N−1∑

i=1

∥∥qi − wih −
(
qi+1 − wi+1

h

)∥∥2

+ C max
06n6N

(
‖ϕn − χnh‖2 + ‖ψn − ηnh‖2 + ‖θn − vnh‖2 + ‖qn − wnh‖2

)

+ C
(∥∥z1 − ϕ0

h

∥∥2 +
∥∥u1 − ψ0

h

∥∥2 +
∥∥z0x − z0hx

∥∥2 +
∥∥u0x − u0hx

∥∥2 +
∥∥θ0 − θ0h

∥∥2 +
∥∥q0 − q0h

∥∥2
)
,

where C is a positive constant assumed to be independent of the discretization parameters h and ∆t,
with ∆fn = (fn − fn−1)/∆t.

Proof. Let us remember that ϕ = zt and ψ = ut. For a continuous function f(t), let fn = f(tn)
and, for a sequence {fn}Nn=1, let ∆fn = (fn − fn−1)/∆t. Subtracting equation (8)1 at time t = tn for
χ = χh ∈ V h and (9)1, we have

ρz (ϕ
n
t −∆ϕnh, χh) + α1 (z

n
x − znhx, χhx) + α2 (u

n
x − unhx, χhx) = 0.

Thus, for all χh ∈ V h, we obtain

ρz (ϕ
n
t −∆ϕnh, ϕ

n − ϕnh) + α1 (z
n
x − znhx, ϕnx − ϕnhx) + α2 (u

n
x − unhx, ϕnx − ϕnhx)

= ρz (ϕ
n
t −∆ϕnh, ϕ

n − χh) + α1 (z
n
x − znhx, ϕnx − χhx) + α2 (u

n
x − unhx, ϕnx − χhx) .

Also, from the equations (8)2–(8)4 and (9)2–(9)4, we deduce for all ηh, vh, wh ∈ V h,

ρu (ψ
n
t −∆ψnh , ψ

n − ψnh) + α3 (u
n
x − unhx, ψnx − ψnhx) + α2 (z

n
x − znhx, ψnx − ψnhx)− δ (θn − θnh , ψnx − ψnhx)

= ρu (ψ
n
t −∆ψnh , ψ

n − ηnh) + α3 (u
n
x − unhx, ψnx − ηnhx) + α2 (z

n
x − znhx, ψnx − ηnhx)− δ (θn − θnh , ψnx − ηnhx) ,

ρθ (θ
n
t −∆θnh , θ

n − θnh) + (qnx − qnhx, θn − θnh) + δ (ψnx − ψnhx, θn − θnh)
= ρθ (θ

n
t −∆θnh, θ

n − vnh) +
(
qnx − qnhxt, θn − vnh

)
+ δ (ψnx − ψnhx, θn − vnh) ,

τ (qnt −∆qnh , q
n − qnh) + β (qn − qnh , qn − qnh) + (θnx − θnhx, qn − qnh)

= τ (qnt −∆qnh , q
n − wnh) + β (qn − qnh , qn − wnh) + (θnx − θnhx, qn − wnh) .

and adding these last equations, we find that

ρz (ϕ
n
t −∆ϕnh, ϕ

n − ϕnh) + α1 (z
n
x − znhx, ϕnx − ϕnhx) + α2 (u

n
x − unhx, ϕnx − ϕnhx)

+ ρu (ψ
n
t −∆ψnh , ψ

n − ψnh) + α3 (u
n
x − unhx, ψnx − ψnhx) + α2 (z

n
x − znhx, ψnx − ψnhx)

+ ρθ (θ
n
t −∆θnh , θ

n − θnh) + τ (qnt −∆qnh , q
n − qnh) + β (qn − qnh , qn − qnh)

= ρz (ϕ
n
t −∆ϕnh, ϕ

n − χh) + α1 (z
n
x − znhx, ϕnx − χhx) + α2 (u

n
x − unhx, ϕnx − χhx)

+ ρu (ψ
n
t −∆ψnh , ψ

n − ηnh) + α3 (u
n
x − unhx, ψnx − ηnhx) + α2 (z

n
x − znhx, ψnx − ηnhx)− δ (θn − θnh , ψnx − ηnhx)

+ ρθ (θ
n
t −∆θnh , θ

n − vnh) +
(
qnx − qnhxt, θn − vnh

)
+ δ (ψnx − ψnhx, θn − vnh)

+ τ (qnt −∆qnh , q
n −wnh) + β (qn − qnh , qn − wnh) + (θnx − θnhx, qn − wnh) .

