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Amnoranisg. OnepkaHO yMOBH aCHMIITOTHYHOI CTIHKOCT] TPUBiaIbHOTO PO3B’S3KY CTOXaCTHIHUX
nuQy3IHHUX TUHAMIYHUX CUCTEM aBTOMATHYHOIO PETYNIOBAHHS 3 30BHINIHIMHU 30ypeHHsMH. B
poOOTi TPOBEAEHO TMOIIYK KPUTEPIiB aOCOMIOTHOI CTIHKOCTI PpO3B’S3KIB CTOXACTHYHHX
mudy3iifHIX JIUHAMIYHAX CHCTeM aBToMaTH4HOro perymoBaHHs (CAP) i3 30BHIMIHIME
30ypeHHsmu. [Ipobiema BU3HAYEHHS JOCTaTHIX aureOpaidyHUX YMOB CTIMKOCTI CTOXaCTUYHHX
nmudysiitnux quHaMivanx CAP 3 micisziero Ta BpaXyBaHHSM 30BHIIIHIX 30ypeHb € aKTyaJlbHOIO,
OCKIJIbKH 11 BUPILICHHS JIa€ 3MOTY JOCII/PKYBAaTH CKJIaHI CTOXAaCTUYHI CHCTEMH 3a JIOTIOMOTOI0
MaTPUYHUX PO3PaXyHKIB.

Kumodosi cioBa: abconmroTHa CTiliKicTh, iH(OpMaNiiiHa cucTemMa, aBTOMAaTHYHE PETyIIFOBaHHS,
CTOXACTUYHE PiBHSIHHSI.

Abstract. The conditions of asymptotic stability of the trivial solution of stochastic diffusion
dynamic systems of automatic regulation with external disturbances are obtained. In work is to
find criteria for the absolute stability of solutions of stochastic diffusion dynamic systems of
automatic regulation (SAR) with external disturbances. The problem of determining sufficient
algebraic conditions for the stability of stochastic diffusion dynamic SARs with aftereffect and
taking into account external disturbances is relevant, since its solution makes it possible to study
complex stochastic systems using matrix calculations.
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INTRODUCTION

In order to research and study real-life random processes, a whole constellation of scientists-
mathematicians study stochastic models, which are described by differential, differential functional, differential-
difference equations with disturbances of various kinds, the parameters of which are random functions of time
[1,2,].

The main indicator of high-quality physical implementation of the process is its stability [4, 5].

As a result, the academician O.M. Lyapunov at the end of the 19th and the beginning of the 20th century
created a new scientific trend in the theory of motion - the theory of stochastic stability, which has gained wide
development [6, 7, §].

The purpose of this work is to find criteria for the absolute stability of solutions of stochastic diffusion
dynamic systems of automatic regulation (SAR) with external disturbances. The problem of determining
sufficient algebraic conditions for the stability of stochastic diffusion dynamic SARs with aftereffect and taking
into account external disturbances is relevant, since its solution makes it possible to study complex stochastic
systems using matrix calculations.
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1. STATEMENT OF THE PROBLEM

On a probabilistic basis (2, F,{F;,t = t, = 0},P), the random process x(t) = x(t,w):[0,T] X 2 =
[1™is a solution of the nonlinear diffusion stochastic equation of automatic regulation [3] (NDSRAR):

dx(t) = [f1(§1(0))Ax(t) + gp(@)]dt + f,(§2(w))Bx(H)dw(t) (1
with initial conditions
x(ty) = xo € O™ 2)
Here 0 = ITx(t), t = 0, @(-)is a nonlinear differentiated function under the condition
(ko — @(0))p(a) > 0; k> 0; ¢(0) =0; ¢(c) =0, (3)
that is, it ¢ (0)is between straight lines
¢(0) = 0; ¢(0) = ko; 4

g=0192-g)" €0 1=(,1,....L,)T € RY; &(w) € 0, i = 1,2, are known random variables
with distribution laws Fg(x) = O{w: §;(w) < x,x € 0'} f;(), i = 1,2, — Berev continuous functions; A =
{a;;} € RY, B = {b;;} c R'are constant real matrices of dimension n x n.

