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In this work we propose a hybrid model of cell population dynamics, where cells are consid-
ered as discrete elements whose dynamics depending on the intracellular and extracellular
regulation. The model takes into account different cell types which include undifferenti-
ated cells and two types of differentiated cells. We use a simulation algorithm based on
the dynamical systems approach on the one hand, and the multi-agent approach on the
other hand. Both approaches have been implemented using NetLogo and Python. We
discuss cell choice between two types of differentiated cells and analyze the coexistence of
cell lineages.
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1. Introduction

Multi-scale models in biology actively develop in order to describe physiological processes. There are
various approaches to multi-scale modeling and numerous applications (see [1-5] and the references
therein). Cell populations in multi-scale models can be described by discrete or continuous methods.
Cellular automata (CA), lattice Boltzmann method and various particle methods are among them [6-9].
These approaches allow detailed description of cell behavior, cell-cell interaction and other aspects of
complex biological media. On the other hand, they are applicable for a relatively small number of cells
and they do not admit analytical study. Continuous models are represented by ordinary differential
equations (ODEs) and partial differential equations (PDEs) for cell concentrations. In particular, this
can be reaction-diffusion equations taking into account random cells motion and their birth and death.
Navier—Stokes equations and Darcy equations describe convective motion of the medium.

Multi-scale models include intracellular and extracellular regulations of biological cells. Intracellu-
lar regulation is particularly important because it determines the cell fate, that is the choice between
its self-renewal, differentiation and apoptosis. It can be described by ODE for intracellular concentra-
tions, Boolean approach or by probabilistic methods if a small number of molecules participate in this
regulation and their concentrations cannot be considered. Extracellular regulation can be effectuated
by various local mechanisms in the given tissue (growth factors, cytokines) or by means of global con-
trol from other organs and tissues through endocrine signaling. Extracellular substances diffuse in the
tissue and influence intracellular regulation of cells. Distribution of these substances can be described
by reaction-diffusion equations.

Hybrid discrete-continuous modeling techniques can be used to simulate the behavior of cell popu-
lations and the regulation of intracellular and extracellular factors. These models involve representing
cells as individual objects, using lattice or off-lattice methods to describe their movement and in-
teractions. Intracellular regulatory networks are modeled using ordinary differential equations, while
extracellular substances are described using partial differential equations. These models can be used
to study complex biological processes such as hematopoiesis [10-12].
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Multi-scale biological models can be categorized into continuous models, discrete models, and hybrid
models, which combine the strengths of discrete and continuous approaches. Continuous models are
based on ODEs or PDEs to describe the cell fate choice. However, in some situations, individual
and agent based modeling (ABM) approaches, treating the cells as discrete objects with predefined
interaction rules, may offer an improvement over differential equation methods.

The ABM approach provides a natural description, where ABM agents interact and influence each
other, make individual decisions, learn from their experiences and adapt their behaviors. They are
therefore better adapted to their environment. A number of ABM simulation packages have been
developed and applied to cell biological research, among them [13-16].

In this work we model cell differentiation using a hybrid agent-based approach for a multi-scale
model. In Section 2, we present a hybrid agent-based approach of cell differentiation using ABM and
PDEs. The cell behavior is described using a multi-agent model in NetLogo, while the extracellular
concentrations are described by reaction-diffusion equations. Section 3 provides results of the simu-
lations that illustrate the impact of intracellular and extracellular regulations on cell differentiation.
Finally, in Section 4, we discuss our results and future research directions.

2. Multi-scale model by intracellular and extracellular regulations

In this section we consider the problem of lineage choice based on the one in [1], where undifferentiated
cells differentiate into one of two types of differentiated cells. There are three cell types, undifferentiated
cells A, differentiated cells By and By. Cells A contain two intracellular proteins, p; and po, which
determine their differentiation into cells By or Bs. Their concentrations are described by ordinary
differential equations:

d
% = Fi(p1,p2) + briur + broua, (1)
d
% = F5(p1,p2) + barur + baous. (2)

The functions F} and F5 will be specified below. Extracellular concentration u; is produced by differ-
entiated cells By, and us is produced by cells Bs. Concentrations u; and wue influence production of
intracellular proteins p; and ps, and they are described by the equations

0
% — diAuy + Wy, (3)
0
% = doAug + Wh. (4)

Cells of type A, cells By and/or By are located at space z in the environment Q(¢). If p; > p}, then
cell A changes its type to By, if pa > p3, then cell A changes its type to Ba. Each cell is represented
as a circle on the plane and the governing rules for cell behavior are described in Section 3.

