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The study of stagnation point flow and heat transfer over a stretching/shrinking sheet in
a hybrid nanofluid has potential applications in a variety of fields. In order to investi-
gate the properties of fluid flow and heat transfer, this study must solve the governing
mathematical model(partial differential equations). By utilizing similarity variables, the
model is transformed into a system of ordinary differential equations. The study employs
a novel numerical scheme that combines the power of Haar wavelets with the collocation
method to solve these ordinary differential equations. Through this approach, the study
can predict several important values related to the fluid’s flow and heat transfer, including
the skin friction coefficient, local Nusselt number, and the profiles of velocity, temperature
which can be influenced by the governing parameters of the model.
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1. Introduction

Highly efficient heat transfer technologies are crucial for various industrial applications, especially in
processes involving cooling or heating. However, classical heat transfer fluids such as oil, water, and
ethylene glycol have poor thermal conductivity, which limits their performance. To address this is-
sue, Choi and Eastman [1] developed a novel fluid called “nanofluid” by incorporating nanosized solid
particles with high thermal conductivity into the classical fluids [2,3]. Nanofluid offers superior thermo-
physical attributes when compared to traditional fluids, resulting in improved heat transfer capabilities.
Interestingly, even a small number of nanoparticles can significantly increase thermal conductivity [4].
Suresh et al. [5,6] undertook experimental investigations to augment the thermal conductivity of base
fluids. Their findings unveiled the potential of hybrid nanofluids, which are a mixture of two different
nanoparticles dispersed in a base fluid, to amplify the principle fluid’s heat capacity. For instance,
metallic nanoparticles such as zinc, copper, and aluminium boast remarkable thermal conductivities,
while aluminium oxide demonstrates superior chemical inertness and stability. According to scientific
studies, hybrid nanofluid have the potential to supplant mono nanofluid, particularly in the automotive,
refrigeration systems, photovoltaic modules, electromechanical, industrial processes, and solar energy
applications [7–9]. Numerous researchers have focused on studying the heat transfer characteristics
of hybrid nanofluids in light of their potential applications. Devi [10] were pioneers in this field, con-
ducting the first to numerically investigate a stretching surface using boundary layer theory in hybrid
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nanofluids with Newtonian heating. Additionally, Hayat and Nadeem [11] made an intriguing discovery
that hybrid nanofluids had a faster cooling rate than nanofluids due to radiative heat generation and
chemical reactions. Furthermore, recent work by Anuar et al. [12] explored the flow of hybrid nanofluid
due to stagnation point flow on a stretch/shrink surface.

Stagnation-point flow, a phenomenon occurring in the stagnation area of a solid surface at the front
of a blunt-nosed body, can manifest whether the body is stationary or moving through the fluid. The
area around the stagnation point has the greatest pressure and heat transfer rates, as well as the highest
mass deposition rates. Consequently, researchers have taken a keen interest in scrutinizing stagnation
point flow that flows past a surface that is either stretching or shrinking. References [13–15] explored
the magnetohydrodynamic (MHD) flow and heat transfer that is influenced by a stretching/shrinking
surface is quite important in extrusion processes such as metal sheet extrusion, polymer extrusion, and
various manufacturing procedures like glass blowing and plastic film drawing.

Numerous difficulties arise in solving nonlinear ordinary differential equations over an infinite in-
terval by using numerical and semi-numerical techniques discussed by many researchers. Established
numerical methods such as Shooting method, Keller box method, and Finite element method (FEM)
and these techniques require good initial guesses when tackling the solution to boundary value problems
(BVPs) at numerous values of the significant parameters. Although the shooting method is effective
for straightforward problems, such as the projectile problem, its effectiveness relies on the stability of
the initial value problem that must be solved at each iteration. Unfortunately, for numerous stable
boundary value problems, the corresponding initial value problems (from either endpoint to the other)
are insufficiently stable for shooting to succeed. Consequently, the shooting methods may not always
be computationally suitable for the whole range of practical boundary value problems, especially those
occurring over extended or infinite interval. Hence, shooting offers limited applicability in addressing
some practical engineering problems [16,17]. Semi-analytical methods depend on the presence of small
perturbation parameters and initial base functions, but they encounter divergence issues when the
boundary-layer variable tends to infinity. To address this, semi-analytical methods frequently turn to
Pade approximations as a means to enhance the radius of convergence. Because these methods have
convergence difficulties and mandatory prerequisites, it is crucial to explore and develop novel, efficient
techniques that can overcome all obstacles. Presently, wavelet methods are gaining momentum as a
promising alternative to traditional numerical and semi-analytical methods Karkera et al. [18].