By using equality (a− b)a = 1
2

(
(a− b)2 + a2 − b2

)
, we get

(ϕnt −∆ϕnh, ϕ
n − ϕnh) = (ϕnt −∆ϕn, ϕn − ϕnh) + (∆ϕn −∆ϕnh, ϕ

n − ϕnh)

= (ϕnt −∆ϕn, ϕn − ϕnh) +
1

2∆t

(∥∥ϕn − ϕnh −
(
ϕn−1 − ϕn−1

h

)∥∥2 + ‖ϕn − ϕnh‖2 −
∥∥ϕn−1 − ϕn−1

h

∥∥2
)
.

In the same way, we find

(znx − znhx, ϕnx − ϕnhx) = (znx − znhx, znxt −∆znhx)

= (znx − znhx, znxt −∆znx ) +
1

2∆t

(∥∥znx − znhx −
(
zn−1
x − zn−1

hx

)∥∥2 + ‖znx − znhx‖2 −
∥∥zn−1

x − zn−1
hx

∥∥2
)
,
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(ψnt −∆ψnh , ψ
n − ψnh) = (ψnt −∆ψn, ψn − ψnh)

+
1

2∆t

(∥∥ψn − ψnh −
(
ψn−1 − ψn−1

h

)∥∥2 + ‖ψn − ψnh‖2 −
∥∥ψn−1 − ψn−1

h

∥∥2
)
,

(unx − unhx, ψnx − ψnhx) = (unx − unhx, unxt −∆unhx)

= (unx − unhx, unxt −∆unx) +
1

2∆t

(∥∥unx − unhx −
(
un−1
x − un−1

hx

)∥∥2 + ‖unx − unhx‖2 −
∥∥un−1

x − un−1
hx

∥∥2
)
,

(θnt −∆θnh , θ
n − θnh) = (θnt −∆θn, θn − θnh) +

1

2∆t

(∥∥θn − θnh −
(
θn−1 − θn−1

h

)∥∥2 + ‖θn − θnh‖2 −
∥∥θn−1 − θn−1

h

∥∥2
)
,

(qnt −∆qnh , q
n − qnh) = (qnt −∆qn, qn − qnh) +

1

2∆t

(∥∥qn − qnh −
(
qn−1 − qn−1

h

)∥∥2 + ‖qn − qnh‖2 −
∥∥qn−1 − qn−1

h

∥∥2
)
.

Now, by summation of these four last equations, we find

ρz

(
(ϕnt −∆ϕn, ϕn − ϕnh) +

1

2∆t

(∥∥ϕn − ϕnh −
(
ϕn−1 − ϕn−1

h

)∥∥2 + ‖ϕn − ϕnh‖2 −
∥∥ϕn−1 − ϕn−1

h

∥∥2
))

+ α1

(
(znx − znhx, znxt −∆znx ) +

1

2∆t

(∥∥znx − znhx −
(
zn−1
x − zn−1

hx

)∥∥2 + ‖znx − znhx‖2 −
∥∥zn−1
x − zn−1

hx

∥∥2
))

+ α2 (u
n
x − unhx, ϕnx − ϕnhx)

+ ρu

(
(ψnt −∆ψn, ψn − ψnh) +

1

2∆t

(∥∥ψn − ψnh −
(
ψn−1 − ψn−1

h

)∥∥2 + ‖ψn − ψnh‖2 −
∥∥ψn−1 − ψn−1

h

∥∥2
))

