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In this work, we numerically consider a swelling porous thermoelastic system with a heat
flux given by the Maxwell-Cattaneo law. We study the numerical energy and the exponen-
tial decay of the thermoelastic problem. First, we give a variational formulation written in
terms of the transformed derivatives corresponding to a coupled linear system composed
of four first-order variational equations. A fully discrete algorithm is introduced and a
discrete stability property is proven. A priori error estimates are also provided. Finally,
some numerical results are given to demonstrate the behavior of the solution.
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1. Introduction

The exponential stability in the linear isothermal theory of swelling porous elastic soils of fluid satu-
ration began to be studied by Quintanilla [1]. The author considered the following problem:

(1)

Where the dependent variables (z,u) represent displacement of the fluid and the elastic solid material
respectively. The constants p, and p, are the densities of each constituent and the constants aq, as
and p represent the constitutive constants of the theory satisfy a3 < aju. Quintanilla [1] established
an exponential stability result. In Dilberto and al. [2] the authors considered the one-dimensional
isothermal case with only one damping in the equation coming from the solid material. More precisely,
they considered the system given by

{ P22t — Q1 Zggy — Q2Ugy = 0 in (0,1) x (0, 00),

Pzt — O1Zgy — OUgxy + §(Zt —u-— t) — HzRgxt = 0 in (07 1) X (07 OO),
Pultt — PUgy — Q22zy + g(ut - Zt) =0 in (07 1) X (07 OO)

2

Pulitt — Q3Ugze — 2Zpe +yup =0 in (0,1) x (0, 00), @
where the dependent variables z = z(z,t) and v = u(z,t) as defined before and p,, p,, a1 and as
are positive constants and as # 0 is a constant that can be either positive or negative satisfying
the relationship a% < aiag. They showed that the operator associated with the swelling problem of
porous elastic soils is an infinitesimal generator of a Cig-semigroup of contractions and they proved the
exponential stability. They also carried out a study of the numerical behavior of the associated discrete
system using the finite difference method. In this work, we consider a swelling porous thermoelastic
with heat flux given by Maxwell-Cattaneo’s law [3]:
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A numerical study of swelling porous thermoelastic media with second sound 773

P22t — 1 Zgg — Q2lgy = 0, in (0,1) x (0, 00),
Pullyy — Q3Ugzy — Q222 + 00, =0, in (0,1) x (0, 00), 3)
pob: + qu + dugr = 0, in (0,1) x (0, 00),
Tq + Bg+ 6, =0, in (0,1) x (0,00),

with the following initial conditions

2(2,0) = 20(z), z(x,0) =z1(x), 6(z,0)=6y(z), =z€]0,1],

’LL(QZ‘,O) ZUO(:E)’ ut(x70) :ul(:E)’ Q(:Evo) :(JO(x)v T e [07 1]7
and boundary conditions: V¢ > 0

ZI(Ovt) = ZI(lvt) = uw(()’t) = uI(Lt) = 0(07t) = 0(17t) =0, (5)

where py, ps, pg, a1, 2, as, 7, B and § are positive constants and z the displacement of the fluid, u
the elastic solid, 8 and q are the temperatures and heat flux, respectively. The authors established the
results of well-posedness and exponential stability whatever the parameters of the system. In other
words, the system (3) is exponentially stable independent of any stability number or the wave speed
of the system.

Recently, more attention was given to the numerical study of the swelling porous themoelastic. The
present article is mainly concerned with the numerical decay rate of the discrete energy associated with
the solution of the system that we will set subsequently. We introduce a spatial discretization using
a classical finite element method based on the Galerkin approximation. Then we go on to design a
discretization scheme using the finite difference method for the time-derived terms and thus we prove
the energy decay rates for the discrete energy which will be, as we will see later, in good agreement
with the results obtained in the theoretical context [3].

(4)

2. Discrete energy decay

In this section, we recall the results of exponential stability obtained in [3] of a swelling porous ther-

moelastic media with second sound. Then we propose a finite element approximation to system (3).

Moreover, we prove that the discrete energy decays from which we derive a discrete stability property.
The total energy associated with the system (3) is given by

1 1
E(t) = 5 /0 [pzZ? + puug + alzi + 2002,y + a3u§ + p992 + Tq2] dx (6)

satisfies

1
E(t) = —p /0 L. (7)

Theorem 1. The energy E(t) of the system (3) decays exponentially. In other words, there exist
two positive constants ag and ay such that the energy functional given by (6) satisfies

E(t) < agexp(—aqt), Vt=0.

