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A complex of mathematical models and their computer realization means for numerical prediction of the kinetics of 
temperature fields, phase and structural states, mechanical stresses and strains in layer-by-layer formation of typical 
products of titanium-based alloys was developed. The peculiarities of VT6 titanium alloy state kinetics, depending on 
the technological parameters of production, were investigated on the typical examples of electron beam surfacing of 
T-shaped beam structures, from these alloys produced by xBeam 3D Metal Printer technology. The impact of the sub-
strate thickness on the regularities of temperature field development during layer-by-layer formation of beam elements 
and on the structural state of the metal after complete cooling is shown. In the case of forming a thick-walled T-shaped 
product, it is shown that an important factor that allows obtaining a low level of residual stresses, is optimization of 
the delay time between deposition of each of the beads, to provide the conditions for uniform cooling of the structure. 
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Broad introduction of additive technologies is a sus-
tainable modern trend, when designing production 
schemes of critical structural elements of a complex 
shape. In particular, the schemes of electron beam 
surfacing (EBS) of parts from light metals (primar-
ily, titanium and aluminium alloys) for the needs 
of aerospace industry have found their application 
[1–3]. xBeam 3D Metal Printer, developed at PJSC 

«NVO «Chervona Hvilya» is a characteristic exam-
ple of realization of such a technology in Ukraine [4]. 
This technology envisages a layer-by-layer formation 
of typical products by EBS under deep vacuum that 
allows effectively focusing the electron beam, and 
avoiding metal contamination by interstitial impu-
rities in the case of its high affinity to oxygen and/
or nitrogen. The substrate of the formed product is 
placed into the power fixture on a mobile platform, 
which moves relative to a stationary heat source with 
set speed Vs (Figure 1). The heat source is a compo-
nent of a complex system of beam focusing and filler 
wire feeding. The electron beam is focused so that it 
had the form of a sharp cone that converges maximum 
close to the surface of the formed part. This allows 
realization of an effective and rather uniform melting 
of the filler wire without its significant overheating, as 
well as ensures concurrent heating of the deposition 
area for activation of the solid metal surface before its 
contact with the liquid filler material.

In order to manufacture products of guaranteed 
quality, it is necessary to optimize the technological 
parameters of the respective production processes. 
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Figure 1. Scheme of formation of the web of a T-beam structure 
using xBeam 3D Metal Printer technology: 1 — product being 
formed; 2 — heat source; 3 — technological fixture
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In particular, it concerns ensuring fusion of the suc-
cessive deposited layers, homonegeity of the metal 
structure, low level of residual strains and stresses. 
As conducting a broad range of experimental studies 
is associated with considerable economic expenses, 
it is rational to apply the mathematical and computer 
modeling of the processes determining the final qual-
ity of products.

As part of this study, a complex of approaches 
were developed for numerical prediction of the kinet-
ics of temperature fields, phase and structural states, 
mechanical stresses and strains at layer-by-layer for-
mation of typical beam structures of different size by 
xBeam 3D Metal Printer technology, in order to study 
the features of the impact of the technological param-
eters on the current and final state of the products.

Development of the mathematical model of the 
kinetics of temperature and stress-strain state of 
typical structural elements at layer-by-layer for-
mation of the sample. Prediction of temperature field 
development is the first stage of numerical study of 
the kinetics of the product state during layer-by-lay-
er formation. In its turn, nonuniform heating, change 
of the structural composition, as well as temperature 
dependencies of metal properties determine the spa-
tial distribution of stresses and strains in the structure. 
Temperature distribution in time and space is deter-
mined by the processes of conductive propagation, 
for which the connection between moment of time t 
and temperature field T = T(x, y, z) is described by a 
three-dimensional equation of heat conductivity [5]:
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where λ, cρ are the heat conductivity and volumetric 
heat capacity of the structure material in this point as 
functions of spatial coordinates and temperature, re-
spectively.

