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The COVID-19 is a major danger that threatens the whole world. In this context, math-
ematical modeling is a very powerful tool for knowing more about how such a disease is
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1. Introduction

The deterministic formulations analysis is very necessary and commonly used in the mathematical
epidemiology, and it can be seen as the first tool for modeling new diseases spread and getting an
overview of their asymptotic behavior. But, the real phenomena are not always deterministic and
may be subject to some uncertainties and randomness due to fluctuations in the natural environment.
Therefore, an adapted mathematical formulation that considers this stochasticity is required in the case
of COVID-19. For this purpose, we will treat in this study a probabilistic version that incorporates
proportional Gaussian white noises of the compartmental model presented in [1]. More precisely, we
will analyze the following stochastic differential equations system:





dS =

[
Λ−

(
β1 − β2

I

b+ I

)
S(I + θA) + λQ− (µ+ q)S

]
dt+ σ1SdB1(t),

dQ =
[
qS − (µ+ λ)Q

]
dt+ σ2Q dB2(t),

dE =

[(
β1 − β2

I

b+ I

)
S(I + θA)− (µ + σ)E

]
dt+ σ3E dB3(t),

dA =
[
(1− p)σE − (µ+ εA + γA + dA)A

]
dt+ σ4AdB4(t),

dI = [σpE − (µ+ εI + γI + dI)I] dt+ σ5I dB5(t),

dH =
[
εII + εAA− (µ+ dH + γH)H

]
dt+ σ6H dB6(t),

dR =
[
γHH + γII + γAA− µR

]
dt+ σ7R dB7(t).

(1)

Here, (σ1, . . . , σ7) ∈ R7
+ designate the intensities of the mutually independent Brownian motions Bi

(i = 1, . . . , 7). These latter, and all the random variables that will be evoked in our analysis, are
supposed to be defined on a complete probability space (Ω,F,P) that is endowed with an usual filtration
(Ft)t>0 (it is increasing and right continuous while F0 contains all P−null sets). The analysis of the
stochastic model (1) is divided into four parts. First, we check in detail its well-posedness in the sense
that it admits one and only one solution which is global in time, positive, and bounded. Then, and
under appropriate conditions, some interesting asymptotic properties are proved, namely: extinction
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and persistence in the mean. The theoretical results show that the dynamics of the perturbed COVID-
19 model are determined by parameters that are closely related to the magnitude of the stochastic
noise. Finally, we present some numerical illustrations to confirm our theoretical results and to show
the impact of media intervention and quarantine strategies on the COVID-19 prevalence [2–5].

2. Well-posedness

In this subsection, we show that the model (1) is well posed, in the sense that if S(0), Q(0), E(0),
A(0), I(0), H(0), and R(0) are positive, then the system admits one and only one solution which is
global in time, positive, and bounded.

Theorem 1. For any initial value X0 ∈ R7
+, there is a unique solution X(t) to the sys-

tem (1) on t > 0, and it will remain in R7
+ with probability one, which means that, if(

S(0), Q(0), E(0), A(0), I(0),H(0), R(0)
)

is in R7
+, then

(
S(t), Q(t), E(t), A(t), I(t),H(t), R(t)

)
∈ R7

+

for all t > 0 almost surely (a.s. for short).

Proof. In the system (1), the coefficients are continuously differentiable on their domains of definition,
so they satisfy the local Lipschitz condition, and for this reason, there exists for any given initial value
X0 ∈ R7

+, a unique maximal local solution X(t) on t ∈ [0, τe), where τe is the explosion time [6]. At
this point, our goal will be to demonstrate that this solution is global, that is τe =∞ a.s.