We introduce concentration c4 of cells A, concentration ¢; of cells B; and concentration co of cells
By. At each space point x these three concentrations can have only two values, 0 or 1 depending on
whether this point belongs to one of the cell types. We set

W1 = k‘lcl, W2 = ]{7262.
This means that cells By produce uq, cells By produce us. The rates of production are zero if the
concentrations of the corresponding cells are zero.

2.1. Bistable kinetics
In order to study lineage choice, we introduce intracellular regulation with bistable kinetics.
We set
Fi(p1,p2) = kip1(1 — a1ip1 — a12p2),  Fa(p1,p2) = kopa(1l — azip1 — azepo).
If the extracellular variables vanish, u; = ug = 0, then system (1), (2) is a closed system of two ordinary
differential equations for intracellular variables p;, py. It has four stationary points, Py = (0,0),
Py = (1/a11,0), Py = (0,1/ag) and P3 = (pY,pY), where p{ and pJ is a solution of the system
aiipr +aep2 =1,  apr + agps = 1.
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We will suppose that it has a positive solution. The point Fp is always unstable, the points P, and
P, are stable and Pj is unstable if ao; > a11 and as1 > age. The point Pj5 is stable if these inequalities
are opposite. In this case P; and P, are unstable. Let us consider the case where the points P; and
P, are stable. If the initial condition of this system belongs to the basin of attraction of one of them,
then the trajectory approaches this stationary point. If it is P;, then the value p; will reach the critical
value p] and the cell will differentiate into cell B;. If the trajectory approaches the stationary point
Py, then the value pp will reach the critical value p3, and the cell will differentiate into cell By. These
cells will produce extracellular substances uy or us which will diffuse in the extracellular matrix and
influence intracellular regulation of other cells.

2.2. Coexistence of cell lineages
In this section we consider the intracellular kinetic functions in the form
Fi(p1,p2) = k1pi (1 — a11p1 — a12p2) — s1p1,
F(p1,p2) = kap3(1 — az1p1 — agapa) — sapo.
The stationary points of the corresponding system
dp1 dp

Pl @ 2 _ R 6
o 1(p1,p2), g 5(p1,p2) (6)

are as follows: Py = (0,0), Pjp = (pgl),O), Py = (p§2),0), where pgl) and p§2) are solutions of the
equation

(5)

5
pi(l = anpr) = k;_l’
1
Py = (O,pgl)), Py = (O,pg)), where pgl) and péz) are solutions of the equation
s
p2(1l — azps) = k_z,
2

and also up to four stationary points with positive coordinates which can be found as solutions of the

system of equations
_l—anm s1 1 1 —asps s2 1
b2 = - — P11 = —-
aiz aizki p1 a1 agka p2
It can have from zero to four positive solutions depending on the values of parameters.

It can be easily verified that the point Py is stable. Indeed, the corresponding matrix has negative
eigenvalues. Let us assume that 0 < pgl) < p§2) and 0 < pgl) < péz). Then the points Poy and Pyo are
also stable. In case of four stationary points with positive coordinates, one of them is stable.

There are two different patterns of solutions depending on parameters b;;. Let us consider two
specific examples. If by1,b99 > 0 and b5 = by = 0, then the substances w;, i = 1,2 produced by cells
B; stimulate production of intracellular substances p;. In their turn, they lead to differentiation of
cells A into cells B;. Therefore we observe here a positive feedback between intracellular regulation,
extracellular regulation and cell differentiation. One of the cell lineages By or By dominates another
one. It expands on the whole space environment. All cells differentiate into only one cell lineage.

In the second example, b11 = bas = 0 and b12, bo1 > 0. This means that the substance u; produced
by cells B; stimulate production of the intracellular substance po, while us stimulates production of p;.
Hence there is a negative feedback, and cells By upregulate production of Bs, while cells By promote
productions of cells B;. Behavior of the system is qualitatively different in this case compared with

the previous one. Both types of differentiated cells can coexist here.