In recent decades, wavelet methods have gained significant attention in numerical analysis as an
alternative to conventional approaches. Distinguished researchers like Meyer, Morlet, Grossmann,
Daubechies [19], and others explored the mathematical properties of wavelet functions in the late 20th
century. Various types of wavelets have been utilized to tackle differential equations, with particular
emphasis on the Haar wavelet method, which has gained significant consideration due to its numerous
advantages. Alfred Haar’s pioneering work in 1910 introduced the Haar wavelet, and subsequent
advancements were made by Chen and Hsiao [20], who derived the operational matrices for Haar
wavelets. Lepik [21] further extended this methodology, providing a systematic approach for solving
differential equations on grids with uniform spacing. Recent works have unveiled the potential of
Haar wavelets in solving integral and delay differential equations [22, 23] and as well as establishing
the error analysis in the Holder classes [24]. Moreover, innovative combinations of the Haar wavelet
method with the quasi-linearization technique [25] have been employed by Arifeen et al. [26] and
Jiwari et al. [27] for the approximate solutions for nonlinear ordinary differential equations and partial
differential equations. However, while most of the research has concentrated on the problem of finite
domains, limited research has been done to study boundary value problems with infinite domains using
Haar wavelets [18]. Based on the published literature, this study delves into the examination of flow
properties and heat transfer of a hybrid nanofluid over a stretching/shrinking sheet within the context
of stagnation point flow in infinite domain.
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2. Haar wavelets

The Haar wavelet is a square-shaped wave with a magnitude of ±1 at certain intervals and zero
elsewhere that forms a variety of wavelet families or basis. The Haar wavelet is classified as compact,
dyadic, discrete, and orthonormal. It consists of pairs of piecewise constant functions and it is the
numerically simplest of all wavelet families. The one-dimensional Haar wavelet family for x ∈ [0, 1) is
defined as

hi(x) =





1, for x ∈ [α, β),

−1, for x ∈ [β, γ),

0, elsewhere,

where α = k
m , β = k+0.5

m , γ = k+1
m . h1(x) is the scaling function for the family can be defined as

h1(x) =

{
1, for x ∈ [0, 1),

0 elsewhere.

The Haar series is constructed by taking linear combinations of the scaled and translated Haar wavelet
functions. These combinations are weighted by the coefficients that depend on the properties original
function. Haar wavelet integration also can be expanded into Haar series. One significant advantage of
the Haar wavelet is the ability to integrate it analytically at arbitrary times. By referring to Karkera
et al. [18], these integrals can be determined as follows:

pi,1(t) =

∫ x

0
hi(t) dt

=





x− α, for x ∈ [α, β),

γ − x, for x ∈ [β, γ),

0, elsewhere,

pi,2(t) =

∫ x

0
pi,1(t) dt

=





1
2 (x− α)2, for x ∈ [α, β),
1

4m2 − 1
2(γ − x)2, for x ∈ [β, γ),

1
4m2 , for x ∈ [γ, 1),

0, elsewhere.

Likewise, Pl+1,i(t) =
∫ t
0 Pl,i(x) dx, l = 2, 3, . . . .

3. Mathematical formulation

A steady boundary layer of a hybrid’s nanofluid for solving stagnation point flow over a nonlinearly
stretching/shrinking sheet with slip effect by Haar wavelet was studied numerically. Figure 1 shows the
schematic illustration of the boundary layer problem where the x-axis is considered along the shrinking
sheet in the vertical direction while the y-axis is perpendicular to it. Then, the surface is supposed to
stretch/shrink with the velocity Uw(x) = axn, where a > 0 indicates constant flow and the presence

of slip effect condition u = Uw(x) +L(∂u∂y ), given that L = L1x
−(n−1

2
) is the slip factor. Meanwhile for

U∞(x) = bxn is the external (inviscid) fluid’s velocity with b > 0 as the stagnation-point’s strength.
The surface is maintained at constant temperature Tw and the temperature of ambient T∞.