The heat source in the considered case is the elec-
tron beam of power qi. It must be further noted that 
use of filler material means that part of the source 
energy is consumed in its melting, and heat applica-
tion to the structure can proceed in two ways: direct-
ly from the source and by molten metal transfer onto 
the formed product. This can be taken into account 
by direct change of the structure profile, by adding 
sections, the temperature Tm of which is a little high-
er than liquidus temperature TL, in order to allow for 
filler material overheating. Here, the value of effec-
tive heat input of the source must be reduced by the 
value of energy consumption for filler metal melting 
qm. Thus, energy distribution in the heat spot can be 

described by the normal distribution law, which has 
the following mathematical expression:
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where η is the efficiency of the heat source (thermal 
efficiency); x0, z0 are the coordinates of the heat source 
center; Kx, Kz are the coefficients of concentration of 
energy flow in the respective directions; ρ is the densi-
ty of structure metal, as a function of temperature; vm 
is the filler material feed rate; Sm is the cross-sectional 
area of the wire; gft is the latent heat of melting of the 
filler material.

Boundary conditions required for solving prob-
lem (1), depend on the nature of heat removal from 
the product surface. So, in the area of contact with 
the technological fixture, the heat removal can be de-
scribed by the Newton’s law, whereas on the free sur-
face it is characterized by thermal radiation (Stefan–
Boltzmann law) with additional energy input from 
the surface of the product, being processed, when a 
heat source is placed there. Thus, boundary conditions 
for solving the heat conductivity problem in this case 
have the following mathematical expression:
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where n is the normal to the surface; αh.t is the heat 
transfer coefficient; Ten is the ambient temperature; ε 
is the degree of material blackness; σSF is the Stephan–
Boltzmann constant; q is the energy flow of electron 
beam heating.

Proceeding from the results of prediction of the 
temperature field kinetics at layer-by-layer forma-
tion of typical products from VT6 titanium alloy, it is 
possible to predict the metal grain size and its certain 
properties in different parts of the structure, depend-
ing on the technological parameters of the process. It 
is known that refinement of the structural components 
of typical titanium-based alloys occurs with increase 
of the cooling rate at solidification. Figure 2 shows the 
dependence of grain size for VT6 alloy on the cooling 
rate [6], which can be approximated by the following 
equation:
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where dgrain is the characteristic size of the metal grain; 
vcool is the cooling rate.

In addition, the actual mechanical characteristics 
of VT6 alloy depend on the cooling rate at phase trans-
formation, that determines the residual percent ratio 
of α-phase in (α+β)-alloy. Figure 3 gives the diagrams 
of microstructural transformations of VT6 alloy at 

cooling [7, 8], the cooling rate is determined in the 
range of β to (α+β) microstructural transformations, 
which proceed in the range from 1000 to 670 °C. It 
should be noted that owing to low heat input and high 
speeds of heat source movement, layer-by-layer EBS 
is characterized by a rather high intensity of deposited 
material cooling that promotes formation of a marten-
sitic microstructure containing α׳-phase. As one can 
see from Figure 4 [9], and at increase of the cooling 
rate and, accordingly, at reduction of the grain size the 
yield limit of VT6 alloy increases. Data in Figure 5 
[8], which were derived on additive technology of 
layer-by-layer formation of samples by EBS method 
show that increase of the relative content of α׳-phase 
Vα’ causes a slight lowering of the yield limit of VT6 
alloy, and relative elongation δ here decreases fairly 
moderately (Figure 5, b). These dependencies can be 
approximated by the following equations:
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Mathematical consideration of the united problem 
of temperature field kinetics and SSS development is 
based on finite element description with application 
of eight-node finite elements (FE). Within FE volume 
the distributions of temperatures, stresses and strains 
are taken to be uniform. Increment of strain tensor can 
be presented as superposition of the following com-
ponents [10]:
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where d e
ijε , d p

ijε , δij, dεt are the components of incre-

ment of the tensor of strains, due to elastic mechanism 
of deformation, instantaneous plasticity strains, and 
temperature expansion, respectively; δij is the Kro-
necker symbol.

Tensors of mechanical stresses σij and elastic 
strains d e

ijε  are connected to each other by a gener-

alized Hooke’s law, i.e.

Figure 2. Dependence of grain size of VT6 titanium alloy on 
cooling rate [6]

Figure 3. Diagrams of microstructural transformations of VT6 
alloy at cooling: a — [7]; b — [8]

Figure 4. Dependence of yield limit of VT6 alloy on cooling rate [9]
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where σ is the average value of the normal compo-
nents of stress tensor σij, i.e. ( ) / 3;xx yy zzs = s + s + s  

(1 2 ) /K E= − ν  is the volumetric compression modu-
lus; G is the shear modulus; E is the Young’s modulus; 
υ is the Poisson’s ratio; φ are the volumetric strains.