Let the initial system of automatic adjustment [3]

dx(t) = [E{f1(§&(0))}Ax, (1) + go(0)]dt. ©)

has one equilibrium state, and A and A + kglTare Hurwitz matrices; w € 0.

2. CONDITIONS FOR THE ASYMPTOTIC STABILITY OF THE TRIVIAL
SOLUTION OF STOCHASTIC DIFFUSION DYNAMIC SARS WITH
EXTERNAL DISTURBANCES

Consider the Lyapunov-Krasovsky stochastic functional [1]:

a(x)

v(x) =x"Hx + [ ¢ (0)dy, (6)

where the symmetric positive definite matrix H is a solution of Sylvester's matrix equations [1]:

E{f1(§1(0))}(ATH + HA) + E{f;} (§;(w))}BHB = —I. (7)
The v(x)inequality [1] is valid for:
v(B) (), (®)
Where
1 T
v(ﬁ) {v (H + 3 Xkll ) unﬂminmin )
v(H) s,
1 T
v(ﬁ) {v (H + 3 Xkll ) zms{maxmax (10)
v(H) s,
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According to the substitution of Ito [2], the stochastic differential of the functional dv(x)at the solutions
of NDSRAR (1) — (2) has the form:

dv(x) = dxT()Hx(t)dt + xT (O)Hdx(t) + 7 (&, (w))xT (t)BTHBx(t)dt +

o(x)
+de @ )dy = x"(O)[f1(§1(@))(A"H + HA) +f7 (§2(w))B"HB]x(¢) + Xd {f @ (Y)dJ’} =

= x" (Ol (@)ATH + HA) +£7 (& (0)x" (O)]x(6)dt + [p(0)g" Hx(t) ¥ x"(OHge(o)]dt+
+X[p(0) f1 (G (@)D" Ax(®) + ¢()" gp(o)]dt + %X¢(0)(fz(fz(w))lTBx(f))de[xT(t)fz(fz(w))(BTH +

a(x)

+HB)x(t) +qu(a)fz(fz(w))lTBx(t)]dw(t). (11)
According to the definition of the stochastic differential, equality (11) should be understood as an integral
. . aw(t,w) o .
equation, because it 9t does not exist with probability 1 [2].

Next, we will calculate the mathematical expectation on the left and right sides of the corresponding
integral equality (11), taking into account the equality of zero from the Wiener-Ito integral [2] for Vt € [0, T]:

E {ftcb (t, w)dw(t, a))} =0.
0

As aresult, we get:

dv

B} = EGTORE@)AH + HA) 4+ (6 @)]x(©) + 9@lg"H+2f(E@) 4@ +
+xT () Hge(0) +3 X6 (0) f£(§2(@))xT (OBTUTBx()}. (12)

Under condition (3), we have

9*(9)

>0,
k

Tx ()¢ (0) —

then equality (12) will turn into inequality:

dv < dv
g {E (1>} =t {E
1 1
G (@DBTHBI(O} + +E {07 (@) |gTH + 5. X, (@D A + 51| x(0)) +
1 1 1
+E{p(@) [Hg + 5 XA @NATL+ 51| O + Blo" @) [X17g — ] 00 +

+ %szz (2 (w))¢(U)xT(f)BTllTBX(f)}-

m} +E {lTx(t)«p(a) -2 ,f")} = EGT(OLAG (@) ATH + HA) +

The last inequality can be written in vector-matrix form, namely:

E {@ (1)} < E{z" (0)Cx(v)}, o

where X7 (t) = (x(t)(p, \/EXT(t))a
€11 €12 C13
= <021 C22 Czs) (14)

with correspondingly defined elements:
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1 1
ci1 = fi(§)[ATH + HA] + £ (§,)B"HB; ¢y = c"12 = Hg +§xf1(f1)ATl +Eli
1 1
€13 =C31 = 0; €33 = €35 =05 ¢35 = ;_XITQZ C33 = Exfzz(fz)BT”TB-

Mathematical expectation (13) is negative at the solutions x(t) = x(t, w)of system (1) if and only if the
symmetric matrix

E{f, (& (0))}(ATH + HA) + E{f?(¢,(w))}BTHB (15)

is negative definite, and the block symmetric matrix is Cunderdefinite [1].