Proof. See Ref. [3]. [
Weak formulation. To obtain the weak formulation we multiply the system (3) by test functions
X,1,v,w € H'(0,1), then integrating by part where we use the notations ¢ = z;, ¥ = u:

p=(t; X) + o1 (22, Xa) + 02Uz, Xa) = 0,
Pu(the;n) + o3 (Ua; Ne) + @222, 02) + 6(02,m) =0,
po (s, vy + (qz,v) + 6(Yhe, v) = 0,
7(gr, w) + B(g, w) + (62, w) = 0,
Let us partition the interval (0,1) into subintervals K; = (z;_1,x;) of length h = 1/(J + 1) with
O=z9<z1 <...<z5<zs41 =1, and define the finite element spaces
vh = {v e H*(0,1)jv € C([0, 1])’?}‘(%,%“) is a linear polynomial j =0, ..., J}

(8)
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and
Vi =vhn H}0,1).
For a given final time 7" and a positive integer N, let At = T/N be the time step and t, = nAt,
n=20,...,N.
The finite element method for (8) using the backward Euler scheme is to find ¢}, ¥}, qj} € VP, and
0y € V¥ such that, for n =1,..., N and for all (xp, 7, vn, wy) € (V)

p
N (P = eh i xn) + a1 (e Xaa) + @2, Xna) = 0,
_(¢Z - Tzz)fTLL_ 777h) + Oé3(’LLZx, 77hx) + OQ(zerLx’ nhx) + 5(02m7 77h) = 07
(9)
R0 — 0 on) + (g 1) + B 00) =,
E(q —ay " wn) + Bggy, wn) + (B, wp) = 0.
Let us introduce the discrete energy given by
1
& =3 (P=lle 1 + pullh|I? + anllzhI? + 202 (2fy uhy) + asllufiy|* + poll 071 + TllaR11?) |
where
(u,v) = (Ua’U)LZ(o,l)
and
lull = V/(u,u),  Vu,v € L*(0,1).
Thus, the following decay result, similarly to the continuous case, holds.
Theorem 2. The discrete energy decays to zero, that is,
gt
——— <0, =1,...,N
At "
Proof. Choosing x5, = ¢}, nn = ¥, v, = 0 and wy, = ¢j in (9), we obtain
90h _ (’Dn—l
Pz <T7 @Z) + al(ZiTLva SDZ:(:) + OQ(UZJN SDZ:(:) =0,
¢h 1,[) n n n n S(O™ ny __
Pu At ﬂljh +a3(uhm7whm) +a2(zhma¢hm) + ( hmwh) =0
on — o5t 10)
oo (Bl 1) + e O5) + 567,03 =0
Qh - qz ! n n o n n ny _
T T7Qh +5(Qh7Qh)+(0h:c7Qh)_0‘
Using the fact that (a —b,a) = £(|ja — b||* + [|a||* — [|b]|?), we obtain
2At (ks = @n M P+ eI = llon ™ 1%) + e (zhas ¢ha) + @2(ufiy, @he) = 0,
L (5 =3 2+ ORI = 15 12) + s (ue, he) + o (el ) + OB, 91) = O,
(11)

(105 = 02 + 6512 = 105 12) + (g 03) + (05, 67) = O,

2At (lar = a1 + N * = llan = I1%) + B(ak ai) + (OFasai) = 0,
and addlng the latter equations we find that

2At (”(ph 2_1”2 + ”yFTLL”2 ”(:0 1” ) + al(z;zlxv (ngv) + a2(ugm7 (pgm) + 043(“%#/’%)
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B (g — R P = g 1u>2m(ueh o2 + ORI — g5 1)

-1 -1
+ @22y, Yho) + mt (lah = an =17 + llgnll* = gy =" 1) + Bllak|1* =

Now, we note that

1 (s ha) = Ty (s e — s )
= a7 (lehall® = 1275 ) + oz lehe — 2 I
o (Ul i) + 02 i) = 2 (Ul 2h = 21 1) + S (2h e — uf ")
= Zzt (2l uiy) = (i iy )+ (2l = 2 s U — Uiy )
a3(Upgy Vhe) = At > (upy iy — urt )
= 5z (lakall® = iz 1) + 55 ke = iz I

and
o1 (2hgs Phy) + as(UZxa Vhy) + 2 (U, SOZI) + (22 Vha))

2At (” hm”2_ ” h:c1H ) 2At (H thz Huhxl” )

a
+ Ki ((uhar 2h) = <uzx1,zsx1>> v

-1 1 1
+oA7 2At Huhl‘ uh:c H ( zfr:x ,’Lth uZx ) )
Using Young’s inequality: +ab < oa? + i L b2 with 0 = 2‘% and the fact that ajas > a3, we find that

2At thm_zhmlu +2At Huhm_uhmlu ( h Zle’uhw_ule) 2 0.

