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The study is focusing on the steady boundary layer flow, heat and mass transfer passing
through stretching/shrinking sheet immersed in nanofluid in the presence of the second
order slip velocity and thermal convective at the boundary. The governing partial differen-
tial equations are converted into ordinary differential equations by applying the similarity
variables before being solved computationally using bvp4c function in Matlab software.
The results of skin friction, heat transfer as well as mass transfer coefficient on the govern-
ing parameter such as the first order slip parameter, the second order slip parameter, Biot
number, Brownian motion parameter and thermopherosis parameter are shown graphically
in the discussion. The dual solutions exist in all range of stretching and shrinking param-
eter. Therefore the stability analysis is performed and concluded that the first solution is
stable and physically relevant while the second solution acts in opposite way.
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1. Introduction

The study on the second order slip velocity at the boundary is getting attraction among researchers
nowadays. The fact that viscous fluid is normally sticks to the boundary cannot be accepted sometimes
because for some types of fluid namely particulate fluids and rarefied gas there may be a slip between
the fluid and the boundary when immersed in it [1–5]. The applications on the second order slip
velocity in industrial processes can be found in polymer solutions and oil industry which involved
emulsions process.

The second order slip velocity was modeled by [6]. Fang et al. [7] and Fang and Aziz [8] are
among the first researchers who used the proposed model by considering the shrinking and stretching
sheet respectively, in the presence of mass suction. Then, Nandeppanavar et al. [9] studied the slip
flow through stretching sheet in nonlinear Navier boundary conditions. Instead of consider the flow
horizontally, [10] and [11] consider the slip slow on the permeable vertical plate. The effects of slip flow
on nanofluid have been done by Alam et al. [12] using Boungiorno model [13]. Inspired by previous
works, a lot of research has been performed on the effect of the second-order slip using various types
of fluids and surfaces, see [14–20]. Recently, Bakar et al. [21] examined the impact of the second-
order velocity slip, suction, and heat absorption on hybrid nanofluid flow in a porous medium. They
noticed from their study that the participating parameters of suction, porous medium permeability, and
nanoparticle volume fraction enhance the boundary layer thickness, while the second-order velocity slip
parameter tends to decay the fluid flow. A numerical study has been done by Jauhri and Mishra [22]
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considering the MHD nanofluid flow in porous media over a stretchable surface with the second-order
velocity slip.

The importance of the stability analysis is to verify which solution is in steady state and physi-
cally relevant. The method of analyzing the stability is by using the bvp4c code in Matlab software.
Merkin [23] was the first who made the analysis to test the stability flow, followed by Weidman et
al. [24] and Merill et al. [25], who used the method to find the stability of the solutions. The stability
flow in steady and unsteady cases are respectively studied by Ishak [26] and Hafidzuddin et al. [27].
Nazar et al. [28] and Noor et al. [29, 30] studied the stability analysis on the different type of plate
which are shrinking sheet and moving plate. Due to the significance of using the stability analysis
in the flow, many authors took this advantage to perform more investigations considering various flu-
ids and effects [31–35]. Recently, Rasool et al. [36] investigated the magnetohydrodynamics flow of
copper-alumina water hybrid nanofluid under the influence of Joule heating and viscous dissipation
past a porous shrunk surface. They found from their study that the first solution is stable, meanwhile,
the second one is unstable.

Due to increased heat transfer performance, analyzing the boundary layer flow with a convective
boundary condition has recently been a topic of substantial investigation. Aziz [37] start the early
experiment by studying a laminar thermal boundary layer flow near a flat plate with a convective
boundary condition. Noghrehabadi et al. [38] studied the boundary layer flow and heat transfer past a
stretching surface by taking into account the effects of partial slip and a thermal convective boundary
condition. In their study, Buongiorno model [13] is chosen in the simulation of the nanofluid since
it has two notable effects namely Brownian movement and thermophoretic diffusion that enhance the
thermal conductivity of ordinary fluids. Since then, many works have been carried out to study the
convective boundary condition using Buongiorno nanofluid model [39–43].