3. Hybrid agent-based approach

In this section, a hybrid model for cell differentiation is presented. The governing rules for cell behavior
are modeled using NetLogo: a programming language and modeling environment for agent-based
systems. The substances diffusion in the cell environment is done through a diffusion equation and
solved using Thomas algorithm with Python. The interaction between Python and NetLogo is ensured

Mathematical Modeling and Computing, Vol. 10, No. 3, pp. 617-624 (2023)



620 Benmir M., Bellaj K., Boujena S., Volpert V.

by an extension implemented in NetLogo which allows the exchange of data between two programs.
The biological rules governing the cell behavior in Netlogo according to their environmental conditions
are presented below.

The differentiation environment €2 in NetLogo is modeled as a square grid divided into patches
where the agents move randomly: Q = UgPatchg. The evolution of the cell differentiation is followed
in a time interval [0,7]. Each agent represents a cell. Two different cellular states are defined: the
undifferentiated state A and the differentiated states B; and Bs. The substances u; and wuy are
diffused through 2, each Patchy has its own level of substances concentrations. The cells move
randomly without collision between them within the patches and meet the biological criteria listed in
the paragraph below.

3.1. Cellular automata rules

At each time iteration, two concentrations of proteins p; and po for each undifferentiated cell are
calculated and the following rules are applied to each cell:
— Bi and Bj cells produce the substances u; and ug respectively in a circle with radius 1 around the
cell center.
— Each A cell consume the substances u; and ws stimulating the production of the intracellular
proteins p; and ps.
— A cell can differentiate into B1 or By cell:
if p1 > pJ, then A differentiate into By,
if po > p3, then A differentiate into Bs.

3.2. Hybrid model implementation

The hybrid model uses the equations for extracellular substances, intracellular regulation and for the
agent-based model defined through the cellular automata rules. The algorithm acts as follows:

— The first step is the initialization of the model on NetLogo:
1. N undifferentiated cells and Ny and/or Ny differentiated cells are created in the environment.
2. Each Patchy, is supplied with its initial substances concentration u{ and u3.

— At each time iteration ¢:
1. The substances concentrations u} and u} are collected from the patches and sent to Python as

the initial conditions.
atul — dlAul = 0,

atUQ - dgAUg =0
3. The new values of the concentrations u
to the patches.
4. The cells interact with their environment according to the cellular automata rules.
5. The substances levels in each patch are reduced by the amounts of substances consumed by the
undifferentiated cells.

are solved in Python.

ﬁ“ and ugﬂ, are sent back to NetLogo and redistributed

4. Simulations

Let us study how the dynamics of undifferentiated cells change when the substances are introduced.
We assume that the substances u; and us diffuse through the tissue and they are consumed by undif-
ferentiated cells. According to the initial cell distribution, we consider two cases: case 1 where only
one type of undifferentiated cell By is considered, and case 2 with two types of undifferentiated cells
B; and Bs. In the case 2, we treat the lineage choice, in the case of positive feedback, only one lineage
of differentiated cells will finally appear and in the case of negative feedback, both of them can coexist.

The initial setup used for case 1 is shown in Figure 1 and the numerical values of the parameters
used are given in Table 1, and for case 2, the numerical values of the parameters used are given in
Table 2.
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Table 1. Summary of the parameters used Table 2. Summary of the parameters used
in the cell differentiation process. in the cell differentiation process.
ajlr azx aip axn ki Wi pl aj; azp aip an ki Wi pj
05 05 01 01 01 01 15 1 1 05 05 01 01 1.5
bir b bi2 b ke Wa pj bir b bi2 bar ke Wa pj
0.1 01 O 0 0.1 0.1 1.5 01 01 01 005 01 01 1.5
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Fig.1. Left: initialization using NetLogo: N undifferentiated cells and N7 and/or N» differentiated cells are

created in the environment, with N = 100, N; = 40 and N, = 0. Middle: the distribution of cell types,

different colors to each cell depending on its type are assigned, the A cells are green, the By cells blue and the