Consequently,
0= L= (lleh = o7+ Nl = e ) + n (ah )
+ az (ufy, ¢hy) + 2At(Hwh wz‘lu +H¢g|y2_|y¢g—1”2>

+ a3 (ugzmng)—i_aQ (Zhgmw;:x) 2At (Heh 9}?_1“24_ HHFTLLH2 - HH}?_lH2> +

T 2
7 (e = a1+ 1 = gz P) + 3 k|
-1
> ﬂ
At
and the theorem is proved using the definition of the discrete energy. -

3. Error analysis: a priori error estimates

In this section, we obtain a priori error estimates on the numerical approximation, in which we obtain
the convergence of error.

Theorem 3. If we denote by (p,¢,z,u,0,q), the solution to problem (3), and by
{ep, Vi, 25 up, 07, qﬁ}ﬁfzo, the solution to problem (9), then we have the following a priori error esti-

N N N N
mates for all {x}},_o, (M} nzgr (W nzor (Wi tneo € V"
2 2 2 2 2 2
max {II@" —epll” 10" = pll" + 2z = 2he ™ + lluz — wie ™ + lg" — all” + 110" — 03] }

o<n<N
= i i|2 i i|2 i il|2 i i|2
<0ty ([leh = 2@ * 4l = A|* o+ ||zhe — A" + ety — A
i=1
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+ (16 = 267" + [lgi = AG|* + (| = X0l + 12 = X
[t = |+ [ — )+ (16— U?;HQ HH?}: — va)” + + gk — whal[*)

o N1 ' '
+ x~ Z ngz - ((pz-i-l H—l Z HW — WH H—l) H2
i=1
o=t . o
+ E Z Hez _ ,U;,l _ (97,4-1 2+1 Z Hq o ’LU 7,+1 _ wz—l—l)H
i=1
+C max ([l¢" = X0 + " = I + 16" = ofl® + g — wil?)

+ O ([I=" = R+l = 0l + 1122 = 2all” + s = ha|* + 160 = 021 + 1o = @21”)
where C' is a positive constant assumed to be independent of the discretization parameters h and At,

with Af" = (f7 — f*~1)/At.

Proof. Let us remember that ¢ = z and ¥ = u;. For a continuous function f(t), let f™ = f(t,)
and, for a sequence {f"}\_;, let Af" = (f* — f*~1)/At. Subtracting equation (8); at time ¢ = t,, for
X = xn € VP and (9)1, we have

p= (ot — Al xn) + a1 (2 = Zhys Xha) + 02 (U — Upy, Xha) = 0.
Thus, for all x;, € V", we obtain

pz (0 — Ay, @™ — @) + o1 (27 — 21y O — Pha) + Q2 (U — Upy, O — Phya)
= p2 (@ — App, " — Xn) + o1 (2 — 2hs P — Xha) + Q2 (U — Upy, O — Xha) -
Also, from the equations (8)2—(8)s and (9)2—(9)4, we deduce for all ny,, vy, wy, € V7,
pu (VF — AP, ™ —abpy) + as (ugy — upyy, Yy — py) + 02 (27 — 2j, ¥ — Up,) — 6 (0" — 0,07 — ¥y,
= pu (U — AU, " =) + a3 (uy — uhy, ¥y — M) + a2 (27 = 230, U — k) — 6 (0" — 01, 07 — )
po (0 — AbR, 0" — 05) + (a7 — dpy, 0" — O) + 0 (¥ — ¥y, 6" — 6)
= po (07 — A0, 0" — ) + 4y — G, 0" — VR) + 0 (Y — Yjg, 0" —v})
T(a — Ay, q" — ay) + B(d" —ap.a" — ai) + (07 — O, d" — aiy)
=7 (¢ — Agy,q" —wp) + B(d" —ay,q" —wp) + (07 — Ohy " —wy) -
and adding these last equations, we find that
p= (0 — Ay, @™ — @) + o (27 — 2jips P — Ohe) + 2 (U — Upy, O — Phy)
+ pu (VF = APy, " — p) + ag (ugy — upy, ¥y — Ypg) + o2 (27 — 275, U7 — ¥5,)
+po (07 — AR, 0" —03) + 7 (¢ — Aap,q" —a) + B(¢" —a, 4" — a3)
= p= (0F — App, " = xn) + o1 (27 — 2ha, 07 — Xha) + 02 (U — Upg, 97 — Xha)
+ pu (U — A 0™ — ) + o3 (ug — Uy, i — k) + Q2 (27— Zhas Y3 — Tha) — 06" — O, U5 — )
+po (07 — DO, 0" —vp) + (4 — dhy,» 0" — vh) + 0 (¥ — Vhys 0" — v})
+7(a — Agy, q" —wi) +B(q" — ai. q" — wi) + (07 — Ohpeq” — wh) -
By using equality (a — b)a = % ((a — b2 +a® - b2), we get
(0 — Ay, " —op) = (¢ — Aw" " — op) + (A" — Agp, " — o)
— P+ e =l - et = 7).