Considering the research that has been discussed earlier, our focus is to study the effect of
second-order velocity slip together with the thermal convective on the nanofluid flow past a stretch-
ing/shrinking surface by implementing the stability analysis. This idea has been adapted from the
work of Noghrehabadi et al. [38]. The novelty of this work is to consider the same problem as Noghre-
habadi et al. [38] but we have extended it to the stretching/shrinking surfaces and applied stability
analysis to validate the obtained results. The outcomes of this study will be graphically shown, and
the characteristics of the flow field will be discussed further. It is worth mentioning that no attempt
has been made to such a present study.

2. Mathematical formulation

Consider the steady boundary-layer flow of a nanofluid past a stretching/shrinking plate as shown in
Figure 1.

Boundary layer

Hot convection
fluid

Boundary layer

Hot convection
fluid

Fig. 1. Physical model for (a) stretching sheet and (b) shrinking sheet.
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It is assumed that the velocity of the surface is Uw = cx where c is a constant, and x is the coordinate
component along the stretching/shrinking surface. The nanofluid flows takes place at y = 0, where
y is the coordinate measured normal to the stretching/shrinking surface. Further, the velocity at the
boundary is assumed to have a slip of order two (Wu [6]; Fang et al. [7]; Fang and Aziz [8])

Uslip =
2
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χ

− 3

2

1− l2
Kn

)
ω
∂u

∂y
− 1

4

(
l4 +

2

K2
n

(1− l2)
)
ω2∂

2u

∂y2
,

= A
∂u

∂y
+B

∂2u

∂y2
, (1)

where A and B are constants, Kn is Knudsen number, l = min(l/Kn, 1), χ is the momentum accom-
modation coefficient with 0 6 χ 6 1, and ω is the molecular mean free path. Based on the definition
of l, it is seen that for any given value of Kn, we have 0 6 χ 6 1. Since the molecular mean free path
ω is always positive it results in that B is a negative number.

A flow with the convective heat transfer coefficient of hf and temperature of Tf is flowing below the
stretching/shrinking sheet. It is also assumed that at the stretching/shrinking surface, the temperature
T and the nanoparticle fraction φ take constant values Tw and φw, respectively, while the values of T
and φ in the ambient fluid (inviscid flow) are denoted by T∞ and φ∞, respectively. When y attends to
infinity, the values of the temperature and nanoparticle fraction attend to the constant values of T∞
and φ∞ in the quiescent part of the nanofluid, respectively. φ and T indicate the fraction of nanopar-
ticles and the temperature of flow, respectively. For nanofluids, by considering the dynamic effects
of the nanoparticles and applying the boundary layer approximations the Buongiorno [13] convective
transport equations in the Cartesian coordinate system of x and y can be written as follows [38,44,45]:
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where u and v are the velocity components along the x and y axes, respectively, a = k/(ρc)f is the
thermal diffusivity of the fluid, ν is the kinematic viscosity coefficient and Ω = (ρc)p/(ρc)f . The initial
and boundary conditions of Eqs. (2)–(5) are taken to be

t < 0: u = v = 0, T = T∞, φ = φ∞ for any x, y,

t > 0: u = εUw + Uslip, v = vw − kf
(
∂T

∂y

)
= hf (Tf − T ), DB

∂φ

∂y
+
DT

T ∞
∂T

∂y
= 0 y = 0, (6)

u→ 0, T → T∞, φ = φ∞ as y →∞,
where v = vw is the constant mass flux velocity, DB is the Brownian diffusion coefficient, DT is the
thermophoretic diffusion coefficient.