Increment of instantaneous plasticity strain d p
ijε  

in a specific FE was calculated using a linear depen-
dence of scalar function λ and deviator component of 
the stress tensor, namely:
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Specific value of function λ depends on the 
stressed state in the considered area of the structure, 
as well as on the shape of the surface of material plas-
tic flow Ф, which is characterized by stresses σS:
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where σі is the stress intensity.
Proceeding from the above-said, the increments of 

strain tensor can be presented as superposition of in-
crement of the respective components:
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where symbol «*» refers the respective variable to the 
previous trace step; ψ is the function of material state, 
which determines the plastic flow condition according 
to Mises criterion:
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Function ψ is determined by iteration at each step 
of numerical tracking within the boundary problem of 
nonstationary thermoplasticity that allows solving the 
nonlinearity by plastic flow of the material. Proceed-
ing from the specific value of function ψ from (11), 
the strain filed is defined at each stage of loading, tak-
ing into account dependence σs(T, εp):
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Here, at each stage of iteration by ψ, stress σij is 
calculated by the following algorithm (repeated indi-
ces are summed up):
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Stress tensor components satisfy the statics equa-
tions for internal FE and boundary conditions for 
the surface ones. In their turn, the components of 
displacement vector ΔUi = (ΔU, ΔV, ΔW) satisfy the 
respective conditions on the boundary. The solved 
system of equations in variables of the vector of dis-

Figure 5. Dependence of yield limit (a) and relative elongation (b) of VT6 alloy on cooling rate and quantity of a׳-phase [8]
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placement increments in FE nodes at each trace step 
and iteration by ψ is determined by minimizing the 
following functional (Lagrange variational principle):
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where 
V
∑  is the sum operator for internal FE; 

PS
∑  is 

the sum operator for surface FE, on which the compo-
nents of force vector Pi are assigned, i.e. the following 
system of equations yields a solution in the compo-
nents of the vector of displacement increments at each 
trace step and iterations by ψ for a specific FE:
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Results of modeling the temperature fields at 
layer-by layer formation of the tee sample and 
prediction of the material structure and mechani-
cal properties. Features of temperature field kinetics 
were studied on the typical example of layer-by-layer 
formation of a T-shaped beam product. The following 
process parameters are recommended: filler material – 
1.6 mm titanium rod, electron beam power of 4.5 kW, 
filler wire feed rate of 14 mm/s, substrate movement 
speed of 14 mm/s. In order to determine the impact 
of geometrical features of the product, EBS on sub-
strates of different thickness was considered, name-
ly on massive substrate of 8×30×70 mm size; and on 
small one of 3×6×110 mm size. Results of solving the 
nonstationary heat conductivity problem showed that 
the kinetics of the temperature field at layer-by-layer 
formation of the tee sample on a massive substrate is 
of essentially 3D nature whereas in the case of a small 
substrate, sample heating by volume is more uniform 
(see Figure 6) that is attributable to the effect of heat 
accumulation.

As shown by analysis of thermal cycles (Figure 7), 
in the range of microstructural transformations from 

1000 to 670 °C, the material is heated and cooled 3 
times: first during deposition of the layer, then during 
deposition of the next two layers. The last cooling 
cycle in the above-mentioned temperature range de-
termines the residual microstructure and grain size. 
Maximum heating temperature in the considered 
region from deposition of the next third and more 
distant layers is below the temperature of 1000 °C, 
so that no microstructural transformations or con-
siderable change of grain size occur. Moreover, this 
process is characterized by rather high cooling rates 
(160–660 °C/s), so that in keeping with the diagrams 
of microstructural transformations of VT6 alloy (see 
Figure 2) the deposited metal of tee sample is predict-
ed to have a martensitic microstructure, containing 
α׳-phase. By the data of calculations in the material 
of the first layer, where the highest cooling rate was 
achieved, owing to the presence of a massive cold 
substrate, 180 mm grain forms, and in the points of 
formation of 5 and 20 layers, where material is depos-
ited on the already heated sample, grain size is much 
larger and reaches 300–450 mm.