n—1

= (¢} — Ag™, 0" — @) + QN (Hso —¢h— (¢
In the same way, we find
(Z;L - ng’wg - SD;LLSC) = (zn zhx’ xt Azhz)
1 _ —1y\ |2 2
= (& = sy = B2 + 5z (18 = 2o = (7 = )P+ 12 = 2l = (|27 = )
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(bt =AYy, " — oY) = (¥ — AY", 9" —¢y)
g (17 = i = =P e =l = ot = w7 )?)

(uy = Uhas Vg — Vhy) = (U — Uy, Uy — Aty

1
= (= sy — Au) + o (o = e = (i =)+ ek = i = [ = ).

(0 — AOR, 0" — 07) = () — AO™,0™ — 0}!) + |07 — o — (0" — )|+ ll6m — op)® — || — 9;;-1||2) ,

MO
(¢i" — Aqp, q" — qi}) = (¢ — A¢", " — qf) + E (||q" A (ot v | U P L P qﬁ‘lHQ) :

Now, by summation of these four last equations, we find
1 _ _ _
P ((90? — A" " =) + o (e = eh = (@ = I+l = el = [l = o))
1 _ _
ta (( — 22— D) + 5o (1 = 2 — (7 = P+l = 2l = = | ))
+ o (ug - ’U’Zm’ ng - @Zx)

+pu((wt A" ) + e (9" — o~ (9 w,’;1)\!2+|w”—wz||2—Hw”—l—wz1H2)>
(

1 _ n— n n n—
+ay ( = gy — A+ 3 ([ = iy — (™ = )|+ = i = ™ = i ))
+ a2 (Z tha wz ¢Z$)
n n n n n— n— 2 n n n— n— 2
9< — AG", 0" — 0 HE(”H — (0" =0 YT+ 0 —op)? — ot — 0| ))

1
((q —Ag"q" =) + 2At(||q”—qﬁ—(q”1—qﬁ1)||2+||q”—q;’£||2—||f1”1—qu||2)>

+B1lg" — q)?
=02 (¢F — App, " = Xn) + @1 (27 — 2has P2 — Xha) + @2 (U — Upy, @3 — Xna) + pu (VF — AP, " — )
+ g (uy — Uy, Yy — M) + @2 (27 — 25, Yy — Mpy) — 6 (0" — 05,0y — i) + po (0 — AGL, 0™ — vp)

X
+ (@ — Ghay 0" — ) + 6 (U — iy, 0" —03) + 7 (¢ — Agiy, ¢ —wiy) + B(¢" — qiy, q" — w})
+ (03 — Ohes ¢ — wjy) -

So,

L= (e — ok - (so"—l—soz*1>1|2+uso"—som\2—Hw—l—soz*HQ) L (Il =g = = =P
e =l = [t =) + gag (128 = 2 — (= )| 1z = 2l —Hz” L)
—i—%(“u:—uzm—(u: 1—uhir || + [|ug _uhx| _H“ “hmlH )+a2 = Uha) Pz~ Pha)

-i—ag(z” i U = Vi) + ons (6" = 0 — (6"~ =637 |+ lom — o1 — [Jo~ — o1 *)