B5 cells red. Right: the distribution of the substance concentrations, the patches have a gray scale proportional

to the substance concentration. A patch with the maximal concentration is white, while a patch with zero
concentration is black.
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Fig. 2. Evolution of cell differentiation at iterations ¢ = 30 (top) and ¢ = 50 (low). Left: A number of cell
population for different cell types. Middle: undifferentiated cells A differentiate into cells By. They produce
extracellular substance u;. It stimulates production of the intracellular substance p;. When it reaches the
critical value p}, the cell differentiate. Differentiated cells gradually fill the plane. The stationary points P;
and P are stable, concentration p2 in the intracellular regulation remains zero. Right: the background color of
the patches begins to lighten as the substance u; levels increases. Cells A therefore differentiate into B; in the
patches where the substance u; level is extremely high, that stimulates production of the intracellular substance
p1, when it exceeds its critical value pj.

Due to the choice of initial condition, the intracellular variable p; grows and approaches its value at
the stationary point P;. When it reaches the critical value pj, the cell differentiates into cell B;. Cells
By produce the extracellular substance u; which diffuses along the radius of 1 around it, and stimulates
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further production of the intracellular variable p;. Since the initial concentration ps equals zero, it
remains zero, and the model is reduced to a single intracellular equation and a single extracellular
equation. The simulations results are presented in Figure 3.

For other choice of
initial conditions and pa-
rameters, two types of
differentiate cells can be
present in the begin-
ning. However one of two
cell lineages will dom-
inate another one and
will expand on the whole
environment. Therefore
undifferentiated cells will
differentiate only in one
cell lineage. Two cell lin-
eages cannot coexist in
this model. This conclu-
sion remains true even in
the case where the sta-
3 tionary point P5 is sta-
.- |t ble. The intracellular
[ RS | concentrations p; and po
-0 o0 10 will converge to this sta-
tionary points. If the
critical values p] and p3
are less than the values
at this stationary point,
Fig. 3. Evolution of cell differentiation at iterations (from the top to the low) ¢ = then cells will differenti-
50, ¢t = 90 and t = 145. Left: A cell population for different cell types. Middle:  ate. Depending on which
undifferentiated cells A differentiate into cells B;. They produce extracellular of the critical values is
substance u;. It stimulates production of the intracellular substance p;. When it peached first, the cell will
reaches the critical value pj, the cell differentiate. Differentiated cells gradually
fill the plane. The stationary point Ps is stable. Both concentrations p; and ps
converge to some positive values. Depending on which of the critical values is
reached first, the cell A will differentiate into By or Bs. However, for the value
of parameters in Table 2. The cells A differentiate only in cells By. Right: the Figure 4 shows the dis-
background color of the patches begins to lighten as the substances u; and uy  tributions of intracellular

levels increases. variables p; and po for
the values of parameters in Table 2. Though p; grows and reaches the same final value as p3, it
reaches its critical value after p;. Therefore cells differentiate only into cells Bj.

Let us note that the patterns with two lineages of differentiated cells can be obtained only in the
case where the stationary point Py of system (5) is stable. Otherwise, if it is unstable, then only
one cell lineage will be obtained even in the case of negative feedback between cell differentiation and
production of intracellular proteins. This phenomena can explained by the fact that when two cell
lineages appear, they produce the extracellular substances uq and ug which diffuse and influence undif-
ferentiated cells where production of intracellular proteins p; and p, begins influence undifferentiated
cells where production of intracellular proteins p; and po begins. Even if the concentrations of wu
and us are small, they are sufficient to initiate intracellular reactions since the point P, is unstable.
Therefore even small extracellular concentrations determine the future choice of undifferentiated cells
between two cell lineages far ahead the front of differentiated cells. One of them will finally win this

Cell Populations
611 [ n
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M 52
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differentiate into Bj or
By. As before, only one
cell lineage is obtained.
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competition, and all differentiated cells will belong to the same type. If the point Py is stable, then
small concentrations u; and us will not be sufficient to start intracellular reactions. They will begin
only when differentiated cells are sufficiently close. If these are cells By, then they will stimulate
production of py and vice versa. This negative feedback results in the coexistence of two cell lineages.