To this purpose, let k0 ∈ N be very large such that X(0) ∈ [k−1
0 , k0], and define for each integer

k > k0 the stopping time τk as follows:

τk = inf
{
t ∈ [0, τe) | (∃i ∈ {1, . . . , 7}) : Xi(t) 6∈

(
1
k , k
)}

= inf
{
t ∈ [0, τe) | X(t) 6∈

(
1
k , k
)7}

= inf

{
t ∈ [0, τe) | min

16i67
Xi(t) 6

1
k or max

16i67
Xi(t) > k

}
. (2)

Set τ∞ = limk→∞ τk, clearly, (τk)k>k0 is increasing; hence, limk→∞ τk = supk>k0 τk, and according to
Lemma 2.11 of [7] supk>k0 τk is a stopping time, then so is τ∞. By adopting the convention inf ∅ =∞
for the rest of this paper, we can easily affirm that τ∞ 6 τe a.s. Hence, τe =∞ a.s. will follow directly
if we show that τ∞ =∞ a.s., and that is exactly what we are going to do to finish the proof.

Assume that τ∞ = ∞ a.s. is untrue, then there exists a positive constant T such that
P(τ∞ 6 T ) > 0.

Therefore, there exists an ε > 0 for which
P(τk 6 T ) > ε for all k > k0. (3)

Consider the C2function V defined for x = (x1, . . . , x7) ∈ R7
+ by

V (x) =
[
x1 − a− a ln

x1
a

]
+

7∑

i=2

(
xi − 1− ln(xi)

)
,

where a is a positive constant to be chosen suitably later. The nonnegativity of this function can be
deduced from the following inequality: x− 1− lnx > 0, ∀x > 0.

Applying the multi-dimensional Itô’s formula to V (X(t)), we obtain for all k > k0 and t ∈ [0, τk)

dV
(
S(t), Q(t), E(t), A(t),I(t),H(t), R(t)

)

= LV
(
S(t), Q(t), E(t), A(t), I(t),H(t), R(t)

)
dt+ (S(t)− a)σ1 dB1(t)

+ (Q(t)− 1)σ2 dB2(t) + (E(t)− 1)σ3 dB3(t) + (A(t)− 1)σ4 dB4(t)

+ (I(t)− 1)σ5 dB5(t) + (H(t)− 1)σ6 dB6(t) + (R(t)− 1)σ7 dB7(t),

where LV : R7
+ → R is defined by

LV (S,Q,E,A, I,H,R)

=
(
1− a

S

)
×
[
Λ−

(
β1 − β2

I

b+ I

)
S(I + θA) + λQ− (µ + q)S

]

+

(
1− 1

Q

)
×
[
qS − (µ+ λ)Q

]
+

(
1− 1

E

)
×
[(
β1 − β2

I

b+ I

)
S(I + θA)− (µ+ σ)E

]
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+

(
1− 1

A

)
×
[
(1− p)σE − (µ + εA + γA + dA)A

]
+

(
1− 1

I

)
×
[
σpE − (µ+ εI + γI + dI)I

]

+

(
1− 1

H

)
× [εII + εAA− (µ+ dH + γH)H] +

(
1− 1

R

)
× [γHH + γII + γAA− µR]

+
1

2

[
aσ21 + σ22 + σ23 + σ24 + σ25 + σ26 + σ27

]

= Λ− µ(S +Q+ E +A+ I +H +R)− dAA− dII − dHH

+

[
−aΛ
S

+ aβ1(I + θA)− aβ2
I(I + θA)

b+ I
− aλQ

S
+ a(µ+ q)

]
+

[
−q S

Q
+ (µ+ λ)

]

+

[
−
(
β1 − β2

I

b+ I

)
S

E
(I + θA) + (µ + σ)

]
+

[
−(1− p)σE

A
+ (µ+ εA + γA + dA)

]

+

[
−σpE

I
+ (µ+ εI + γI + dI)

]
+

[
−εI

I

H
− εA

A

H
+ (µ+ γH + dH)

]

+

[
−γH

H

R
− γI

I

R
− γA

A

R
+ µ

]
+

1

2

[
aσ21 + σ22 + σ23 + σ24 + σ25 + σ26 + σ27

]

6
[
Λ+ 6µ+ λ+ σ + εA + γA + dA + εI + γI + dI + dH + γH + a(µ+ q) +

1

2

(
aσ21 + σ22 + σ23 + σ24

+ σ25 + σ26 + σ27
)]
− µ(S +Q+ E +R)− θβ1

(
µ+ dA
θβ1

− a
)
A− β1

(
µ+ dI
β1

− a
)
I.