These results comply with the available experi-
mental data [4] on the microstructure of a sample of 
VT6 titanium alloy, produced by xBeam 3D Metal 
Printer technology of layer-by-layer formation: grain 
size in the upper layers of the sample is equal to ap-
proximately 300–450 mm, and in the layers near the 
sample base it is 150–250 mm (Figure 8). Thus, pre-

Figure 6. Comparative distribution of temperatures in a T-shaped sample with large (a) and small (b) substrates during layer-by-layer 
formation of the part

Figure 7. Characteristic thermocycle in T-shaped sample material 
(5th layer) at multilayer formation
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diction results showed satisfactory accuracy, com-
pared with the experiment that allows application of 
the developed mathematical model for prediction of 
the macrostructure and mechanical properties of the 
metal of structures produced by such technologies.

As was shown by the authors in previous works, 
one of the effective ways to optimize the tempera-
ture fields at layer-by-layer formation of typical beam 
structures is application of delay time Δt of deposi-
tion of each of the beads, variable by product height 

Figure 8. Macrostructure of a tee sample from VT6 titanium alloy: a — experimental study [11]; b — calculation results

Figure 9. Dependence of temperature in the point before deposition of the next layer (a), cooling rate (b), grain size (c) and material 
yield limit (d) on pass number for different delay times between the passes
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[11]. This allows ensuring the natural dissipation of 
excess heat, which accumulates as the product layers 
are deposited, and avoid its overheating without the 
need for variation of the power (speed) of the heat 
source. This technological parameter essentially af-
fects the cooling rate, grain size, and, consequently, 
the product material yield limit (Figure 9, a–c). One 
can see from the given data that the best strength char-
acteristics and more uniform material structure were 
determined in the sample, made with longer time Δt, 

whereas the insufficient time between bead deposition 
Δt = 10 s and 15 s results in insufficient strength char-
acteristics of metal in the upper layers, and grain non-
uniformity by height. On the other hand, too long time 
between the passes (65 s) leads to formation of an ex-
cess of α׳-phase, and reduction of material plasticity. 
Substrate preheating allows obtaining a more uniform 
structure in the lower layers, and essentially improves 
the material plasticity (Figure 10, a–c). For the time 
between bead deposition Δt = 10 s and 15 s the grain 
size increases significantly, starting from the number 
of the bead, on which the interpass temperature ex-
ceeds 670 °C: then the grain is finally formed after 
complete cooling of the sample, and the cooling rate 
here is low. When the time between beads deposition 
is Δt = 29 s, the interpass temperature does not exceed 
670 °C, so that the produced grain is more uniform.

Characteristic features of residual stress-strain 
state at layer-by-layer formation of thick-walled 
T-shaped products by xBeam 3D Metal Printer 
technology. In the previous works the authors studied 
the features of the kinetics of stress-strain state (SSS) 
during layer-by-layer formation of beam, cylindrical 
and spherical structural elements, using xBeam 3D 
Metal Printer technology [11]. In particular, it was em-

Figure 10. Dependence of temperature in a point before deposition of the next layer (a), cooling rate (b), grain size (c) and relative 
elongation (d) on pass number for different preheating of the substrate

Figure 11. Characteristic sequences of bead deposition at forma-
tion of T-shaped beam structure: a — layer-by-layer deposition 
(scheme A); b — column deposition (scheme B)
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phasized that one of the advantages of this technology 
is the possibility of deposition of rather narrow beads 
of liquid metal and production of thin-walled structur-
al elements (with 2–3 mm wall thickness) with small 

geometrical tolerances. However, xBeam 3D Metal 
Printer applicability is not limited to just thin-walled 
products: various sequences of forming bead depo-
sition can be used, if it is necessary to manufacture 

Figure 12. Distribution of residual stresses, sxx (MPa) in the cross-section of a T-shaped product: a — scheme A with optimization; 
b — scheme B with optimization; c — scheme B without optimization (see Figure 11)

Figure 13. Distribution of residual stresses syy (MPa) in the cross-section of a T-shaped product: a — scheme A with optimization; 
b — scheme B with optimization; c — scheme B without optimization (see Figure 11)
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thick-walled parts. These sequences allow producing 
structures with different wall thickness without any 
essential change of the respective technological pa-
rameters. However, such a process certainly requires 
optimization, in particular, from the viewpoint of ra-
tional selection of the time of the start of each bead 
formation (delay time Δt) and formation of favourable 
residual SSS.

