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AwnoTaunis. J/IoBeneHO YOTUPH TEOPEMH, SKi CTOCYIOThCS po3kiaxy OinapHoi GyHKnil y psa Yomma Ta paau
IHIMUX OpTOHOpMANbHHUX OasmciB. Iloka3aHo, mo noBiTbHA OiHapHa (YHKIHS MOXe OyTH IIpeACTaBlIcHA
KIHIIEBOIO KiJIBKICTIO YICHIB TaKUX PSIIiB.

Abstract. There have been proved the four theorems, which concern the binary function expansion in the
Walsh series and series of other orthonormal bases. Shown, that any binary function may be represented
with the finite number of terms of such series.

AnHoTanus. J[oka3aHO YeTBIpe TEOPEMBI, KOTOpHIE KAcaloTCs Pa3IoXKeHHs OMHApHOU (YHKIMH B psif
VYomma u psaasl ApyrHX OpPTOHOPMANBHBEIX 0a3ucoB. IlokazaHo, 4TO NpOHM3BOIbHAs OWHApHAS (YHKIHS

MOJET OBITh NpeACTaBJICHA KOHCYHBIM KOJIMYECTBOM YICHOB TaKUX PSAOB.
PRE-SUMMARY

The digital technique development caused the processes, where often the case is in quantized functions,
which, in detail, usually are time-quantized equidistantly (uniformly). Such a function, if existing on the duration
T or having the period T, may be written as

f(t)=v, Ve[t t,+8)=[t,:t,.,). m=1M, )

m?> “m

, , . , r
where each v is the value of the function f (t ) on each semisegment [t ;0 + 5) of the duration O = ﬁ

There is a convention, that f (Z‘ ) is a right-continuous [1] function:

lim f(£+h) = f(¢+0)= 1 (). )

Will show, that if M =2", where n€ N, then every f (t ) with properties (1) and (2) on the

T
semisegment [tl; t,+ ﬁ] is represented on the Walsh system as the series [2, 3]

M
f(t)zzcm wal(m—1,1), te[t; 4,+T), 3)
m=l1

where
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o= [ S wal(me1. )it m=T . ¢

) o
wal(m—1, t)z];[[rk(t):' L 1=0, M1, (5)
and the function
r(t)= sign[sin(2kntﬂ 6)
is the Rademacher function [3, 4] of the order k , and
P=(1 Ly by ), =00 0 ), )

is the binary notation of number / =m —1, [ —is the o -th bit of the binary number (7), oo =0, n, [ =0.
MAIN

First of all, for comfortableness, will consider the displaced to #, and normed to 7' the semisegment

[;; 1, +T), that s the function (1) is

£(0)=v, voe| b B o). =T ®

May b, (9) be a binary function, m =1, 2" , so that

b, (0)=+1 Vee{mzl;%jc[o;l), 9)
b,(8)=-1V ee{mz—;l;;n—njc[o; 1).(10)

Then there is a theorem.

Theorem 1. Any binary function b, (9) on the semisegment [0; 1) is the sum

M
2;4M+%;Wal(p_1, e)wal(p—l, m?_ljsbm(e). (11)

Proof. Now will find the coefficients
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(12)

of the series
(13)

(9):icpwal(p—l, 6), 96[0; 1),

p=l

b

m

for the function bm (9) . The first coefficient is

The next coefficients for p =2, M are found in the following way:

Wal(p—l, G)de—

1

_[bm(e)wal(p—L 0)d6 =

<[f e—xls

c,=
0
m-1
M 1
- jwal(p—l, 6)d6+.[wal(p—l, 0)d6 as)
0 m
M

As the first integral in (15) is taken over the ﬁ section of the semisegment [O; l) and

m_:l; ﬂ"j c [0; 1), then

1
I(p-1,0)do=x—, p=2. M.
wal( p ) — p

SN

3
L

<

1
jwal(p—l,e)dezo VpeN\{l}, (17)
0

so two integrals within the brackets in (15)
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mvl
Iwalp 19d9+Jwalp 1,6)d6
0

M

m

Iwalp 1, 6)d6- Jwalp 1,6)do=7

m-1
M

1

Consequently, subtracting (18) from (16), have

1 _ 1 2
cp:iﬁ_(+ﬁj:i_ p:2,M.