As a consequence of the previously mentioned boundary layer assumptions, the equations of conti-
nuity, momentum, and energy are formulated by Bachok et al. [28] and Anuar et al. [29],

∂u

∂x
+
∂v

∂y
= 0, (1)
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stagnation pointstagnation point

Fig. 1. Schematic illustration of the flow.

u
∂u

∂x
+ v

∂u

∂y
= U∞

dU∞
dx

+
µhnf
ρhnf

∂2u

∂y2
, (2)

u
∂T

∂x
+ v

∂T

∂y
= αhnf

∂2T

∂y2
(3)

along with the boundary conditions

v = 0, u = Uw(x) + L

(
∂u

∂y

)
, T = Tw at y = 0,

u→ U∞(x), T → T∞ as y →∞. (4)

Then, the correlation of the physical properties is shown in Table 1 [30–32].

Table 1. Hybrid nanofluid thermophysical properties.

Properties Hybrid Nanofluid Correlations

Thermal Diffusivity αhnf =
khnf

(ρCp)hnf

Density ρhnf = ϕ2ρs2 + (1− ϕ2)[(1− ϕ1)ρf + ϕ1ρs1]
Dynamic Viscosity µhnf =

µf
(1−ϕ1)2.5(1−ϕ2)2.5

Thermal Conductivity khnf

kbf
=

ks2+2kbf−2ϕ2(kbf−ks2)
ks2+2kbf+ϕ2(kbf−ks2) ,

kbf
kf

=
2kf+ks1−2ϕ1(kf−ks1)
2kf+ks1+ϕ1(kf−ks1)

Given that, ϕ1 and ϕ2 are hybrid nanofluid volume fraction CuO and hybrid nanofluid volume frac-
tion Ag nanoparticles respectively. Here, f , hnf , s1, and s2 subscripts represent fluid, hybrid nanofluid,
CuO nanoparticle, and Ag nanoparticle, respectively. Then, the following similarity transformation is
introduced to reduce the governing equations by Malvadi et al. [33],

η =

(
(n+ 1)b

2vf

) 1
2

y x
n−1
2 , ψ =

(
2bvf
n+ 1

)1
2

x
n+1
2 f(η), T = (Tw − T∞)θ(η) + T∞, (5)

as η is the independent variable, ψ is the stream function and vf is the kinematic viscosity. Next, the
velocity components can be represented as v = −∂ψ

∂x and u = ∂ψ
∂y . By utilizing the defining parameter,

Eq. (1) is satisfied and the remaining Eqs. (2)–(3) are changed as follows
µhnf

µf
ρhnf

ρf

f ′′′ + ff ′′ + β(1− (f ′)2) = 0, (6)

khnf

kf

(ρCp)hnf

(ρCp)f

· 1

Pr
θ′′ + θ′f = 0, (7)

transformed boundary conditions

f ′(0) = ε+ σf ′′(0), f(0) = 0, θ(0) = 1

f ′(η)→ 1, θ(η),→ 0, as η →∞, (8)
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where σ = L1x
−(n−1

2
) is a velocity slip parameter and prime implies the derivative with respect to η.

Then, ε = a
b can be presented as a stretching/shrinking parameter such that the positive value indicates

stretching and the negative value represents shrinking. In addition, Prandtl number is presented by
Pr = v

α . Then, the physical quantities required are local skin friction, Cf and shear stress, τw,

Cf =
τw

ρfU2∞
, τw = µhnf (

∂u

∂y
)y=0, (9)

then the local Nusselt number and heat flux are

Nux =
xqw

kf (Tw − T∞)
, qw = −khnf (

∂T

∂y
)y=0. (10)

Thus, the above physical quantities are

Re
1
2
xCf =

µhnf
µf

√
n+ 1

2
f ′′(0), Re

− 1
2

x Nux = −khnf
kf

√
n+ 1

2
θ′(0), (11)

and Rex = U∞x
vf

is the local Reynold number.