+ α3

(
(unx − unhx, unxt −∆unx) +

1

2∆t

(∥∥unx − unhx −
(
un−1
x − un−1

hx

)∥∥2 + ‖unx − unhx‖2 −
∥∥un−1

x − un−1
hx

∥∥2
))

+ α2 (z
n
x − znhx, ψnx − ψnhx)

+ ρθ

(
(θnt −∆θn, θn − θnh) +

1

2∆t

(∥∥θn − θnh −
(
θn−1 − θn−1

h

)∥∥2 + ‖θn − θnh‖2 −
∥∥θn−1 − θn−1

h

∥∥2
))

+ τ

(
(qnt −∆qn, qn − qnh) +

1

2∆t

(∥∥qn − qnh −
(
qn−1 − qn−1

h

)∥∥2 + ‖qn − qnh‖2 −
∥∥qn−1 − qn−1

h

∥∥2
))

+ β ‖qn − qnh‖2

= ρz (ϕ
n
t −∆ϕnh, ϕ

n − χh) + α1 (z
n
x − znhx, ϕnx − χhx) + α2 (u

n
x − unhx, ϕnx − χhx) + ρu (ψ

n
t −∆ψnh , ψ

n − ηnh)
+ α3 (u

n
x − unhx, ψnx − ηnhx) + α2 (z

n
x − znhx, ψnx − ηnhx)− δ (θn − θnh , ψnx − ηnhx) + ρθ (θ

n
t −∆θnh , θ

n − vnh)
+
(
qnx − qnhxt, θn − vnh

)
+ δ (ψnx − ψnhx, θn − vnh) + τ (qnt −∆qnh , q

n − wnh) + β (qn − qnh , qn − wnh)
+ (θnx − θnhx, qn − wnh) .
So,

ρz
2∆t

(∥∥ϕn − ϕnh −
(
ϕn−1 − ϕn−1

h

)∥∥2 + ‖ϕn − ϕnh‖2 −
∥∥ϕn−1 − ϕn−1

h

∥∥2
)
+

ρu
2∆t

(∥∥ψn − ψnh −
(
ψn−1 − ψn−1

h

)∥∥2

+ ‖ψn − ψnh‖2 −
∥∥ψn−1 − ψn−1

h

∥∥2
)
+

α1

2∆t

(∥∥znx − znhx −
(
zn−1
x − zn−1

hx

)∥∥2 + ‖znx − znhx‖2 −
∥∥zn−1

x − zn−1
hx

∥∥2
)

+
α3

2∆t

(∥∥unx − unhx −
(
un−1
x − un−1

hx

)∥∥2 + ‖unx − unhx‖2 −
∥∥un−1

x − un−1
hx

∥∥2
)
+ α2 (u

n
x − unhx, ϕnx − ϕnhx)

+ α2 (z
n
x − znhx, ψnx − ψnhx) +

ρθ
2∆t

(∥∥θn − θnh −
(
θn−1 − θn−1

h

)∥∥2 + ‖θn − θnh‖2 −
∥∥θn−1 − θn−1

h

∥∥2
)

+
τ

2∆t

(∥∥qn − qnh −
(
qn−1 − qn−1

h

)∥∥2 + ‖qn − qnh‖2 −
∥∥qn−1 − qn−1

h

∥∥2
)
+ β ‖qn − qnh‖2

= −ρz (ϕnt −∆ϕn, ϕn − ϕnh)− ρu (ψnt −∆ψn, ψn − ψnh)− ρθ (θnt −∆θn, θn − θnh)− τ (qnt −∆qn, qn − qnh)
− α1 (z

n
x − znhx, znxt −∆znx )− α3 (u

n
x − unhx, unxt −∆unx) + ρz (ϕ

n
t −∆ϕnh, ϕ

n − χh) + α1 (z
n
x − znhx, ϕnx − χhx)

+ α2 (u
n
x − unhx, ϕnx − χhx) + ρu (ψ

n
t −∆ψnh , ψ

n − ηnh) + α3 (u
n
x − unhx, ψnx − ηnhx) + α2 (z

n
x − znhx, ψnx − ηnhx)