By choosing a = 1
2 min

{
µ+dA
θβ1

, µ+dIβ1

}
, the coefficients of A and I will be negatives, therefore

LV (S,Q,E,A, I,H,R) 6 Λ + 6µ+ λ+ σ + εA + γA + dA + εI + γI + dI + dH + γH + a(q + µ)

+
1

2

(
aσ21 +

7∑

i=2

σ2i

)
, K.

Hence, we get for all k > k0 and t ∈ [0, τk)

dV
(
S(t),Q(t), E(t), A(t), I(t),H(t), R(t)

)

6 K dt+ (S(t)− a)σ1 dB1(t) + (Q(t)− 1)σ2 dB2(t) + (E(t)− 1)σ3 dB3(t)

+ (A(t) − 1)σ4 dB4(t) + (I(t)− 1)σ5 dB5(t) + (H(t)− 1)σ6 dB6(t) + (R(t)− 1)σ7 dB7(t).

Integrating from 0 to τk ∧ T and then taking the expectation on both sides of the above inequality
leads to

E
[
V (X(T ∧ τk)

]
6 V (X(0)) +KE [τk ∧ T ] 6 V (X(0)) +KT. (4)

We have V (x) > 0 for all x > 0, then
E
[
V (X(T ∧τk)

]
= E

[
V (X(T ∧τk)×1{τk6T}

]
+E
[
V (X(t∧τk)×1{τk>T}

]
> E

[
V (X(τk)×1{τk6T}

]
, (5)

where 1A denotes the indicator function of a measurable set A ∈ F. Note that for every ω ∈ {ω ∈ Ω |
τk(ω) 6 T}, there is some component of V

(
X(τk)

)
equals to k or 1

k so

V
(
X(τk)

)
>

(
k − a− a ln k

a

)
∧
(
1

k
− a− a ln 1

ka

)
∧ (k − 1− ln k) ∧

(
1

k
− 1− ln

1

k

)
.

Therefore

E
[
V (X(τk)× 1{τk6T}

]
> P(τk 6 T )

(
k − a− a ln k

a

)
∧
(
1

k
− a− a ln 1

ka

)
∧ (k − 1− ln k)

∧
(
1

k
− 1− ln

1

k

)
. (6)

Combining (4), (5) and (6) with (3), we conclude that

V (X(0)) +KT > ε

(
k − a− a ln k

a

)
∧
(
1

k
− a− a ln 1

ka

)
∧ (k − 1− ln k) ∧

(
1

k
− 1− ln

1

k

)
.

Letting k →∞ leads to the contradiction V (X(0)) +KT =∞, which completes the proof. �

Mathematical Modeling and Computing, Vol. 10, No. 3, pp. 784–795 (2023)



A mathematical study of the COVID-19 propagation through a stochastic epidemic model 787

3. Extinction of COVID-19

In this section, we will give some conditions for the extinction of the model (1) expressed in terms of
system parameters and intensities of noises. For the sake of simplicity, we will denote from now on the
temporary mean 1

t

∫ t
0 ϕ(s) ds of a continuous function ϕ by 〈ϕ(t)〉. Also, and for all (x, y) ∈ R2, we

adopt the following notations x ∧ y := min(x, y) and x ∨ y := max(x, y).

Definition 1 (Stochastic extinction). For system (1), the infected individuals E(t), A(t) and I(t)
are said to be stochastically extinct, or extinctive, if limt→∞E(t) + I(t) +A(t) = 0 almost surely.

Before stating the result to be proved, we must firstly give the following useful lemma.

Lemma 1. For any initial valueX0 ∈ R7
+, the solutionX(t) = (S(t), Q(t), E(t), A(t), I(t),H(t), R(t))

of system (1) verifies the following properties:

1. lim
t→∞

Xk(t)
t = 0 a.s. ∀k ∈ {1, 2, . . . , 7} .

2. Moreover, if µ > 1
2

(
σ21 ∨ σ22 ∨ σ23 ∨ σ24 ∨ σ25 ∨ σ26 ∨ σ27

)
, then

lim
t→∞

∫ t
0 Xk(s) dBk(s)

t = 0 a.s. ∀k ∈ {1, 2, . . . , 7} .