+oxz (o =a = @ =g )P+ la" = gl = [l = a7[1*) + Blla" - ai”
= —p: (¢ — Ap" w *wh)*pu(w?*AQ/J” w”*wﬁ)*pe((??*M”,@"*@Z)*T( = AG",q" — qp)
— o (2 — 2 20 — D2g) — a3 (ug — upy, ugy — Aug) + p2 (9f — App, " = xn) + a1 (27 — 2ha, O — Xha)
+ a2 (uy — Upgs Py — Xha) + pu (YF Aﬂ’hﬂ/}n —np) + oz (uy — Upg by — Mhe) + 02 (27 — iy, V3 — Mha)
— 80" = O, ¥y — i) + po (07 — A0R, 0" — i) + (47 — qhy, 0" — vp) + 0 (Y7 — Yy, 0" — )
+7(q — Agy,q" —wp) + B(¢" — ay. ¢" —wp) +0 (07 — Ohy ¢ —wp).
From the above estimates, it follows that

e (e = el = o™ = e I) + g (1" =il = v = 57" )

Mathematical Modeling and Computing, Vol. 10, No. 3, pp. 772-783 (2023)




778 Smouk A., Radid A., Soufyane A.

oz ([l = 2 = T =P+ e =l = 2 = =)
imu %x(%*—%fw+W%—%ﬂ“W% — )

[(u;; — U P = Phe) + (2 = 2y 0 = )]+ o (167 = 61 = 0"~ = 07" *)

+ 557 (" = all? = [la" = = 7 |°) + 8 la" = aiIP
< —pz (f — A", 0" — @) — pu (Y — AP™ Q" — ) — pg (0 — AO™, 0™ — Of)
—7(a' —Ag",q" — qp) — on (2 — 2pp 2y — Azy) — a3 (uf — up,, uyy — Auy)
+pz (f — Al 0" = Xn) + a1 (25 — 2 P — Xna) + @2 (U — Upgs Py — Xha)
+ pu (U — A, " — ) + ag (ug — upg, i — Mha) + 02 (25 — 20 Y7 — Mha)
= 00" = O, ¥y — iy) + po (07 — AbR, 0" — vp) + (a7 — Qher 0" — V) + 6 (V7 — Vi, 6" — )
+7 (¢t — Agp, q" —wp) + B(d" — ai, ¢" — wy) + (03 — Oy, q" —wp) .
Keeping in mind the fact that
o [(ug — upy, Py — GDZI) + (2 = Zher V2 — 7#&)]

= a2 [(ux uh:cv AZh:(:) (Z zhx? Auhx)]
= Q2 [(ug uhx? AZ + AZ Azhx) (Z zhz7 AU + Au Auﬁx)]

= Q2 (U,Z uhw? mt —Azy ) + o ( thv :Tnlt - Aug) + K (U;L - uzwv Z:? - Z}TLLm)

o a _
+K2t( g_ug ! (uhx_uZ:cl)’Zg_z;L ! (zhx_zir:xl))_xi(ug 1_UZJ:1’Z;L ! zfr:xl)'
However,
- w1wmw+ﬂ<%%*<%—%wﬁ—ﬁﬂ@Mww»
n n n—1 _
2At H o B ( Uy )H 0,

the fact that ajaz > a2, we deduce from the previous estimation that

g (o™ = il = o™ = e |I") + mt(w WP = o =)

(6] _ 112
2A1t (”Z;L - Z;le”2 - HZ;L t— Z}TLLm 1 ) 2At (Hu;‘ - uhm” - Hu - U’leH >
Q2 n a2 n—1 n—1 _n—1 n—1
+ E (ux uhm? Z:c th) At (u - uh;p y R — Zhe )
_ _ _1112
+ o (17 = 0717 = o= = 07*) + 55 (la" = ail> = "™ = a3 7"(1%) + Blla™ = gl

< —pz (@F — Ap™, " — @) — pu (Vi — AP, Y™ —y)

— po (0 — AO™, 0" — 92) -7 (g —A¢", q" — qp)

— a1 (2 — 2 2y — Azg) — a3 (U — upy, Uy — Aug)

+ p2 (0F — App, 0™ — xn) + o (27 — 2hgs V7 — Xha)

+ ag (uy — Uhy, 0y — Xna) + pu (Y — APy, " —np)

+ ag (ug — Upgs V7 — Mha) + 02 (23 — 24, Y3 — i)

— 00" — Op. Yy — i) + o (0 — DGR, 0" —vp) + (g7 — qhy, 0" — ) + 0 (Y — Vpy, 0" — )
+7 (g — Agy,q" — wy) +ﬁ(q"—QZ,Q"—wZ)+5(9§Z—92‘x,q" —wp)

— g (Uy — Upg, 2y — A2g) — a2 (2 — zp5, ugy — Aug). (12)

From the condition ajaz > oz%, we conclude that as/a3 < aj/ag. Therefore, let € be such that
ag/as < e < ay/ay. As a consequence of the Cauchy—Schwarz inequality and the Young’s inequality,
we obtain

s
20[2 (’UJZ - ,U“Zgw Z;L - Z;le) < ? ||U7xl - uZ:c||2 + ane ||Z;:L - Z;LLSC||2 .