The sign in (19) depends on m , and, naturally, that if wal(

Wal(p—l, B)de = $$. It means that

r=1 r-1 1 r-1
M M
2(pfjw)-(r—l)+q
M (p-b1) MoPM)
=(£1)- E E wal(p—1, 0)
r=1 g=1 2(,)7M)_( 1)+q—1
M -oP=M)

38

plml

do | =

v

71,

(18)

(19)

then

(20)

e2))
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So, the series (13) for the function b, (9) is

0 M

b, (9):Zcp wal(p—l, 9):c1 wal(O, 9)+Zcp wal(p—l, 9):

p=l p=2
M

=q +Z%wal(p—l, mv_ljwal(p—l, 9)=

p=2

2 m—1
== +M2wal(p—l, 9)wal(p—1, 7) (22)

The theorem has been proved.
Furthermore, there is a theorem on this ground, concerning the interconnection of the function (8) and

the functions {bm (e)}M

m=1"

Theorem 2. A function f (9) , that is equidistantly quantized on the semisegment [0; 1) , having only

m—1 m
one value of M =2", ne N, possible values on every semisegment ‘: X ’2_”j C [0; 1), m=1,2",

may be represented with the A first ordered Walsh functions {Wal(m -1, 9)}1; :
M
f(e):Zcm wal(m—1,0), 6[0;1). (23)
m=1

. . . iy - M
Proof. Here may we turn to the right-continuous function (8), presented with its values {Vm}

M
Obviously, that this function may be presented as the sum of the functions {bm (9)}

m=1"

£©)=>v, Ba0)+1 (24)

Further, find the coefficients of the series

00

£(8)=) ¢, wal(p-1,6),05)

p=1
where 0 € [0; 1):

1 1

c, =Jf(9)wal(p—l, e)de=J iv’"w wal(p—1,0)d6 =

0 0 \ m=1
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m=1

M 1 M 1
:%Zv,ﬂfbm(e)wal(p—l, 9)d9+%zvmj‘wal(p-l= 0)do. 2
5 m=1 0

According to the theorem 1, (15), (20), and to (17), for p >1

1 2 m-1) 1< RN m—1
cp:Ezvmﬁwal(p_l’VJ—i_EZVVn.Ozﬁzvmwal(p_ljVJ; 27)

and
2-M < I~ 1 ~
C=—— v, +—= v, =— V. 28
1 2M m=1 ! 2; : M; ! ( )

Evidently, that for p > M in (26), minding the formula (21), we have

RN 1 &
“p ZEZ"m'MEva-O:O. (29)
m=1 m=1
Therefore
wiiAy m—1
£(6)=c¢, wal(0, 6)+Z— va wal| p—1, — | |wal(p-1, 0)=
p=2 M m=1 M
:Lﬁ:vm+ii ivmwal(p—l’ m__lj Wal(p—l, 9), (30)
M m=1 M p=2 \_m=l1 M

that is the function f (9) on [(); 1) is represented as the sum of the first ordered M weighted Walsh

functions alike the series (23). The theorem has been proved.

A corollary from the theorem 2 is that any binary function, that is when v, =+1 Vm=1, M,
M =2", may be represented with the first ordered M weighted Walsh functions. Consequently, considering
8
M
for M =2", n> 2, the eight orthonormal bases {{romu (m -1, 9)}m_1} , developed in the works [5 — 8]
“u=l1

(figure 1 and figure 2), any binary M -bit function from these bases may be represented with the first ordered
M weighted Walsh functions. In completeness to the theorem 1 sense, for 7 > 2 there is a theorem.

Theorem 3. Any binary function bm (9) on the semisegment [O; 1) is the sum

2-M 2 < m-1)_ —
w7 +H2romu(p—l, G)romu(p—l,7j=bm(6),Vu:1,8. (31)

p=2

Proof. Will find the coefficients
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Fig. 1. The first 32 ordered functions u=1 of the first four bases
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1
cp:fbm(e)romu(p—l, 0)d6. p=1,». (32)
0
of the series
bm(e):ZCpromu(p—l, 9), 66[0; 1), (33)
p=l

for the function b, (9) . The first one is

1 1
¢ = jbm (6)rom, (0, 6)d6 = j b, (0)d6
0 0

The next coefficients for p =2, M are:

m

1 M
c =Ibm(e)romu(p—1, 0)d6 = f rom, (p—1, 0)d6 -

m—1

M

p
0

m—1
1
(35)

M

- J. rom, (p—1, 9)d9+fromu (p—1,0)do |.

m

0
M

1
As the first integral in (35) is taken over the —— section of the semisegment [O; l) and

rom, (p—1,0)=%1 V Ge{mzzl; ;"—njc[o; 1), then

i
Jromu(p—l, 6)d9=ii, p=2,M (36)
m—1 M
M
But
(37)

jromu(p—l, 0)do=0 V peN\{1},

0

so two integrals within the brackets in (35)
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3

i‘i'—;i\

m—1
1

M
I rom, (p—1, 6)d9+.|.romu (p—1,0)dd |=
' W

i

1
:J'romu(p—l, 0)d6— J. rom, (p-1, G)dﬁziﬁ.
m—1

0
M

Subtracting (38) from (36), have

1 1 2
C :i—— T — :i—’ =
Y (+Mj v P

The sign in (39) depends on m , and, naturally, that if romu(

rom, (p -1, 9)619 = $% . It means that

2(P=M) (r-1)+q
2(1’*’”) M2PM)