Numerical solution by Haar wavelet collocation method (HWCM). The semi-infinite physical
domain [0,∞) must be changed to suitable Haar wavelet context where it can be reduced to [0, 1)

by introducing the coordinate transformation ξ = η
η∞

and changing the variable to F (ξ) = f(η)
η∞

and

θ1(ξ) =
θ(η)
η∞

to satisfy all the boundary conditions. Then, Eqs. (6) and (6) can be transformed to
µhnf

µf
ρhnf

ρf

F ′′′(ξ) + βη2∞
(
1− (F ′(ξ))2

)
+ η2∞F (ξ)F

′′(ξ) = 0, (12)

khnf

kf

(ρCp)hnf

(ρCp)f

1

Pr
θ′′1(ξ) + η2∞F (ξ) θ

′
1(ξ) = 0. (13)

The boundary conditions of (8) are transformed to

F (0) = 0, θ1(0) =
1

η∞
, F ′(0) = ε+ σF ′′(0),

F ′(η)→ 1, θ1(η)→ 0, as η → η∞. (14)

The higher order of derivative for (12) and (13) are approximated by Haar wavelet.

F ′′′(ξ) =
2J+1∑

i=1

aihi(ξ), (15)

θ′′1(ξ) =
2J+1∑

i=1

dihi(ξ). (16)

Letting A = η∞
σ+η∞

, the corresponding lower order of derivatives are integrated using (15) and (16):

F ′′(ξ) =
2J+1∑

i=1

aiP1,i(ξ) +A(1− ε)−A
2J+1∑

i=1

aiCi, (17)

F ′(ξ) =
2J+1∑

i=1

ai

[
P2,i(ξ)−ACi

(
ξ +

σ

η∞

)]
+ ε+A(1 − ε)

(
ξ +

σ

η∞

)
, (18)

F (ξ) =

2J+1∑

i=1

ai

[
P3,i(ξ)−ACi

(
ξ2

2
+
ξσ

η∞

)]
+ ξε+A(1− ε)

(
ξ2

2
+
ξσ

η∞

)
, (19)

θ′1(ξ) =
2J+1∑

i=1

di[Pi,1 − Ci]−
(

1

η∞

)
, (20)
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θ1(ξ) =

2J+1∑

i=1

di[Pi,2 − ξCi]− (ξ) +

(
1

η∞

)
. (21)

Then, Eqs. (17)–(21) are used in (12) and (13), and by applying the collocation point

ξl =
1

2J+1

(
l − 1

2

)
, l = 1, 2, . . . , 2J+1, (22)

a numerical solution for the system of nonlinear equations with 2J+1 unknown wavelet coefficients can
be derived.

4. Result and discussion

The ODEs Eqs. (6) and (7) along with boundary condition equations (8) have been solved and the
numerical solutions can be achieved using Maple software for different values of hybrid nanofluid volume
fractions ϕ1, ϕ2, non-linear parameter β, velocity slip parameter σ and stretching/shrinking parameter
ε. Consider the values of hybrid nanoparticle volume fractions ϕ1,ϕ2 in the range from 0 to 0.2 and Pr
is 6.2 for base fluid which is defined as water. While the value of the nonlinear parameter β varies from
1 to 2. The value of the velocity slip parameter ε is in the range from 0 to 0.4. The basic properties of
nanoparticles and base fluid are shown in Table 2 [34]. The present results of f ′′(0) and −θ′(0) have
been validated with past studies results by Anuar et al. [35] as in Table 3.

Table 2. Thermophysical properties of nanoparticle.

Properties CuO Ag Base fluid (water)
ρ (kgm−3) 10500 6320 997.1

k (Wm−1K−1) 429 76.50 0.613
Cp (J kg

−1K−1) 235 531.80 4179

Table 3. f ′′(0) and −θ′(0) when ϕ1 = ϕ2 = 0, β = 1, Pr = 0.7 and ε = −1.1.
Anuar et al. Current result

f ′′(0) −θ′(0) f ′′(0) −θ′(0)
1.18668 0.18283 1.187447570 0.1828396902
[0.04923] [0.00008] [0.04923004613] [0.0000801526]
“[ ]” second solution

Figures 2 and 3 show the impact of Ag nanoparticle ϕ2 on the velocity profile f ′(η) and temperature
profile θ(η) for the shrinking case along with σ = 0.2 and β = 4