− δ (θn − θnh , ψnx − ηnhx) + ρθ (θ
n
t −∆θnh , θ

n − vnh) + (qnx − qnhx, θn − vnh) + δ (ψnx − ψnhx, θn − vnh)
+ τ (qnt −∆qnh , q

n − wnh) + β (qn − qnh , qn − wnh) + δ (θnx − θnhx, qn − wnh) .
From the above estimates, it follows that

ρz
2∆t

(
‖ϕn − ϕnh‖2 −

∥∥ϕn−1 − ϕn−1
h

∥∥2
)
+

ρu
2∆t

(
‖ψn − ψnh‖2 −

∥∥ψn−1 − ψn−1
h

∥∥2
)

Mathematical Modeling and Computing, Vol. 10, No. 3, pp. 772–783 (2023)



778 Smouk A., Radid A., Soufyane A.

+
α1

2∆t

(∥∥znx − znhx −
(
zn−1
x − zn−1

hx

)∥∥2 + ‖znx − znhx‖2 −
∥∥zn−1
x − zn−1

hx

∥∥2
)

+
α3

2∆t

(∥∥unx − unhx −
(
un−1
x − un−1

hx

)∥∥2 + ‖unx − unhx‖2 −
∥∥un−1

x − un−1
hx

∥∥2
)

+ α2 [(u
n
x − unhx, ϕnx − ϕnhx) + (znx − znhx, ψnx − ψnhx)] +

ρθ
2∆t

(
‖θn − θnh‖2 −

∥∥θn−1 − θn−1
h

∥∥2
)

+
τ

2∆t

(
‖qn − qnh‖2 −

∥∥qn−1 − qn−1
h

∥∥2
)
+ β ‖qn − qnh‖2

6 −ρz (ϕnt −∆ϕn, ϕn − ϕnh)− ρu (ψnt −∆ψn, ψn − ψnh)− ρθ (θnt −∆θn, θn − θnh)
− τ (qnt −∆qn, qn − qnh)− α1 (z

n
x − znhx, znxt −∆znx )− α3 (u

n
x − unhx, unxt −∆unx)

+ ρz (ϕ
n
t −∆ϕnh, ϕ

n − χh) + α1 (z
n
x − znhx, ϕnx − χhx) + α2 (u

n
x − unhx, ϕnx − χhx)

+ ρu (ψ
n
t −∆ψnh , ψ

n − ηnh) + α3 (u
n
x − unhx, ψnx − ηnhx) + α2 (z

n
x − znhx, ψnx − ηnhx)

− δ (θn − θnh , ψnx − ηnhx) + ρθ (θ
n
t −∆θnh , θ

n − vnh) + (qnx − qnhx, θn − vnh) + δ (ψnx − ψnhx, θn − vnh)
+ τ (qnt −∆qnh , q

n − wnh) + β (qn − qnh , qn − wnh) + δ (θnx − θnhx, qn − wnh) .
Keeping in mind the fact that
α2 [(u

n
x − unhx, ϕnx − ϕnhx) + (znx − znhx, ψnx − ψnhx)]

= α2 [(u
n
x − unhx, znxt −∆znhx) + (znx − znhx, unxt −∆unhx)]

= α2 [(u
n
x − unhx, znxt −∆znx +∆znx −∆znhx) + (znx − znhx, unxt −∆unx +∆unx −∆unhx)]

= α2 (u
n
x − unhx, znxt −∆znx ) + α2 (z

n
x − znhx, unxt −∆unx) +

α2

∆t
(unx − unhx, znx − znhx)

+
α2

∆t

(
unx − un−1

x −
(
unhx − un−1

hx

)
, znx − zn−1

x −
(
znhx − zn−1

hx

))
− α2

∆t

(
un−1
x − un−1

hx , zn−1
x − zn−1

hx

)
.