Within the scope of this work, the features of resid-
ual SSS depending on the technological conditions of 
production were studied in the case of a thick-walled 
T-shaped beam. Considered were two typical sequenc-
es of deposition of a tee wall of 12.8 mm thickness, 
which consists of four parallel beads 3.2 mm thick 
and 0.8 mm high (Figure 11). Structure material was 
VT6 titanium alloy. The principal difference between 
these schemes consists in that for sequence A the web 
is formed by successive horizontal layers, whereas 
for sequence B vertical columns are the forming el-
ements.

Figures 12–14 show the results of prediction of the 
residual stress fields in the cross-section of a thick-
walled beam for sequences A and B, taking into ac-
count optimization of the temperature fields by selec-
tion of optimum delay time Δt, as well as deposition by 
sequence B without such optimization. As one can see 
from the given results, the temperature field optimi-
zation allows achieving structure heating sufficiently 
uniform by thickness, despite the different sequence 

of bead deposition. Thus, the conditions for uniform 
cooling of the product, and, accordingly, low level of 
residual stresses, are in place. A natural stress raiser in 
such a case is the region of transition of the tee section 
flange into the web, where the uniform cooling con-
ditions are not fulfilled for the reason of massiveness 
of the substrate (tee section flange). If the conditions 
of the temperature field optimization are not fulfilled, 
and the structure is nonuniformly heated, it leads to 
formation of high stresses, particularly, in the longitu-
dinal direction (see Figure 14, c). Therefore, a ratio-
nal selection of the delay time between the deposited 
beads is important not only in terms of guaranteeing 
the conditions, favourable for sound formation of the 
product, but also for lowering the residual stresses, 
that is required for high performance of the produced 
structural elements.

Conclusions

1. A complex of mathematical models was developed 
for numerical prediction of the temperature field ki-
netics, phase and structural states, mechanical stresses 
ad strains at layer-by-layer formation of typical beam 
structures from VT6 titanium alloy, using xBeam 3D 
Metal Printer technology. Comparison with the data 
of experimental studies showed the satisfactory accu-
racy of the obtained calculation results of prediction 
of the macrostructure and mechanical properties of 
the structure metal.

Figure 14. Distribution of residual stresses szz (MPa) in the cross-section of a T-shaped product: a — scheme A with optimization; 
b — scheme B with optimization; c — scheme B without optimization (see Figure 11)
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2. The impact of substrate dimensions on tempera-
ture field kinetics during layer-by-layer deposition of 
a web of a tee section was studied. It is shown that in 
case of a massive substrate 8 mm thick temperature 
distribution is of an essentially 3D nature, whereas for 
the case of a small substrate of 3 mm thickness, more 
uniform heating of the sample by volume is in place, 
that is attributable to heat accumulation effect.

3. It is shown that better strength characteristics 
and more uniform structure of the material of the 
part, produced by layer-by-layer formation, can be 
achieved at maximum increase of the delay time be-
tween beads deposition, whereas insufficient time 
results in lower strength characteristics of metal in 
the upper layers, and nonuniformity of the grain by 
height. However, increase of time between the passes 
may lead to formation of an excess of α׳-phase, and 
lowering of material plasticity. An effective means for 
producing a more uniform structure and improvement 
of material plasticity is preheating of the plate before 
the beginning of structure fabrication.

4. A characteristic example of layer-by-layer for-
mation of T-shaped beam structure was used to study 
the regularities of the residual stressed state in fabri-
cation of thin-walled structures. It is proved that op-
timization of delay time at deposition of each of the 
beads is an important factor, allowing achievement of 
a low level of residual stresses. Here, conditions are 
in place for uniform cooling of the structure (except 
for the region of transition of the tee flange into the 
web) and an essential lowering of residual stresses. 
Violation of the optimal thermal mode can lead to 
an essential increase of residual stresses (particular-
ly, longitudinal), creating a negative effect on such a 
structure performance.
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