3 . It is found that f ′(η) escalates within
the momentum boundary layer due to the increasing value of ϕ2 for the first and second solutions.
Meanwhile, θ(η) reduces with the increasing value of ϕ2 for both solutions. Consequently, it causes the
thinning of the boundary layer thickness. Thus, duality exists for ε = −1.2. Figures 3 and 4 present the
results of skin friction f ′′(0) and heat transfer −θ′(0) graphs for certain values of stretching/shrinking
parameter ε for diverse values of hybrid nanofluid volume fraction ϕ2 with ϕ1 = 0.1, σ = 0.2 and
β = 4

3 . It is noticed that duality exists when ε 6 −1 and also unique solutions were obtained when
ε > −1, but there is no solution when ε < εc due to the boundary layer separations are bound to
occur and the boundary layer approximation cannot be done further this critical values εc. Moreover,
the significance of f ′′(0) is raised with the increasing values of ϕ2. Whereas, the increasing values
of ϕ2 causing the reducing values of −θ′(0) when ε > −0.5 and the inverse pattern are discovered
when ε < −0.5. Hence, lowering the momentum boundary layer thickness causes an increasing in skin
friction and enhanced heat conduction at the surface.

Figures 6 and 7 display the effect of various velocity slip σ values on f ′(η) and θ(η) for shrinking
case (ε < −1) with ϕ1 = ϕ2 = 0.1, ε = −1.2 and β = 4

3 . From both figures, f ′(η) increases in the
momentum boundary layer for the first solution but decreases for the second solution. But contrary
result is for θ(η) where it decreases in thermal boundary layer for the first solution but it increases
for the second solution. Figures 8 and 9 show the f ′′(0) and −θ′(0) graphs for certain values of ε and
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Fig. 2. Velocity profile with σ for different ϕ2. Fig. 3. Temperature profile with σ for different ϕ2.

Fig. 4. f ′′(0) with ε for different ϕ2. Fig. 5. −θ(0) with ε for different ϕ2.

Fig. 6. Velocity profile for different σ. Fig. 7. Temperature profile for different σ.

various values of velocity slip parameter σ for hybrid nanofluids with ϕ1 = ϕ2 = 0.1 and β = 4
3 . Both

graphs show the range of ε for (ε > εc) indicate the existence of dual solutions when the value of σ
increased at the boundary. For both figures, as σ is increasing, the range of similarity solutions is
increasing. The same conclusion is for the existence of duality in both figures and there is no solution
whenever the values of (ε < εc). This shows that the larger value of σ delays the separation of boundary
layers because the fluid can continue to move more rapidly near the surface, resisting separation. The
second solution has a lesser magnitude of f ′′(0) and −θ′(0) as given ε rather than the first solution.
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Fig. 8. f ′′(0) with ε for different σ. Fig. 9. −θ′(0) with ε for different σ.

Fig. 10. Velocity profile with σ for different β. Fig. 11. Temperature profile with σ for different β.

Figures 10 and 11 demonstrate the outcome of different nonlinear parameter β on the dimensionless
velocity f ′(η) and temperature θ(η) for a shrinking case which is ε = −1.2 using ϕ1 = ϕ2 = 0.1 with
σ = 0.2. Dual solutions are obtained in both velocity and temperature profiles. From Figure 10, it is
noted that as β grows, f ′(η) rises in the momentum boundary layer for the first and second solutions.
Nevertheless, θ(η) reduces in the thermal boundary layer for both solutions as β increases. Figures 12
and 13 demonstrate the results of different values of nonlinear parameter on f ′′(0) and −θ′(0) for certain
values of ε when ϕ1 = ϕ2 = 0.1 with the presence of σ = 0.2. For both figures, as β is increasing, the
range of similarity solutions is increasing. The same conclusion is made for the existence of duality in
both figures and there is no solution whenever the values of (ε < εc). This indicates that the larger
value of β delays the separation of the boundary layer. The second solution has a lesser magnitude of
f ′′(0) and −θ′(0) as provided ε rather than the first solution. Thus, f ′′(0) and −θ′(0) increase due to
the growing nonlinear parameter β.