However,
α1

2∆t

∥∥znx − znhx −
(
zn−1
x − zn−1

hx

)∥∥2 + α2

∆t

(
unx − un−1

x −
(
unhx − un−1

hx

)
, znx − zn−1

x −
(
znhx − zn−1

hx

))

+
α3

2∆t

∥∥unx − unhx −
(
un−1
x − un−1

hx

)∥∥2 > 0,

the fact that α1α3 > α2
2, we deduce from the previous estimation that

ρz
2∆t

(
‖ϕn − ϕnh‖2 −

∥∥ϕn−1 − ϕn−1
h

∥∥2
)
+

ρu
2∆t

(
‖ψn − ψnh‖2 −

∥∥ψn−1 − ψn−1
h

∥∥2
)

+
α1

2∆t

(
‖znx − znhx‖2 −

∥∥zn−1
x − zn−1

hx

∥∥2
)
+

α3

2∆t

(
‖unx − unhx‖2 −

∥∥un−1
x − un−1

hx

∥∥2
)

+
α2

∆t
(unx − unhx, znx − znhx)−

α2

∆t

(
un−1
x − un−1

hx , zn−1
x − zn−1

hx

)

+
ρθ
2∆t

(
‖θn − θnh‖2 −

∥∥θn−1 − θn−1
h

∥∥2
)
+

τ

2∆t

(
‖qn − qnh‖2 −

∥∥qn−1 − qn−1
h

∥∥2
)
+ β ‖qn − qnh‖2

6 −ρz (ϕnt −∆ϕn, ϕn − ϕnh)− ρu (ψnt −∆ψn, ψn − ψnh)
− ρθ (θnt −∆θn, θn − θnh)− τ (qnt −∆qn, qn − qnh)
− α1 (z

n
x − znhx, znxt −∆znx )− α3 (u

n
x − unhx, unxt −∆unx)

+ ρz (ϕ
n
t −∆ϕnh, ϕ

n − χh) + α1 (z
n
x − znhx, ϕnx − χhx)

+ α2 (u
n
x − unhx, ϕnx − χhx) + ρu (ψ

n
t −∆ψnh , ψ

n − ηnh)
+ α3 (u

n
x − unhx, ψnx − ηnhx) + α2 (z

n
x − znhx, ψnx − ηnhx)

− δ (θn − θnh , ψnx − ηnhx) + ρθ (θ
n
t −∆θnh , θ

n − vnh) + (qnx − qnhx, θn − vnh) + δ (ψnx − ψnhx, θn − vnh)
+ τ (qnt −∆qnh , q

n − wnh) + β (qn − qnh , qn − wnh) + δ (θnx − θnhx, qn −wnh)
− α2 (u

n
x − unhx, znxt −∆znx )− α2 (z

n
x − znhx, unxt −∆unx) . (12)

From the condition α1α3 > α2
2, we conclude that α2/α3 < α1/α2. Therefore, let ε be such that

α2/α3 < ε < α1/α2. As a consequence of the Cauchy–Schwarz inequality and the Young’s inequality,
we obtain

2α2 (u
n
x − unhx, znx − znhx) 6

α2

ε
‖unx − unhx‖2 + α2ε ‖znx − znhx‖2 .

Mathematical Modeling and Computing, Vol. 10, No. 3, pp. 772–783 (2023)