3. Steady state solution (∂/∂t = 0)

The mathematical analysis of the problem is simplified by introducing the following dimensionless
variables

ψ = (cν)1/2xf(η), η = (c/ν)1/2y, θ(η) =
T − T∞
Tf − T∞

, β(η) =
φ− φ∞
φf − φ∞

, (7)

where ψ is the stream function defined as u = ∂ψ/∂y and v = −∂ψ/∂x which identically satisfies
Eq. (2). Substitute (7) into Eqs. (3)–(5), we obtain the following nonlinear ordinary differential equa-
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tions

f ′′′ + ff ′′ − f ′2 = 0, (8)

1

Pr
θ′′ + fθ′ +Nb β′θ′ +Nt θ′2 = 0, (9)

β′′ + Le fβ′ +
Nt

Nb
θ′′ = 0, (10)

and the boundary conditions (6) become

f(0) = s, f ′(0) = ε+ σf ′′(0) + δf ′′′(0),

θ′(0) = Bi (θ(0)− 1), Nb β′(0) + Nt θ′(0) = 0, (11)

f ′(∞)→ 0, θ(∞)→ 0, β(∞)→ 0,

where s = − vw√
cν

is mass suction parameter, Pr is the Prandt number, Le is Lewis number, Bi is
the Biot number, Nb is the Brownian motion parameter, Nt is thermophoresis parameter, ε is the
stretching/shrinking parameter, σ is the first-order velocity slip parameter and δ is the second-order
velocity slip parameter defined as
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(ρc)pDB(φf − φ∞)

(ρc)fν
, Nt =

(ρc)pDT (Tf − T∞)

(ρc)fνT∞
,
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α
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√
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ν

DB
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vw√
νc
, ε =

u

Uw
, (12)

where ε > 0 corresponds to stretching sheet and ε < 0 corresponds to shrinking sheet.
Following Mukhopadhyay and Andersson [46] we take A = σ

√
ν/c and B = (ν/c)δ with σ > 0

being the first velocity slip and δ < 0 is the second velocity slip parameters (see [7]).
The quantities of interest can be introduced as

Cf =
τw
ρU2

, Nux =
xqw

k(Tw − T∞)
, Sh =

xqm
DB(φw − φ∞)

, (13)

where τw is the wall shear stress, qw is the wall heat flux and qm is the wall mass flux are given by
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(
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Using similarity transformation (7), we obtain

Re1/2x Cf = f ′′(0),

Re−1/2
x Nux = −θ′(0), (15)

Re−1/2
x Shx = −β′(0),

where Rex = cx2/ν is the local Reynolds number (see Venkataramanaiah et al. [47]).

4. Stability flow

Rosca and Pop [10] and Weidman et al. [24] have shown that the lower branch solutions are unstable
(not physically realizable), while the upper branch solutions are stable (physically realizable). We
test these features by considering the unsteady form of Eqs. (3)–(5). Thus, we introduce the new
dimensionless time variable τ ,

u = cx
∂f

∂η
(η, τ), v = −√cνf(η, τ), θ(η, τ) =

T − T∞
Tw − T∞

,

β(η, τ) =
φ− φ∞
φw − φ∞

, η = y

√
c

ν
, τ = ct. (16)

The use of τ is associated with an initial value problem and is consistent with the question of which
solution will be obtained in practice (physically realizable). Then the unsteady Eqs. (3)–(5) can be
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written as
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subjected to the boundary conditions
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∂f

∂η
(∞, τ)→ 0, θ(∞, τ)→ 0, β(∞, τ)→ 0.

To test the stability of the steady flow solution f(η) = f0(η), θ(η) = θ0(η), and β(η) = β0(η) satisfying
the boundary value problem (8)–(11), we write

f(η, τ) = f0(η) + e−γτF (η),

θ(η, τ) = θ0(η) + e−γτG(η), (21)

β(η, τ) = β0(η) + e−γτH(η),

where γ is an unknown eigenvalue, F (η), G(η) and H(η) are small relative to f0(η), θ0(η) and β0(η).
Solutions of the eigenvalue problem (17)–(19) give an infinite set of eigenvalues γ1 < γ2 < γ3 < . . .;
if γ1 is negative, there is an initial growth of disturbances and the flow is unstable but when γ1 is
positive, there is an initial decay and the flow is stable. Introducing (21) into (17)–(20), we get the
following linearized problem

F ′′′
0 + f0F

′′
0 + f ′′0F0 − 2f ′0F

′
0 + γF ′

0 = 0, (22)

1
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′
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0 + Le γH0 = 0, (24)

along with the boundary conditions

F0(0) = 0, F ′
0(0) = σF ′′

0 (0) + δF ′′′
0 (0),

G′
0(0) = BiG0(0), NbH ′

0(0) + NtG′
0(0) = 0, (25)

F ′
0(∞)→ 0, G0(∞)→ 0, H0(∞)→ 0.