Figure 4 shows, for the case bj1 = boo = 0 and b1s = b1 = 0.1, the coexistence of cell lineages in
the case where undifferentiated cells are stable from the point of view of intracellular regulation and

where the feedback between cell differentiation and intracellular regulation is negative.

5. Conclusion

The aim of this work

is to present a hybrid L3 CelBopmiatichs e .'.'_'. '.". R . :".. e Distribution of substance ul
methoc.l to multi-scale -~ o _:-. .t L 3 “;: L1
modelling of cell dy- o4 oo s .-. o .-.( -0 | | Y
namics with intracel- 3 -®, e '°..;‘: | 10 0 10
lular and extracellular = T e O '.‘: ® P I Distribution of substance u2
regulations. We used T ':. 2 '8 “; L1
agent-based modeling - ."a % ".. ..' 5 | 10"

to simulate the be- % . - b e . ®% *° e w5 o

Fig. 4. A snapshot of solution. Evolution of cell differentiation at iteration ¢t = 296.

Left: A number of cell population for different cell types. Middle: Undifferentiated

cells coexist with both types of differentiated cells B; and Bs. Right: the substance

u1 produced by cells B; stimulate production of the intracellular substance ps, while
ug stimulates production of p;.

havior of cells, while
the diffusion of sub-
stances in the envi-
ronment is described
using reaction-diffusion
equations and the intracellular regulation is decribed using ODEs. The simulations show how the in-
teraction of these regulations determine the cell fate.

Coexistence of various cell lineages in hematopoiesis is crucial for maintaining healthy blood cell
production. The process starts with hematopoietic stem cells, which differentiate into different blood
cell types such as red blood cells, platelets and white blood cells. The differentiation process involves
multiple decision points where cells choose into which lineage they differentiate. Therefore, understand-
ing the conditions that allow for coexistence of different cell lineages is important for understanding
the regulation of blood cell production.

The results of this work show that coexistence of two cell lineages requires some particular condi-
tions. If we have a uniform population of undifferentiated cells, and we initiate their differentiation,
then usually only one cell lineage persists. Another one disappears even if both of them were initiated
at the same time. In order to preserve both cell lineages we need to have stable undifferentiated cells
from the point of view of intracellular regulation and negative feedback between cell differentiation
and intracellular regulation.

The hybrid model developed in this work can also be extended to take into account the choice of
cell fate between self-renewal, differentiation and apoptosis.
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VY 1iit pobOTi IPOITOHYETHCsT TIOPUIHA MOJEb JUHAMIKN KJIITHHHOI HOMYJISI], Je K/IiTH-
HU PO3IVISIAIOTHCS K JUCKPETHI €JIeMEeHTH, NUHAMIKA SKUX 3aJ€XKUTh Bij HemepepBHOI
BHY TPIITHROKJIITUHHOL Ta T03aK/ITUHHOI peryasiil. [Ipononyerbes ribpuaina Momeib, SKa
BPAXOBY€ BHYTPINTHBOKJ/IITUHHI Ta MO3AaK/IITUHHI perysismii 6i0/J0ri9HnX KiThH 1 pi3HuX
TUMIB KIITUH, sKi BKJIIOYAIOTH HeAUMEPEHIiioBani KJIITHHA Ta JIBa TUNU JudepeHItiio-
BAHUX KJITHH. BUKOPHUCTOBYETHCS aITOPUTM MOJIEJIOBAHHS, KW 3aCHOBAHMI Ha IIiIXO0/Ii
JMHAMIYHUX CHCTEM, 3 OJHOrO OOKy, i GararoareHTHOMY INjiXo/i, 3 iHimoro 6oky. Obuiasa
miixou peadstizoBano 3a gomomoroio NetLogo ta Python. O6rosoproerses mporiec Toro, sik
KJIITHHA, K& TUQEPEHIHIEThCs, BUOMPAE MiXK JIBOMA TUIAMA JIUMEPEHIOBAHNX KIITHH,
1 pO3MJIAAAIOTHCH JIiHI1 CIiBICHYBaHHS KJIITHH.

Kntouosi cnosa: dugepenuyitosants kaimun; bazamomacwumabna 2i6pudna modeav; 6a-
2amoazenmne Mo0eAI06aHHA.
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