A numerical study of swelling porous thermoelastic media with second sound 779

Thus, summing (12) over n yields, for all χih, η
i
h, v

i
h, w

i
h ∈ V h,

ρz ‖ϕn − ϕnh‖2 + ρu ‖ψn − ψnh‖2 + (α1 − α2ε) ‖znx − znhx‖2

+
(
α3 −

α2

ε

)
‖unx − unhx‖2 + ρθ ‖θn − θnh‖2 + τ ‖qn − qnh‖2

6 C∆t

N∑

i=1

(∥∥ϕi − ϕih
∥∥2 +

∥∥ψi − ψih
∥∥2 +

∥∥θi − θih
∥∥2 +

∥∥qi − qih
∥∥2

+
∥∥ϕit −∆ϕi

∥∥2 +
∥∥ψit −∆ψi

∥∥2 +
∥∥θit −∆θi

∥∥2 +
∥∥qit −∆qi

∥∥2

+
∥∥ϕi − χih

∥∥2 +
∥∥ϕix − χihx

∥∥2 +
∥∥ψi − ηih

∥∥2 +
∥∥ψix − ηihx

∥∥2

+
∥∥zix − zihx

∥∥2 +
∥∥uix − uihx

∥∥2 +
∥∥zixt −∆zix

∥∥2 +
∥∥uixt −∆uix

∥∥2

+
∥∥θix − vihx

∥∥2 +
∥∥qi − wih

∥∥2 +
∥∥qix − wihx

∥∥2

+
(
∆θi −∆θih, θ

i − vih
)
+
(
∆qi −∆qih, q

i − wih
)
+
(
∆ϕi −∆ϕih, ϕ

i − χih
)
+
(
∆ψi −∆ψih, ψ

i − ηih
))

+ C
(∥∥ϕ0 − ϕ0

h

∥∥2 +
∥∥ψ0 − ψ0

h

∥∥2 +
∥∥z0x − z0hx

∥∥2 +
∥∥u0x − u0hx

∥∥2 +
∥∥θ0 − θ0h

∥∥2 +
∥∥q0 − q0h

∥∥2
)
.

Finally, taking into account that (see [4])

∆t
N∑

i=1

(
∆ϕi −∆ϕih, ϕ

i − χih
)
=
(
ϕN − ϕNh , ϕN − χNh

)
+
(
ϕ0
h − z1, ϕ1 − χ1

h

)

+

N−1∑

i=1

(
ϕj − ϕjh, ϕj − χ

j
h −

(
ϕj+1 − χj+1

h

))
,

∆t
N∑

i=1

(
∆ψi −∆ψih, ψ

i − ηih
)
=
(
ψN − ψNh , ψN − ηNh

)
+
(
ψ0
h − u1, ψ1 − η1h

)

+

N−1∑

i=1

(
ψj − ψjh, ψj − η

j
h −

(
ψj+1 − ηj+1

h

))
,

∆t

N∑

i=1

(
∆θi −∆θih, θ

i − ςih
)
=
(
θN − θNh , θN − ςNh

)
+
(
θ0h − θ0, θ1 − ς1h

)

+
N−1∑

i=1

(
θj − θjh, θj − ς

j
h −

(
θj+1 − ςj+1

h

))
,

∆t

N∑

i=1

(
∆qi −∆qih, q

i − zih
)
=
(
qN − qNh , qN − zNh

)
+
(
q0h − q0, q1 − z1h

)

+
N−1∑

i=1

(
qj − qjh, qj − z

j
h −

(
qj+1 − zj+1

h

))
,

from the previous estimates, using a discrete version Gronwall’s inequality (see, for instance, [5]), the
proof is complete. �

Corollary 1. Suppose that the solution to the continuous problem is sufficiently regular, that is

z, u ∈ H3
(
0, T ;L2(0, 1)

)
∩W 1,∞ (0, T ;H2(0, 1)

)
∩H2

(
0, T ;H1(0, 1)

)
,

θ, q ∈ H2
(
0, T ;L2(0, 1)

)
∩ L∞ (0, T ;H2(0, 1)

)
∩H1

(
0, T ;H1(0, 1)

)
.

Then, there exists a positive constant C, independent of the discretization parameters h and ∆t, such
that

max
06n6N

{
‖ϕn − ϕnh‖2 + ‖ψn − ψnh‖2 + ‖znx − znhx‖2

+ ‖unx − unhx‖2 + ‖qn − qnh‖2 + ‖θn − θnh‖2
}
6 C

(
h2 + (∆t)2

)
.