Proof. The proof of this lemma is similar in spirit to that of lemmas 2.1 and 2.2 of [8] and therefore
it is omitted here. �

Theorem 2. Let us denote by X(t) = (S(t), Q(t), . . . , R(t)) the solution of system (1) that starts

from a given value X0 = (S(0), Q(0), E(0), A(0), I(0),H(0), R(0)) ∈ R7
+. If µ >

max16i67 σ
2
i

2 and

min36i65 σ
2
i > 6× (β1S

o − µ), with So = Λ
µ ·

λ+µ
λ+q+µ , then

lim sup
t→∞

ln(E(t) +A(t) + I(t))

t
6 β1S

o − µ− min36i65 σ
2
i

6
< 0 a.s.,

which means that the disease will die out exponentially with probability one.

Proof. From Itô’s formula and system (1), we have

d ln(E +A+ I) =

[
1

E +A+ I

((
β1 − β2

I

b+ I

)
S(I + θA)− (εA + γA + dA)A− (εI + γI + dI)I

)

−µ− σ23E
2 + σ24 A

2 + σ25 I
2

2(E +A+ I)2

]
dt+

σ3E dB3(t) + σ4AdB4(t) + σ5I dB5(t)

E +A+ I
.

Thus

d ln(E +A+ I) 6

[(
β1 − β2

I

b+ I

)
S − µ− σ23 ∧ σ24 ∧ σ25

2
× E2 +A2 + I2

(E +A+ I)2

]
dt

+ σ3
E

E +A+ I
dB3(t) + σ4

A

E +A+ I
dB4(t) + σ5

I

E +A+ I
dB5(t).

By using the famous Cauchy–Schwartz inequality (see for instance [9] and the references given there),
we can assert that E2+A2+I2

(E+A+I)2 > 1
3 . Hence

d ln(E +A+ I) 6

[
β1S − µ−

σ23 ∧ σ24 ∧ σ25
6

]
dt+ σ3

E

E +A+ I
dB3(t) + σ4

A

E +A+ I
dB4(t)

+ σ5
I

E +A+ I
dB5(t), (7)

Integrating (7) from 0 to t, and then dividing by t on both sides, we get

ln(E(t) +A(t) + I(t))

t
6

ln(E(0) +A(0) + I(0))

t
+ β1〈S(t)〉 − µ−

σ23 ∧ σ24 ∧ σ25
6

+
σ3
t

∫ t

0

E(s)

E(s) +A(s) + I(s)
dB3(s) +

σ4
t

∫ t

0

A(s)

E(s) +A(s) + I(s)
dB4(s)

+
σ5
t

∫ t

0

I(s)

E(s) +A(s) + I(s)
dB5(s). (8)
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On the other hand, the first equation of (1) gives

S(t)− S(0) = Λt−
∫ t

0

(
β1 − β2

I(s)

b+ I(s)

)
S(s)(I(s) + θA(s)) ds+ λ

∫ t

0
Q(s) ds

− (q + µ)

∫ t

0
S(s) ds+ σ1

∫ t

0
S(s) dB1(s)

6 Λt+ λ

∫ t

0
Q(s) ds− (q + µ)

∫ t

0
S(s) ds+ σ1

∫ t

0
S(s) dB1(s).

Therefore

〈S(t)〉 = 1

t

∫ t

0
S(s) ds 6

1

q + µ

(
Λ +

λ

t

∫ t

0
Q(s) ds+

S(0)

t
+
σ1
t

∫ t

0
S(s) dB1(s)−

S(t)

t

)

6
1

q + µ

(
Λ + λ〈Q(t)〉+ S(0)

t
+
σ1
t

∫ t

0
S(s) dB1(s)

)
. (9)

Also, the second one gives

Q(t)−Q(0) = q

∫ t

0
S(s) ds− (µ+ λ)

∫ t

0
Q ds+ σ2

∫ t

0
Q(s) dB2(s),

which shows that

〈Q(t)〉 = 1

t

∫ t

0
Q(s) ds =

1

λ+ µ

(
Q(0)−Q(t)

t
+
q

t

∫ t

0
S(s) ds+

σ2
t

∫ t

0
Q(s) dB2(s)

)
(10)