Mathematical Modeling and Computing, Vol. 10, No. 3, pp. 772-783 (2023)



A numerical study of swelling porous thermoelastic media with second sound 779

Thus, summing (12) over n yields, for all x&,n¢,vi, wi € V7,
p= 10" = @RI + pu 9" — URII” + (a1 — ae) |12 — 27, ||
+ (a3 = S2) a2 — iy + o 167 = BR1° + 7 = g
N
<CAtY <H%0i — il + 1" — il + (16 = il° + lla" — gl
i=1
+ ||t = Q|+ [l — Av[|” + [|o} — A6 + |lgi — Ad']”
et = X+ Nk = xholl” + 10° = whll” + [l = il
Ik = holl” + lluk — whol” + 125 — AZE|° + [k, — 2|
+ 105 = vhall” + lla* = will” + ||k — who |
+ (A0" = AG;, 0" = v) + (A" — Adyy, ¢' — w},) + (AQ" — Agh,, @' = x3,) + (AY" = A, 0" —13,))
+C (|Ie” = @hl* + [6° = w1 + 1122 = 2 |I” + [0S — uf|* + [16° = 851" + [1g° - q2||2) :

Finally, taking into account that (see [4])

N
ALY (Ag' = Agh, o = xh) = (@ =i o™ = xi) + (e — 2 et = xh)

=1 N-1
+ > (¢ = b’ = - (P =)
N i=1
ALY (AP — A, ' =) = (0N = N =) + () —ul vt —nj)
i=1 N-1
P> (¢ v = = (7 =),
N ;
ALY (A0 — NG, 0 — o)) = (eN op 0N — V) + (65 — 6°, 0" —o})
i=1 N-1
+ Z (9] _ 9%793 _ g 9]+1 J+1
N =1
ALY (Aq = Agh ' —z) = (¥ —ap d" — =) + (4 — ¢°.q" — 1)
=1 N-1
3 (g d A - (@ = 4),
=1
from the previous estimates, using a discrete version Gronwall’s inequality (see, for instance, [5]), the
proof is complete. ]

Corollary 1. Suppose that the solution to the continuous problem is sufficiently regular, that is
z,u € H (0,75 L*(0,1)) n W™ (0, T; H*(0,1)) N H? (0,T; H'(0,1)) ,
0,q € H* (0,75 L*(0,1)) N L™ (0,T; H*(0,1)) N H' (0,75 H'(0,1)) .

Then, there exists a positive constant C, independent of the discretization parameters h and At, such
that

n__nj2 n__ n|2 n__ _n (|2
max {lle" = GRI” + 6" = vRIP + 122 = =
I = P + g = g > + 167 = 0317} < © (02 + (AD)?).

The numerical schemes were implemented using MATLAB on a Intel Core i5-6006U CPU @ 2.00 GHz.
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4. Numerical simulations

In this section, we perform some numerical simulations obtained from the numerical scheme presented
in the previous section, with finite element method using the backward Euler scheme is to find z}', uj,

q; € V" and 0y € Voh such that, forn =1, ...

(pZ n

E(‘ph

n—1

k At(Qh - Qh )

wr) + B(qp, wn) +

”—w;; — U ) + s (W mhe) + (2 Mhe) + (O, Tn) =
At (eh 0}7;_17 Uh) + (q;LL:m Uh) + 5(¢fTLLx7 Uh) = ((f3)27 Uh)a

(HFTLLM wh) =

, N and for all xp, nn, v, wy € VP

— @ xn) + a1 (2] Xae) + @2y, Xae) = (A1 x8),

((f2)hsmm),

((f4);LL7 wh) .

The first example is considered to illustrate the energy decay for theoretical results in Theorems 1 and
2. The second example is used for verify numerical convergence in Corollary 1.