It should be stated that for particular values σ, δ, Bi, Nb, Nt and Le the stability of the corresponding
steady flow solutions f0(η), θ0(η) and φ0(η) are determined by the smallest eigenvalue γ. As it has
been suggested by Harris et al. [48], the range of possible eigenvalues can be determined by relaxing a
boundary condition on F0(η), G0(η) and H0(η). For the present problem, we relax the condition that
F ′
0(η)→ 0 as η →∞ for a fixed value of σ, δ, Bi, Nb, Nt and Le we solve the system (21)–(25) along

with new boundary conditions F ′′
0 = 1.

5. Result and discussion

The partial differential equations PDEs (3)–(5) are transformed into nonlinear differential equations
ODEs (8)–(10) using appropriate similarity variables (7). The order of ODEs is reduced to the first
order systems before being applied into bvp4c function in Matlab software to obtain the numerical
results which are the missing values of f ′′(0), −θ′(0) and −β′(0). The numerical results obtain are
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considered correct if the profiles (velocity, temperature and nanoparticle concentration) fulfill the
boundary conditions (11) asymptotically.

Figures 2–5 represent the skin friction coefficient and heat transfer coefficient at stretch-
ing/shrinking surface for some values of the first and the second order slip, σ and δ respectively.
The dual solutions obtained from all positive values (stretching case) up to critical value (shrinking
case), εc. Beyond this value of εc there are no solutions occur because of no boundary layer separation.
As we can see the skin friction coefficient and heat transfer rate are increasing as we increased the
values σ and |δ|. When we increased the values of |δ| (σ is absent), then the range of solution occurs is
wider compared to when we increased the values of σ (δ is absent). More, the presence of the second
order slip parameter δ will drag the boundary layer separation and hence the range of solution is much
wider than if the first order slip σ is presented (see Figures 3–4). The heat loss from the plate becomes
more quickly with the presence of the second order slip δ. Plus, the increasing values of the second
order velocity slip |δ| will accelerate the heat transfer rate from the surface.
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Fig. 2. Skin friction coefficient f ′′(0) and heat transfer coefficient −θ′(0) vs ε for various values of σ and δ.
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Fig. 3. Skin friction coefficient f ′′(0) and heat transfer coefficient −θ′(0) vs ε for various values of σ.
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Fig. 4. Skin friction coefficient f ′′(0) and heat transfer coefficient −θ′(0) vs ε for various values of δ.
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Figure 5 shows the heat transfer coefficient for various values of Biot number, Bi. The higher value
of Bi caused the stronger convection to occur and hence the heat transfers more quickly. Therefore,
heat transfer increased as we increased the values of Bi.

Bi=1

Bi=0.5

Bi=0.1

First Solution

Second Solution

0.5
0.5

2.2721

0-0.5-1-1.5-2-2.5 0.5 1
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0.28

0.38

0.48

0.58

0.68

Fig. 5. Heat transfer coefficient −θ′(0) vs ε for various
values of Bi.
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1
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Fig. 6. Concentration profile β(η) for various values of Le.

Figure 6 physically shows the tempera-
ture profiles for the different values of Le.
Figures 2–5 show that two (dual) solutions
are obtained which are available in all range
of the stretching/shrinking parameter ε and
hence temperature profile in Figure 6 sup-
ported the existence of the dual solutions.
On the other hand, we can see that the
boundary layer thickness for the second solu-
tion is always thicker than the first solution.