6
1

λ+ µ
× Q(0)

t
+

q

λ+ µ
〈S(t)〉+ σ2

λ+ µ
× 1

t

∫ t

0
Q(s) dB2(s). (11)

Combining (9) with (11) yields

〈S(t)〉 6 1

q + µ

(
Λ + λ

(
Q(0)

(λ+ µ)t
+

q

λ+ µ
〈S(t)〉+ σ2

λ+ µ
× 1

t

∫ t

0
Q(s) dB2(s)

)

+
S(0)

t
+
σ1
t

∫ t

0
S(s) dB1(s)

)
.

Hence,

〈S(t)〉 6 Λ(λ+ µ)

µ(q + µ+ λ)
+

λ

µ(q + µ+ λ)

Q(0)

t
+

λ+ µ

µ(q + µ+ λ)

S(0)

t

+
λσ2

µ(q + µ+ λ)
× 1

t

∫ t

0
Q(s) dB2(s) + σ1

(λ+ µ)

µ(q + µ+ λ)
× 1

t

∫ t

0
S(s) dB1(s). (12)

Since µ > 1
2

(
σ21 ∨ σ22 ∨ σ23 ∨ σ24 ∨ σ25 ∨ σ26 ∨ σ27

)
, we can conclude by virtue of Lemma 1(2) and inequal-

ity (12) that

lim
t→∞
〈S(t)〉 6 Λ

µ
× λ+ µ

q + µ+ λ
= So. (13)

According to the strong law of large numbers for local martingales (see [6, page 12]), we have




lim
t→∞

σ3
t

∫ t

0

E(s)

E(s) +A(s) + I(s)
dB3(s) = 0 a.s.,

lim
t→∞

σ4
t

∫ t

0

A(s)

E(s) +A(s) + I(s)
dB4(s) = 0 a.s.,

lim
t→∞

σ5
t

∫ t

0

I(s)

E(s) +A(s) + I(s)
dB5(s) = 0 a.s.

(14)

From (8), (13) and (14) we get

lim sup
t→∞

ln(E(t) +A(t) + I(t))

t
6 β1S

o − µ− σ23 ∧ σ24 ∧ σ25
6

< 0 a.s.,

which is exactly the desired conclusion. �
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4. Persistence in the mean of COVID-19

In the following, we give a condition for the persistence in the mean of the disease, but before stating
the main result, we shall first recall the concept of persistence in the mean.

Definition 2 (Persistence in the mean [10, 11]). For system (1), the infectious individuals
A(t) and I(t) are said to be strongly persistent in the mean, or just persistent in the mean, if
lim inft→∞〈A(t) + I(t)〉 > 0 almost surely.

For brevity and simplicity in writing the next results, it will be convenient to adopt the following
notations:

• ρ1(α) = 3× 3
√

Λ(β1 − β2)σ ×
(

3
√
θ(1− p)× α+ 3

√
p× (1− α)

)
, ∀α ∈ (0, 1),

• ρ2 = 7µ+ σ + (εA + γA + dA) + (εI + γI + dI) + (dH + γH) + |λ− q|+ 1
2

∑7
i=1 σ

2
i ,

• α̂ =

√
θ(1−p)√

θ(1−p)+√
p
∈ (0, 1).

Lemma 2. For any α ∈ (0, 1), the following inequality is satisfied ρ1(α) 6 ρ1(α̂). In other terms,
ρ1(α̂) is the maximum value of ρ1(α) on the open interval (0, 1).