We will denote further € < 0. Matrix E{f; (& (w))}(ATH + HA) + E{f?(&,(w))}BTHB is negative
definite if and only if the matrix His a solution of the Sylvester matrix equation (7), in which there are
mathematical expectations:

0 < E{fi(§1(0))} < K; <o,
0 < E{ff(2(@))} < K, < 0. (16)

The matrix C(14) is ill-defined only in the case of ill-defined matrix-blocks standing on its main diagonal,
namely, the matrix is %X E{f?(¢,(w))}BTUT Bill-defined if and only if the number X < 0, the number X7 g —

% < 0, which is equivalent to the condition:
g > 0. 17

Thus, the under definiteness of the block matrix C(14) under the conditions X < 01, (7) and (17) also
requires the underdefiniteness of the following matrix

; - Hg + L XE(f, (6 ()AL + 21
¢ = 1 1 A\T 1 < 0(n+1)><(n+1). (18)
(Hg +2BU 6 (@47 + 21) xirg -t

requirement (17) means the density of the matrix E{f;(&;(w))}A + kgl”, which characterizes the
exponential stability of the matrix A.

We write down the condition of positive definiteness of the Lyapunov function (6) on the linear
characteristic of the Hurwitz angle ¢ (o) = ko:

Vlpy=o = x"Hx + X [, kydy = x"Hx + %)Ckyzly:ﬂ"2 =x" (H + %XkllT)x > 0. (19)

y=0

Hence the positive definiteness of the matrix follows
1 T
H+ Exkll > 0(n+1)><(n+1)'
Multiplying this inequality on the left by {7, and on the right by [, we obtain an equivalent inequality

1
ITHI +§)Ck(lTl)2 >0,
Where

<X<O0. (20)

Thus, the condition of negative definiteness of mathematical expectation requires negative definiteness of
the matrix

E{f1(§1(@)}ATH + HA] + E{f} (§,(w))}B"HB < 0

e d]
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(condition (7)) and the fulfillment of the inequality
det C; < 0.

Let's open this determinant by the last column

T

1
Hg + 5 (XE{f1 (61 ()AL + I)l] X [E{f1(§1(@N}(ATH + HA) + E{f; (§,(w))}B"HB] ™! x

i 1
x [Hg + 5 CCB(f (6 ()} + 1)1] <Xg-. 21)

Let's get the statement.

Theorem. Let (2, F, {F;, t = t, = 0}, P)NDSRAR (1), (2) be given on a probabilistic basis. Then the
equilibrium position of the x(t) = x(t, w) = Osystem (1), (2) is absolutely stable in the mean square, if the
conditions are met

1) E{f; (& (w))}A + E{f; (¢ (w))}kg!" Hurwitz matrix; [T g > 0;
2) there is a positive definite solution Hof the matrix equation (7);

K1 > E{f1(§1(w))} > 0; (22)

3) the matrix inequality (13) is fulfilled with the choice X < Ounder the condition (20);
4) inequalities (21) with (22) are satisfied.

Let exist v(x, t) € C(D), whereD = {x € ™, t = to| X1, | x;| <M, M > 0},

which satisfies the conditions

Fi(Ix]) < v(x, t) < F(|x]); (22)
D < —Fy () @3)

where F;(r) € C([0, +0)), F;(0) = 0; lir+n F(r)=0,i=13.
r—+0co

Then:
I) The trivial solution of system (4) is asymptotically stable according to Lyapunov.
D)
x| < FTHSTH(E — o), v(x(to), to))]. (25)

In inequality (25), S is defined as follows [3]

S _ t dv -
(2:%0) = f RO

Verification of conditions (1) - 4) is effective when using modern computer technologies.

CONCLUSION

The conditions of asymptotic stability of the trivial solution of stochastic diffusion dynamic systems of
automatic regulation with external disturbances are obtained. In work is to find criteria for the absolute stability
of solutions of stochastic diffusion dynamic systems of automatic regulation (SAR) with external disturbances.
The problem of determining sufficient algebraic conditions for the stability of stochastic diffusion dynamic
SARs with aftereffect and taking into account external disturbances is relevant, since its solution makes it
possible to study complex stochastic systems using matrix calculations.
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