4.1. First example: Exponential discrete energy decay

Y

We consider (13) with
fi(z,t) = fa(z,t) = fa(a,t) =
and following initial conditions for all = € [0, 1],
20(z) = 2*(1 - 2)*,
up(z) = 2*(1 — x)?
Oo(z) = 2*(1 — 2)*,

and boundary conditions: V¢ > 0

z1(x)
up(x)

qo(z)

fa(z,t) =0, in (0,1) x (0,7)
= 23(1 — )%,
= 23(1 — )%,
= 22(1 — )%,

22(0,t) = z5(1,t) = ug(0,t) = ux(1,¢) = 0(0,¢) = 6(1,t) = 0.
For these simulations we have adopted the appropriate values of each physical quantity, that is,
po = 10°, 7 =10%, b=10%,
a; =52-10% ap =1.3-10% a3 =1.3-105, § =102

p>=5-10°, p, =6-10%,

%104 Behavior the discrete energy

Energy E "
N w £ (6] (o)) ~ ec]

=
T

0 5 10 15
time t
n

Fig. 1. Numerical energy of the system &;'.

20

And for discretization parameters:
h=10"2, At=10"2 and T = 20.

As can be seen the numerical energy of the
swelling porous thermoelastic media with sec-
ond sound system in Figure 1 converge to zero
and an exponential decay seems to be achieved
then Theorems 1 and 2 are proved.

From the three dimensional pointwise nu-
merical solution of the displacement of the fluid
z, the elastic solid u, the temperatures 6§ and
heat flux ¢ are represented in Figures 2-5 re-
spectively. This proves again the energy decay
of the system.

In Figure 6, the evolution in space of the dis-
placement of the fluid is shown at different time
instants. Moreover, in Figures 7 and 8, the evo-

lution in time of the displacement of the fluid at several points is presented. As expected, the dis-
placement of the fluid is generated initially but it converges to zero, with some oscillations due to the

physical forces.
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The evolution in time and space of z The evolution in time and space of u
0.06
0.1
0.08 0.08 0.08
0.06 0.04 0.06
! 0.03 0.04
< 0.02 % 002
0
0.01
-0 0.02
E 0 0.04
20 -0.01 0.06
0.5 15
5 10 <02 0.08
X 0 o t X 0 o t
Fig. 2. The evolution in time and space of z. Fig. 3. The evolution in time and space of u.
The evolution in time and space of ¢ The evolution in time and space of q
0.06 0.06
0.06 0.05 0.06 0.05
0.05 | 0.05
0.04 0.04 0.04 0.04
Zo.03 X 0.03
S 0.03 = 0.03
0.02 0.02
0.01 0.01
0.02 0.02
0 0
1 1
20 0.01 0.01
0.5 15
10
5 0 0
X 0 o t X 0 o t
Fig. 4. The evolution in time and space of 6. Fig. 5. The evolution in time and space of gq.

The evolution in time of z for fixed x
T T

-3 The evolution in space of z for fixed t
g ¥10 ‘ 1Sp ! . 0.07

z(x,t)
z(x,t)

o 02 0.4 06 08 1 0 5 10 15 20
X t

Fig.6. The evolution in space of z for t =4, ¢t =5 Fig.7. The evolution in time of z for x = 0.1 and

and ¢t = 6. xz = 0.5.
Brbez evolution of z for x=0.1 1(;?6% evolution of z for x=0.3 The evolution of z for x=0.6 1(;%% evolution of z for x=0.9
0.04

0.01 0.04 . 001
2 % 002 % 002 2
N N N N

0 0 0 0
-0.01 -0.02 -0.02 -0.01
0 10 20 0 10 20 0 10 20 0 10 20
X X X X

Fig. 8. The evolution in time of z for different fixed values of x.
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4.2. Second example: Numerical convergence

We consider the system (13) with the artificial forces f1, fo, f3, fa for all (z,t) € (0,1) x (0,7T) defined
by

filz,t) = (p2?(x — 1)* — (a1 + a2)(22? + 2(z — 1)* + 42(27 — 2)) — 2(ag + az)z?)e’,
fa(w,t) = (6(2? (22 — 2) + 2x(x — 1)) — (ag + ag)(2(3: —1)2 + 4222 — 2)) + pur?(z — 1)?)et,
fa(x,t) = —x(x — 1)(20 — 4o — 40x + pyx — pga: + 2)é’,

fa(z,t) = x(x — 1)(4z — Bz — 72 + B + 72% — 2)€!

the exact solution of (13) is the following, for all (x,t) € (0,1) x (0,7):
2(x,t) = ela?(x — 1), wu(z,t) = ea?(z — 1)
0(z,t) = e'z®(x —1)%, q(z,t) = e'z?(x — 1)°.