Proof. We start our proof by observing that the function ρ1(α) is differentiable on (0, 1), with the
first derivative given by:

ρ′1(α) :=
dρ1(α)

dα
= 3
√

Λ(β1 − β2)σ
(

3
√
θ(1− p)
3
√
α2

−
3
√
p

3
√

(1− α)2

)

=
3
√

Λ(β1 − β2)σ
3
√

(α× (1− α))2
× θ(1− p)(1− α)2 − pα2

(
3
√
θ(1− p)(1− α)2

)2
+ 3
√
θ(1− p)p(1− α)2α2 +

(
3
√
pα2

)2

=
3
√

Λ(β1 − β2)σ
(√

θ(1− p)(1− α) +√pα
)(√

θ(1− p) +√p
)

(
(1− α) 3

√
θ(1− p)α

)2
+ 3
√
θp(1− p)α4(1− α)4 +

(
α 3
√
p(1− α)

)2 × (α̂− α) .

As it can be seen, the derivative ρ′1(α) and the linear function L(α) = α̂ − α have the same sign, so
the function ρ1(α) decreases for α ∈ (0, α̂) and increases for α ∈ (α̂, 1). Therefore, the highest value
of ρ1 in the interval (0, 1) is ρ1(α̂), and this is precisely the assertion of the lemma. �

Theorem 3. If ρ1(α̂) > ρ2, then for any X0 ∈ R7
+, the solution X(t) = (S(t), Q(t), E(t), A(t), I(t),

H(t), R(t)) of the initial-value problem (1) verifies the following property:

lim inf
t→∞

〈I(t) +A(t)〉 > 1

β1
(ρ1(α̂)− ρ2) > 0 a.s.,

which is to say that the infectious individuals A(t) and I(t) are persistent in the mean.

Proof. Consider the function
V̂ : R7

+ −→ R
x 7−→ ∑7

i=1 lnxi.

From Itô’s formula and system (1), we have

dV̂ (X(t)) =

([
Λ

S
−
(
β1 − β2

I

b+ I

)
(I + θA) + λ

Q

S
− (q + µ)

]
+

[
q
S

Q
− (λ+ µ)

]

+

[(
β1 − β2

I

b+ I

)
S

E
(I + θA)− (µ+ σ)

]
+

[
(1− p)σE

A
− (µ + εA + γA + dA)

]

+

[
σp
E

I
− (µ+ εI + γI + dI)

]
+

[
εI
I

H
+ εA

A

H
− (dH + γH + µ)

]

+

[
γH

H

R
+ γI

I

R
+ γA

A

R
− µ

]
− 1

2

7∑

i=1

σ2i

)
dt+

7∑

i=1

σi dBi(t)
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>

(
Λ

S
− β1(I + θA) + (λ ∧ q)

(
S

Q
+
Q

S

)
+ (β1 − β2)

S

E
(I + θA) + (1− p)σE

A
+ σp

E

I

−
[
7µ + λ+ q + σ + (εA + γA + dA) + (εI + γI + dI) + (dH + γH) +

1

2

7∑

i=1

σ2i

])
dt

+

7∑

i=1

σi dBi(t).

Noticing that λ ∧ q = λ+q−|λ−q|
2 and

(
S
Q + Q

S

)
> 2, we get for all t > 0

dV̂ (X(t)) >

([
(1− α̂)Λ

S
+ (β1 − β2)

SI

E
+ σp

E

I

]
+

[
α̂Λ

S
+ θ(β1 − β2)

SA

E
+ (1− p)σE

A

]

− β1(I + θA)− ρ2
)
dt+

7∑

i=1

σi dBi(t),

and from the relation between arithmetic and geometric means (the first is greater than or equal to
the second, see [12]), it results that

dV̂ (X(t)) >
(
3× 3

√
(1− α̂)Λ(β1 − β2)σp+ 3× 3

√
α̂Λ(β1 − β2)θσ(1− p)− β1(I + θA)− ρ2

)
dt

+
7∑

i=1

σi dBi(t)

>
((
ρ1(α̂)− ρ2

)
− β1(I + θA)

)
dt+

7∑

i=1

σi dBi(t). (15)

Integrating from 0 to t and dividing by t on both sides of (15) gives

V̂ (X(t)) − V̂ (X(0))

t
>
(
ρ1(α̂)− ρ2

)
− β1〈I(t) + θA(t)〉+

7∑

i=1

σi
Bi(t)

t
.