The numerical schemes were implemented using MATLAB on a Intel Core i5-6006U CPU @ 2.00 GHz.
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4. Numerical simulations

In this section, we perform some numerical simulations obtained from the numerical scheme presented
in the previous section, with finite element method using the backward Euler scheme is to find znh , unh,
qnh ∈ V h, and θnh ∈ V h

0 such that, for n = 1, . . . , N and for all χh, ηh, vh, wh ∈ V h





ρz
∆t

(ϕnh − ϕn−1
h , χh) + α1(z

n
hx, χhx) + α2(u

n
hx, χhx) =

(
(f1)

n
h, χh

)
,

ρu
∆t

(ψnh − ψn−1
h , ηh) + α3(u

n
hx, ηhx) + α2(z

n
hx, ηhx) + δ(θnhx, ηh) =

(
(f2)

n
h, ηh

)
,

ρθ
∆t

(θnh − θn−1
h , vh) + (qnhx, vh) + δ(ψnhx, vh) =

(
(f3)

n
h, vh

)
,

τ

∆t
(qnh − qn−1

h , wh) + β(qnh , wh) + (θnhx, wh) =
(
(f4)

n
h, wh

)
.

(13)

The first example is considered to illustrate the energy decay for theoretical results in Theorems 1 and
2. The second example is used for verify numerical convergence in Corollary 1.

4.1. First example: Exponential discrete energy decay

We consider (13) with

f1(x, t) = f2(x, t) = f3(x, t) = f4(x, t) = 0, in (0, 1) × (0, T )

and following initial conditions for all x ∈ [0, 1],

z0(x) = x2(1− x)2, z1(x) = x2(1− x)2,
u0(x) = x2(1− x)2, u1(x) = x2(1− x)2,
θ0(x) = x2(1− x)2, q0(x) = x2(1− x)2,

and boundary conditions: ∀t > 0

zx(0, t) = zx(1, t) = ux(0, t) = ux(1, t) = θ(0, t) = θ(1, t) = 0.

For these simulations we have adopted the appropriate values of each physical quantity, that is,

ρz = 5 · 105, ρu = 6 · 104, ρθ = 105, τ = 104, b = 104,

α1 = 5.2 · 106, α2 = 1.3 · 106, α3 = 1.3 · 106, δ = 102.

0 5 10 15 20

time t
n

0

1

2

3

4

5

6

7

8

9

E
ne

rg
y 

E
n

10 4 Behavior the discrete energy

Fig. 1. Numerical energy of the system Enh .

And for discretization parameters:

h = 10−2, ∆t = 10−2 and T = 20.

As can be seen the numerical energy of the
swelling porous thermoelastic media with sec-
ond sound system in Figure 1 converge to zero
and an exponential decay seems to be achieved
then Theorems 1 and 2 are proved.

From the three dimensional pointwise nu-
merical solution of the displacement of the fluid
z, the elastic solid u, the temperatures θ and
heat flux q are represented in Figures 2–5 re-
spectively. This proves again the energy decay
of the system.

In Figure 6, the evolution in space of the dis-
placement of the fluid is shown at different time
instants. Moreover, in Figures 7 and 8, the evo-

lution in time of the displacement of the fluid at several points is presented. As expected, the dis-
placement of the fluid is generated initially but it converges to zero, with some oscillations due to the
physical forces.
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Fig. 2. The evolution in time and space of z. Fig. 3. The evolution in time and space of u.

Fig. 4. The evolution in time and space of θ. Fig. 5. The evolution in time and space of q.

0 0.2 0.4 0.6 0.8 1

x

-8

-6

-4

-2

0

2

4

6

8

z(
x,

t)

10 -3   The evolution in space of z for fixed t

t=6
t=5
t=4

0 5 10 15 20

t

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

z(
x,

t)

The evolution in time of z for fixed x

x=0.5
x=0.1

Fig. 6. The evolution in space of z for t = 4, t = 5
and t = 6.

Fig. 7. The evolution in time of z for x = 0.1 and
x = 0.5.