The numerical error given by
2 2 2 2 2 2
max {[o" = R + 10" = R+ 125 = 2hall® + = i I + lla™ = gl + 16" — 6511}
are calculated and presented in Table 1 for different values of the discretization parameters J and
At (being J the number of finite elements of the discretisation and h = % the spatial discretization
parameter).

Table 1. Numerical Error for T — 1. For computed errors we have adopted the
7 A7 Error appropriate values of each physical quantity,
8 102 | 7.0159 x 102 that is,
16 | 5x 1073 | 1.6464 x 102 p.=5-10°, p, =6-10%, pg = 10°, 7 = 10%,
32 2x 1073 | 3.6402 x 10~
1 07 59593 < 107 b=10% oy =5.2-10% ay =1.3-10°,
124 | 5x 10-% | 1.9400 x 10— as = 1.3-10%, 6 = 10%

248 | 2 x 1075 | 4.6989 x 10~°

We observe the numerical convergence in Corol-
lary 1 is achieved according to Figures 9 and 10.

0.08 The evolution of Error ) The evolution of In(Error)
0.07 3
0.06 4
0.05 5
S 0.04 S st
i y
=
0.03 7
0.02 8
0.01 9
0 . . . . . . . 10 y . . . . \ \
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 -12 11 -10 -9 -8 -7 -6 -5 -4
h2+ A t2 In(h 2+ A t2)
Fig. 9. The evolution of Error. Fig. 10. The evolution of In(Error).

5. Conclusion

In this work, we presented a numerical analysis for problem of swelling of the porous thermoelastic
system with a heat flow given by the law of Maxwell-Cattaneo. In the first step, we gave a variational
formulation written in terms of the transformed derivatives corresponding to a coupled linear system
composed of four first-order variational equations. Then, we introduced a fully discrete approximation
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using the classical finite element method with linear elements for the spatial approximation and the
backward Euler method for the discretization of the time derivatives. We studied the exponential
decay of the discrete energy. Then, we proved the stability of the discrete solutions and we provided
an a priori error analysis. Finally, we performed numerical tests to justify the theoretical result.
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HucenbHe gocnig>xeHHs1 HabyxaHHS NOPUCTUX
TEPMOMNPY>XHUX CcepeafoBuULL, 3 PYTMM 3BYKOM

Cmyk AL, Pagin A.l, Cydsme A2

L Paxyavmem mamemamuxy ma ingopmamuxy, Yuisepcumem Xacana II,
FSAC, aabopamopia gyndamenmanvrot ma npukasadnoi mamemamuru, Kacabaranxa, Mapoxko
2 @aryavmem mamemamuru, Konednc nayx, Yrisepcumem Iapoorci,
Hlapdorca, O6’cdnani Apabevri Emipamu

V 1iit poboTi YnCeTBHO PO3IVISHYTO HAOYXAI0IY MOPUCTY TEPMOIPYKHY CHUCTEMY 3 TEILIO-
BUM IIOTOKOM, KW 3aaannii 3akoHoM Maxkcsemma—Karraneo. ocmiazkeno aucaoBy enep-
rifo Ta eKCIIOHEHIlaJIbHe 3aracalHis TepMorpykHol 3aa4i. Cruepiry nano Bapiariiiae dpop-
MYJIIOBaHHS, SIKE 3aINCaHe B TepMiHax IepeTBOPEHUX MOXiTHNX, IO Bi/IIIOBiae MoB’ a3aHii
JIHIWHIA cucTeMi, gKa CKJIQJIAEThCA 3 YOTUPHOX BapialliifHUX PIBHSHB IIEPIIOTO MOPSJIKY.
BgeJieHO MOBHICTIO UCKPETHHIT AJTOPUTM 1 JIOBEJIEHO BJIACTUBICTD JUCKPETHOI CTifAKOCTI.
Takoxk HamaHO anpiopHi orinky moxnbok. Hakinennb, HaABEJIEHO /IesiKi YUCe/IbHI pe3yJIbTaTH,
06 TTPOAEMOHCTPYBATH MOBEIIHKY PO3B’SI3KY.

Kntouosi cnosa: nabyxranms nopucme; 0pyeutdl 36YK; eKCnoneHuiarbha cmitikicms; cKit-
YEHHE ENEMEHMU; YUCAOBA EHEPRLA; YUCAOET PESYALMATNU.
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