Hence

〈I(t) +A(t)〉 > 〈I(t) + θA(t)〉 > 1

β1

(
V̂ (X(0)) − V̂ (X(t))

t
+
(
ρ1(α̂)− ρ2

)
)

+
7∑

i=1

σi
β1

Bi(t)

t
. (16)

Since ln y 6 y − 1 6 y for all y > 0, one can assert that V̂ (x) 6
∑7

i=1 xi for any x ∈ R7
+.

Combining the last inequality with (16) yields

〈I(t) +A(t)〉 > 1

β1

(
V̂ (X(0))

t
− 1

t

7∑

i=1

Xi(t) +
(
ρ1(α̂)− ρ2

)
)

+

7∑

i=1

σi
β1

Bi(t)

t
.

By using the strong law of large numbers for local martingales and the first assertion of Lemma 1, we
obtain

lim inf
t→∞

〈I(t) +A(t)〉 > 1

β1

(
ρ1(α̂)− ρ2

)
> 0 a.s.,

which is the required assertion. �

Remark 1. In the last proof, we can notice that any constant α ∈ (0, 1) can play the role of α̂,
but the peculiarity of the latter lies essentially in its capacity to weaken the hypothesis of Theorem 3.
Indeed, according to Lemma 2, if ρ1(α) > ρ2 for some α ∈ (0, 1) then necessarily ρ1(α̂) > ρ2.

5. Numerical simulation examples

In this section, using the parameter values as shown in Table 1, we present some numerical simulations
to validate the various results proved in this paper. Most of the parametric values appearing in this table
(Table 1) are selected from real data available in existing literature (Refs. [1,13–15] more precisely) and
the rest of them are just assumed for numerical calculations. The solution of our stochastic COVID-19
model, is simulated in our case with the initial state given by S(0) = 1.8 × 106, Q(0) = 0, E(0) = 10,
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A(0) = 15, I(0) = 8, H(0) = 5 and R(0) = 0 (see [13]). In what follows, the unity of time is one day
and the number of individuals is expressed in one million population.

Table 1. Definitions and values (per day) of COVID-19 model parameters used in the simulation.

Parameter Description Nominal value
Λ Recruitment rate 108.63
β1 Contact rate in absence of media coverage (1.7× 10−9, 5.2× 10−3)
β2 Awareness rate (or also response intensity) [0, β1]
b Constant of media’s half saturation 70
θ Modification ratio of asymptomatic infectiousness 0.0494
q Quarantine rate 0.071
λ Rate of release from quarantine 0.1003
µ Natural death rate 0.00029
σ The transition rate of exposed individuals to the infective classes 0.2
p Probability of having symptoms among infected individuals (0, 1)
εA The hospitalization rate of asymptomatic infected individuals 0.1
γA Recovery rate of asymptomatic infected individuals 0.15
dA Disease-induced death rate for asymptomatic infected individuals 0.005
εI The hospitalization rate of symptomatic infected individuals 0.33
γI Recovery rate of symptomatic infected individuals 0.1001
dI Disease-induced death rate for symptomatic infected individuals 0.008
γH Recovery rate of hospitalized individuals 0.14
dH Disease-induced death rate for hospitalized individuals 0.004

Example 1 (Asymptotic behavior). In order to exhibit the random fluctuations effect on COVID-
19 dynamics, we present in Figures 1 and 2 a collection of numerical simulations. In the first instance,
we take β1 = 2.08×10−9, β2 = 0.6×β1, p = 0.6201, and we choose the stochastic intensities as follows:
σ1 = 0.024, σ2 = 0.0235, σ3 = 0.015, σ4 = 0.0174, σ5 = 0.019, σ6 = 0.0213, and σ7 = 0.0238. Then,

1

2

(
σ21 ∨ σ22 ∨ σ23 ∨ σ24 ∨ σ25 ∨ σ26 ∨ σ27

)
= 0.000288 < 0.000290 = µ,

and σ23 ∧ σ24 ∧ σ25 = 0.000225 > 0.000202 = 6(β1S
o − µ). Hence, the assumptions of Theorem 2 are

verified, and consequently

lim sup
t→∞

ln(E(t) +A(t) + I(t))

t
6 β1S

o − µ− σ23 ∧ σ24 ∧ σ25
6

= −3.83 × 10−6 < 0 a.s.