Fig. 8. The evolution in time of z for different fixed values of x.
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4.2. Second example: Numerical convergence

We consider the system (13) with the artificial forces f1, f2, f3, f4 for all (x, t) ∈ (0, 1)× (0, T ) defined
by

f1(x, t) = (ρzx
2(x− 1)2 − (α1 + α2)(2x

2 + 2(x− 1)2 + 4x(2x− 2))− 2(α2 + α3)x
2)et,

f2(x, t) = (δ(x2(2x− 2) + 2x(x− 1)2)− (α2 + α3)(2(x − 1)2 + 4x(2x− 2)) + ρux
2(x− 1)2)et,

f3(x, t) = −x(x− 1)(2δ − 4x− 4δx + ρθx− ρθx2 + 2)et,

f4(x, t) = x(x− 1)(4x − βx− τx+ βx2 + τx2 − 2)et

the exact solution of (13) is the following, for all (x, t) ∈ (0, 1) × (0, T ):

z(x, t) = etx2(x− 1)2, u(x, t) = etx2(x− 1)2,

θ(x, t) = etx2(x− 1)2, q(x, t) = etx2(x− 1)2.

The numerical error given by

max
06n6N

{
‖ϕn − ϕnh‖2 + ‖ψn − ψnh‖2 + ‖znx − znhx‖2 + ‖unx − unhx‖2 + ‖qn − qnh‖2 + ‖θn − θnh‖2

}

are calculated and presented in Table 1 for different values of the discretization parameters J and
∆t (being J the number of finite elements of the discretisation and h = 1

J the spatial discretization
parameter).

Table 1. Numerical Error for T = 1.

J ∆t Error
8 10−2 7.0159× 10−2

16 5× 10−3 1.6464× 10−2

32 2× 10−3 3.6402× 10−4

64 10−3 8.2523× 10−4

124 5× 10−4 1.9400× 10−5

248 2× 10−5 4.6989× 10−5

For computed errors we have adopted the
appropriate values of each physical quantity,
that is,

ρz = 5 · 105, ρu = 6 · 104, ρθ = 105, τ = 104,

b = 104, α1 = 5.2 · 106, α2 = 1.3 · 106,
α3 = 1.3 · 106, δ = 102.

We observe the numerical convergence in Corol-
lary 1 is achieved according to Figures 9 and 10.
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Fig. 9. The evolution of Error. Fig. 10. The evolution of ln(Error).

5. Conclusion

In this work, we presented a numerical analysis for problem of swelling of the porous thermoelastic
system with a heat flow given by the law of Maxwell–Cattaneo. In the first step, we gave a variational
formulation written in terms of the transformed derivatives corresponding to a coupled linear system
composed of four first-order variational equations. Then, we introduced a fully discrete approximation
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using the classical finite element method with linear elements for the spatial approximation and the
backward Euler method for the discretization of the time derivatives. We studied the exponential
decay of the discrete energy. Then, we proved the stability of the discrete solutions and we provided
an a priori error analysis. Finally, we performed numerical tests to justify the theoretical result.
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Чисельне дослiдження набухання пористих
термопружних середовищ з другим звуком

Смук А.1, Радiд А.1, Суфяне А.2

1Факультет математики та iнформатики, Унiверситет Хасана II,
FSAC, лабораторiя фундаментальної та прикладної математики, Касабланка, Марокко

2Факультет математики, Коледж наук, Унiверситет Шарджi,
Шарджа, Об’єднанi Арабськi Емiрати

У цiй роботi чисельно розглянуто набухаючу пористу термопружну систему з тепло-
вим потоком, який заданий законом Максвелла–Каттанео. Дослiджено числову енер-
гiю та експоненцiальне загасання термопружної задачi. Спершу дано варiацiйне фор-
мулювання, яке записане в термiнах перетворених похiдних, що вiдповiдає пов’язанiй
лiнiйнiй системi, яка складається з чотирьох варiацiйних рiвнянь першого порядку.
Введено повнiстю дискретний алгоритм i доведено властивiсть дискретної стiйкостi.
Також надано апрiорнi оцiнки похибок. Накiнець, наведено деякi чисельнi результати,
щоб продемонструвати поведiнку розв’язку.

Ключовi слова: набухання пористе; другий звук; експоненцiальна стiйкiсть; скiн-
ченнi елементи; числова енергiя; числовi результати.
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