=(£1)- E E
e ) T
MoolPM)

p_l,m_—l

M

—(ﬂ)ﬁ[zz () Y (+l>]—<ﬂ)-ﬁo—o-

g=l

r=l1 q=1

So, the series (33) for the function b, (9) is

)

(3%)

(39)

F1, then

(40)

(41)
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0 M

bm(9)=Zcp rom, (p—1, ) = ¢, rom, (0, 9)+Zcp rom, (p—1,0)=

p=l p=2

M
2 m—1
:cl+zﬁromu(p—l, 7 jromu(p—l, 0)=

p=2

2-M 2N m-1
= +— ) rom, (p-1,0)rom, | p—1, —|. 42
o (10 [r122 @

The theorem has been proved.
M

At last, for interconnecting the function (8) and the functions {bm (9)} o the orthonormal bases
m=

8
{wal(m -1, 9)}2; and {{romu (m -1, 9)}?:_1} , there is the following theorem.

“u=l

Theorem 4. A function f (9) , that is equidistantly quantized on the semisegment [0; 1) , having only

m—1 m
one value of M =2", ne N\{l, 2} , possible values on every semisegment |: ;—jC[O; l) ,
2" 2

m=1,2" , may be represented with the M first ordered functions of each of the eight orthonormal bases
8
M
{romu (m-1, E))}m_l}u:1 :

M
f(e)zzcmromu(m_la 9),96[0, l), VM:L_S (43)

m=1

Proof. Again may we turn to (24) and find the coefficients of the series

0

f(O):Zcp rom, (p—l, 9), (44)

p=l

where 0 € [0; 1):

c, =j.f(9)romu(p—l, e)de:j[ﬁvm@}omu(p-l, 0)d6 =

m=1

IS I

:Ezvm“‘bm(e)romu (p-1, 6)d6+52vmjroml,(p—l, 0)do. (45)
m=1 0 =1

m 0

According to the theorem 3, (35), (40), and to (37), for p >1
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and
1M~ I~ 1 ~
C=——) Vv, +t— v, =— V. 47
1 2M m=1 ! 2; ! M; ! ( )

Evidently, that for p > M in (45), minding the formula (41), we have

AN AN
c, =Ezl:vm-0+zz;vm -0=0. (48)

Therefore

M
(va rom, (p—l, mT_ljJromu (p-1,0)=

m=1

M
LZ v, rom, (p -1, mT_l]]romu (p -1, 6) , (49)

m=1

£(8)=c, rom, (0, e)+Z%

p=2

1 % IR
SN
M M
m=1 p=2
that is the function f (9) on [(); l) is represented as the sum of the first ordered M weighted functions of
8
M
each of the eight orthonormal bases {{romu (m -1, 9)} —1} alike the series (43). The theorem has been

u=1
proved.
Hence, coming to the conclusion, that for M =2" | neN\{l, 2} , the Walsh system

M
{Wal(m—l, 9)} ) is expanded into the series on each of the eight orthonormal systems
=

{{romu (m-1, 6)}14_1}; :

M
Wal(m—l, 6):er rom, (p-lj 6):
=1
M o
:Zromu (p-1, G)Jwal(m—l, 0)rom, (p—-1, 0)d6 =
p=l 0

1
- rom, (0, O)Iwal(m—l, 8)rom, (0, 8)d6 +
0

M 1
+Zr0mu (p-1, G)J.wal(m—l, 0)rom, (p-1, 0)d6 =
0

p=2

M 1
:1+sign(1—m)+2romu(p—l, 6)jwal(m—1, 0)rom, (p—1,0)d6, m=1,2". (50
0

p=2
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8
M
Analogously, each of the eight orthonormal systems {{romu (m -1, 9)} _1} is expanded into the

u=1

series on the Walsh system {wal(m 1, 9)}

ml

M

rom, (m—l, 9):er wal(p—l, 9)2

p=l

M 1
=Zwal(p—l, 9)jromu (m—-1, 0)wal(p—-1, 0)d6 =
0

1
~ wal(0, 6) J.rom (m~1, 8)wal(0, 6)d6+

1

Zwal (p-1,6) Irom m—1,0)wal(p—1, 0)d6 =

p=2
1

=1+sign(1-m) Zwal (p-1,0) J.rom m—1,0)wal(p-1,0)d0, m=1,2". (51

p=2

CONCLUSION

Any M -bit binary function f (9) may be represented as the sum of the finite number of the weighted
elementary binary functions (9), (10), but any f (9) for M =2", where n € N, is the sum of M terms in

the Walsh series, what means that f (9) is the sum of the first ordered M weighted Walsh functions. This

assertion is generalized to the equidistantly time-quantized functions (8), and concerns not only the Walsh basis,

8
M

but also the eight orthonormal bases {{romu (m -1, 9)} 1} , which are determined by irregular structure
M=) u=1

sequences, described in the works [5, 7].
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