Figures 14 and 15 illustrate the variations of Rex
1
2Cf and Re

−1
2
x Nux which are local skin friction and

local Nusselt respectively for various values of nanoparticle volume fraction ϕ1 and ϕ2 with different
σ for ε = 0.5 and β = 4

3 . It is noticed that the skin friction coefficient decreases when the value of
σ increased. Unlike local Nusselt, it increases as the value of σ increases therefore enhance the heat

transfer rate. Figures 16 and 17 show the value of Rex
1
2Cf and Re

−1
2
x Nux with ε = 0.5, and σ = 0.2 for

different value of β. It can be found that by making use of various values of hybrid nanofluid volume
fractions (ϕ1, ϕ2) impact a change in local skin friction and Nusselt number. As the value β becomes

greater, the value for both Rex
1
2Cf and Re

−1
2
x Nux increase as well.
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Fig. 12. f ′′(0) with ε for different β. Fig. 13. −θ′(0) with ε for different β.

Fig. 14. Local skin friction coefficient for different σ. Fig. 15. Local Nusselt number for different σ.

Fig. 16. Local skin friction coefficient for different β. Fig. 17. Local Nusselt number for different β.

Figures 18 and 19 portray the response of viscous flow (i.e. ϕ1 = ϕ2 = 0), CuO/water nanofluid
(i.e. ϕ1 = 0.1, ϕ2 = 0) and Ag-CuO/water hybrid nanofluid (i.e. ϕ1 = ϕ2 = 0.1) with β = 4

3 , σ = 0.2
and ε = −1.2. As the value of ϕ1 and ϕ2 rising, the magnitude of f ′(η) increases, meanwhile θ(η)
decreases. Therefore, the momentum and thermal boundary layer thicknesses of hybrid nanofluid are
thinner than nanofluid, implying that hybrid nanofluid has a higher skin friction and heat transfer rate
than nanofluid.
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Fig. 18. Velocity profile with σ for different ϕ. Fig. 19. Temperature profile with σ for different ϕ.

5. Conclusion

The problem of stagnation point flow over a nonlinearly stretching/shrinking surface in hybrid nanofluid
with slip effects was studied numerically. The consideration of the parameters such as hybrid nanofluid
volume fractions ϕ1, ϕ2, non-linear parameter β, velocity slip parameter σ and stretching/shrinking
parameter ε were solved using numerical technique based on Haar wavelets collocation.

— It can be found where the shrinking sheet gives dual solutions at a certain limit and the stretching
sheet gives unique solutions.

— The increasing of the nonlinear parameter β and velocity slip parameter σ postpone the boundary
layer separation as both parameters widen the range of solutions.

— As nanoparticle volume fraction ϕ2 and β increase in shrinking case, both increase the velocity
profile, but reduce the temperature profile for both solutions.

— When the velocity slip parameter σ increases, it increases the velocity profile for the first solution
and decreases for the second solution. It also decreases the temperature profile for the first solution
but increases for the second solution.

— Local skin friction coefficient and local Nusselt number can be intensified by the addition of non-
linear parameter β and nanoparticle volume fraction ϕ1, ϕ2. Different results are obtained when σ
and nanoparticle volume fraction ϕ1, ϕ2 increase, Nusselt number increases but local skin friction
decreases.
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Метод вейвлет-колокацiї Хаара для розв’язування точки застою
над листом, що нелiнiйно розтягується/стискається, у гiбриднiй

нанорiдинi з ефектом ковзання
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Дослiдження потоку в точцi застою та теплопередачi через лист, що розтягуєть-
ся/стискається, у гiбриднiй нанофлюїдi має потенцiйне застосування в рiзних галузях.
Щоб дослiдити властивостi течiї рiдини та теплообмiну, необхiдно розв’язати основ-
ну математичну модель (рiвняння в частинних похiдних). Використовуючи змiннi
подiбностi, модель перетворюється на систему звичайних диференцiальних рiвнянь.
Використовується нова чисельна схема, яка поєднує потужнiсть вейвлетiв Хаара з
методом колокацiї для розв’язування цих звичайних диференцiальних рiвнянь. Зав-
дяки цьому пiдходу можна передбачити декiлька важливих величин, пов’язаних iз
потоком рiдини та теплопередачею, включаючи коефiцiєнт поверхневого тертя, ло-
кальне число Нуссельта, а також профiлi швидкостi та температури, на якi можуть
впливати основнi параметри моделi.

Ключовi слова: гiбриднi нанорiдини; нелiнiйне розтягування/стиснення; точка
застою; вейвлет Хаара.
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