That is to say that the COVID-19 dies out exponentially almost surely. The last result is confirmed
by the curves depicted in Figure 1. To make the condition ρ1(α̂) > ρ2 true, we take β1 = 4.1 × 10−3,
β2 = 0.1 × β1 and we select new values of stochastic intensities as follows: σ1 = 0.019, σ2 = 0.0185,
σ3 = 0.014, σ4 = 0.017, σ5 = 0.0158, σ6 = 0.0136, and σ7 = 0.0182. Thus, the main result of
Theorem 3 is satisfied and this time, the COVID-19 persists in the mean as shown in Figure 2.

Example 2 (The effectiveness of media intervention and quarantine strategies). We aim
during this example to examine numerically the impact of media intrusion and quarantine strategies
on the COVID-19 spread. To this end, we simulate the progression of the total infected population
number with various values of β2, λ and q. Through Figure 3, we can perceive that the increase of the
quarantine rate and duration can delay the arrival of infection peak, reduce remarkably the impact of
the disease, and even lead it to the extinction sometimes (see for example the last two curves presented
in Figure 3). On the other hand, and as it can be seen from Figures 3 and 4, the media alert strategy
is able also to diminish the severity of the COVID-19 spread, but it can not make it disappear, and we
explain this theoretically by the absence of the parameters β2 and b in the persistence and extinction
conditions (for example R0 does not involve these parameters). Roughly speaking, the role of the
quarantine and the information intervention about COVID-19 is critically important, particularly in
its beginnings. The growth of the positive response in susceptible individuals leads to reduce the gravity
of the infection and creates a conscious public able to overcome this new pandemic by respecting social
distancing and self-isolation procedures.
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Fig. 1. Trajectories of COVID-19 stochastic model (1) taking β1 = 2.08× 10−9, β2 = 0.6×β1 and p = 0.6201.
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Fig. 2. Trajectories of COVID-19 stochastic model (1) taking β1 = 4.1× 10−3, β2 = 0.1 × β1 and p = 0.6201
(ρ1(α̂) = 1.0266 > 0.9694 = ρ2).
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Fig. 3. The impact of the quarantine parameters λ and q on the trajectories of the total infected individuals
Itotal(t) := E(t) +A(t) + I(t). The rest of the parameters is taken respectively as in Figures 1 and 2.
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Fig. 4. Stochastic paths of the total infected individuals Itotal(t) := E(t) +A(t) + I(t) under different response
intensities β2. The other parameters are taken respectively as in Figures 1 and 2.

6. Conclusion

In this study, we have analyzed and explored the COVID-19 perturbed system (1). First, we have
demonstrated the existence and uniqueness of a global positive solution to this system. Then, we have
derived the conditions for COVID-19 extinction and persistence, and we remarked that they are mainly
depending on the magnitude of the noises intensities as well as the system parameters. Finally, we
have presented some numerical simulation examples to support and visualize our findings.
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Математичне дослiдження розповсюдження COVID-19
через стохастичну модель епiдемiї

Кiуах Д., Ель-iдрiссi С. Е. А., Саббар Ю.

Лабораторiя LPAIS, факультет наук Дхар Ель Мараз,
Унiверситет Сiдi Мохамеда Бен Абделла, Фес, Марокко

COVID-19 є великою небезпекою, яка загрожує всьому свiту. У цьому контекстi ма-
тематичне моделювання є дуже потужним iнструментом, щоб дiзнатися бiльше про
те, як така хвороба передається всерединi людської популяцiї. У зв’язку з цим у
цiй статтi пропонується стохастична модель епiдемiї, яка описує динамiку COVID-19
пiд час застосування карантину та стратегiй медiа-висвiтлення, i здiйснено строгий
математичний аналiз цiєї моделi, щоб отримати загальне уявлення про поширення
COVID-19.

Ключовi слова: COVID-19; броунiвський рух; стохастична модель епiдемiї; ви-
свiтлення ЗМI; карантин.
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