We perform a stability analysis to verify
that the first solution is stable and physi-
cally relevant while the second solution acts
in opposite way. The system of linear eigen-
value problems (22)–(24) along with the new
boundary condition (25) is applied into the
bvp4c to identify the values of the smallest
eigenvalues γ. Only the certain range of in-
volving dual solutions is chosen to test the
stability analysis. We found that (see Ta-
ble 1), the first solution (upper branch) is in
stable state (positive value) while the second
solution (lower branch) is unstable (negative
value). From Table 1 we can say that as ε
is approaching εc, the eigenvalues γ is ap-
proaching 0. The stable state is correspond-
ing to the physically relevant because there is an initial decay on the flow whereas the second solution is
unstable and defined as not physically relevant solution since there exist an initial growth of disturbance
in the flow system.

Table 1. Smallest eigenvalues γ for selected values of ε with different σ and δ.

σ δ ε First solution Second solution
0 0 -1.0 0.0130 -0.0130

-0.95 0.2703 -0.2385
-0.8 0.5302 -0.4020
-0.5 0.8006 -0.4848
-0.3 1.2114 -0.5136

0.5 -0.5 -2.27 0.0420 -0.0418
-2.2 0.2518 -0.2410
-2.0 0.4818 -0.4394
-1.5 0.7596 -0.6201
-1.0 0.9073 -0.6276

1 -1 -3.66 0.0554 -0.0550
-3.6 0.1873 -0.1828
-3.0 0.5792 -0.5296
-2.5 0.9762 -0.6426
-2.0 1.0617 -0.6891
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6. Conclusion

The steady boundary layer flow of a nanofluid past a stretching/shrinking plate in a uniform free stream
in the presence of mass suction, thermal convective and the second order slip flow model introduced by
Wu [6] is numerically studied. The boundary layer equations in form of partial differential equations
(PDEs) are converted into ordinary differential equations (ODEs) using appropriate similarity variables
before being solved using bvp4c function. The results reveal that

— dual solutions occurred for the skin friction coefficient, heat transfer rate and also mass transfer
rate in all range of solution ε (stretching/shrinking parameter);

— the skin friction coefficient and heat transfer rate at the surface increase as the first and the second
order slip parameter (σ and |δ|) increases. The range of solution for the second order slip δ (the first
order slip σ is absent) is much wider compare to when the first order slip parameter σ is considered;

— the presence of slip parameters causes to expand the range of the solutions;
— as Biot number Bi increases, the heat transfer is also increasing;
— smallest value of Brownian parameter Nb is sufficient enough to increase the mass transfer at the

surface;
— higher thermophoresis parameter Nt will lead to increase the mass transfer rate at the surface;
— the first solution is linearly stable and physically relevant, while the second solution is linearly

unstable and not physically relevant.
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Чисельне дослiдження впливу ковзання та термiчної конвекцiї на
граничний шар нанорiдини за поверхнею розтягування/стискання
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Технологiчний унiверситет МАРА Кедах,
Мербок 08400, Кедах, Малайзiя

Дослiдження сфокусоване на стацiонарному потоцi в граничному шарi, тепло- та ма-
сообмiнi, який проходить через лист, що розтягується/стискається та занурений у
нанорiдину, за наявностi швидкостi ковзання другого порядку та теплової конвек-
цiї на межi. Основнi диференцiальнi рiвняння в частинних похiдних перетворюються
на звичайнi диференцiальнi рiвняння шляхом застосування змiнних подiбностi перед
чисельним розв’язуванням за допомогою функцiї bvp4c у програмному забезпеченнi
Matlab. Результати для поверхневого тертя, теплоперенесення, а також коефiцiєнта
теплопровiдностi як залежностi визначальних параметрiв, таких як параметр ковзан-
ня першого порядку, параметр ковзання другого порядку, число Бiо, параметр бро-
унiвського руху та параметр термоферозу, подано графiчно та обговорено. Подвiйнi
розв’язки iснують у всьому дiапазонi параметрiв розтягування та стиснення. Тому
аналiзується стiйкiсть та робиться висновок, що перший розв’язок є стiйким i фiзич-
но актуальним, тодi як другий розв’язок навпаки.

Ключовi слова: аналiз стiйкостi; лист, що розтягується/стискається; нанорi-
дина; подвiйний розв’язок; тепломасообмiн; теплоконвективний.
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