
38 ISSN 0957-798X THE PATON WELDING JOURNAL, No. 8, 2021

ELECTRON BEAM PROCESSES

                                                                                                            

                                                                                                                                                                                                    
https://doi.org/10.37434/tpwj2021.08.08

MATHEMATICAL MODELING OF HYDRODYNAMIC 
AND THERMAL PROCESSES AT CRYSTALLIZATION 

OF TITANIUM INGOTS PRODUCED BY EBM

S.V. Akhonin1, V.O. Berezos1, O.I. Bondar2, O.I. Glukhenkyi2, Yu.M. Goryslavets2 and A.Yu. Severin1

lE.O. Paton Electric Welding Institute of the NAS of Ukraine 
11 Kazymyr Malevych Str., 03150, Kyiv, Ukraine. E-mail: office@paton.kiev.ua 

2Institute of Electrodynamics of the NAS of Ukraine 
56 Peremohy Prosp., 03057, Kyiv, Ukraine. E-mail: bondar_o_i@ukr.net

It is shown that when specifying the efficiency of EBM process, the phenomenon of thermogravitational convection is 
a weighty factor, which determines the thermal state of the ingot. A mathematical model of interrelated hydrodynamic 
and thermal processes in the crystallizing metal, taking into account the phenomena of thermogravitational convection, 
was formulated for a steady-state mode of the process of electron beam melting of titanium into a straight-through cy-
lindrical mould. The thermal state of the ingot as well as the position of the crystallization front at a continuous feeding 
of liquid titanium from the cold hearth into the mould depending on metal temperature at the inlet and speed of ingot 
drawing for a laminar mode of hydrodynamic flow in the liquid pool was determined. It is found that at increase of 
metal temperature at the inlet into the mould in the studied range (2040‒2100 K) shifting of the point of maximum pool 
depth from the ingot axis becomes smaller. Calculations within the constructed mathematical model were used to study 
the impact of the rate of liquid metal feed from the cold hearth into the mould on the shape and depth of a liquid pool. 
It is found that at increase of ingot drawing rate by 30 % the liquid pool depth increases by 1.5 times, and the point of 
the maximum liquid pool depth becomes close to the ingot axis. 10 Ref., 1 Table, 9 Figures.
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continuous casting

Solidification of metal in the mould during electron 
beam melting (EBM) is accompanied by complex and 
transient physical processes of heat transfer, hydro-
dynamic flows and radiation. In practice, it is often 
impossible to measure values of the parameters in 
these processes, especially with a sufficient accura-
cy. In addition, in metallurgy, full-scale experiments 
are labour-consuming and involve high material costs 
because of a high energy consumption and cost of a 
melted metal. Therefore, numerical experiments with 
the use of methods of mathematical modeling and cal-
culations in computers are of great importance, which 
allow making a qualitative and quantitative picture of 
the phenomena occurring in metallurgical processes 
at relatively low costs and a minimal amount of ex-
perimental data.

In [1, 2] the basic principles of modeling thermo-
physical processes in ingots produced by the methods of 
special electrometallurgy are formulated. Regarding the 
processes describing different stages of EBM, such as 
melting of the initial charge, mixing and evaporation of 
metal and impurities in the cold hearth, ingot formation 
in the mould, ingot cooling etc., they were considered 
in [3‒6]. However, in the mentioned works, taking into 

account the complexity of solving interrelated three-di-
mensional multiphysical problems and the limited avail-
able calculating resources, a mathematical modeling of 
thermophysical processes in producing titanium ingots 
was mainly reduced to considering the thermal state 
of the ingot without heat and mass transfer due to the 
movement of a melt in the mould.

The modern development of numerical methods 
and ever-increasing capacity of computer technologies 
provide a possibility of formulating more complete and 
complex problems of modeling technological process-
es and the numerical approach is the most attractive in 
the study of hydrodynamic processes and processes of 
heat and mass transfer that occur while producing ingots 
by EBM method. In [7], a three-dimensional mathemat-
ical model of interrelated hydrodynamic and thermal 
processes of metal solidification in a straight-through 
cylindrical mould during electron beam melting with a 
cold hearth was presented and considered in detail. This 
mathematical model allows studying the processes in the 
quasi-fatigue mode of continuous ingot melting, during 
which the position of the crystallization front of the alloy 
in the mould does not change over time. On the example 
of the ingot of titanium Ti–6Al–4V alloy, which solidi-
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fies in a cylindrical mould with a diameter of 0.6 m, it 
was shown that the effect of a turbulent thermal conduc-
tivity on the position of the crystallization front and the 
liquid pool depth is negligible for a set speed of ingot 
drawing (4 mm/min). In this case this allows making as-
sumptions about the presence of turbulence only in the 
zone of inlet of the liquid metal jet from the cold hearth 
into the mould and about the predominant laminar nature 
of a melt in the liquid pool in general.

The shape and depth of a liquid pool can be more 
significantly affected by the overheating temperature 
of the liquid metal fed from the cold hearth and the ef-
ficiency of the continuous casting process. Therefore, 
the aim of this study is to determine the thermal state 
of the ingot and the position of the crystallization front 
at a continuous feeding of liquid titanium from the cold 
hearth into the mould depending on the metal tempera-
ture at the inlet and the speed of ingot drawing for a 
laminar hydrodynamic flows in the liquid pool. The 
study of these issues was carried out on the example 
of casting commercial titanium into a straight-through 
cylindrical mould of 0.4 m diameter.

For modeling the metnioned process, the follow-
ing mathematical model was formulated, which in-
cludes the laws of conservation of mass (1), pulse (2) 
and power (3):
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where ρ is the density; u is the speed; p is the pres-
sure; µ is the dynamic viscosity; I is a single matrix; 
g is the gravity vector; C = 105 and q = 0.01 are the 
constants, the ratio of which should be sufficient to 
suppress the movement (except for the casting speed 
ucast) in the solid zone; FL is the fraction of the liquid 
phase (varies in the range from 0 to 1); ucast is the vec-
tor of speed of ingot drawing; Cp is the specific heat 
capacity; T is the temperature; q = ‒k∇T is the heat 
flux due to thermal conductivity; k is the coefficient 
of thermal conductivity.

The position of the crystallization front was de-
termined in accordance with the phase field method. 
The essence of the method consists in the fact that the 
phase transition occurs in a certain temperature range 
of ΔT = Tl – Ts. The liquid zone is determined by the 
temperature higher than the liquidus temperature Tl, 
the solid zone is the temperature lower than the soli-
dus temperature Ts, and the transition zone is between 

them. The crystallization front is determined by the 
isotherm of melting temperature Tm = Ts + ΔT/2. Ex-
pressions for determination of the fraction of a liquid 
phase Fl and the corresponding physical properties of 
materials in the transition zone (zone of phase state 
variation) are presented in [7].

The calculation region for studying the mentioned 
processes is presented in Figure 1, where B1–B7 are 
the borders of the calcualtion region, d = 0.4 m, h = 
= 0.15 m, l = 2∙d, the intersection of a melt jet at the 
inlet into the mould (B1) is 10×40 mm.

The boundary conditions for the calculation region 
presented in Figure 1 are given in theTable, where n 
is the vector of normal to the surface; ucast is the speed 
of ingot drawing; qev is the thermal flux from the sur-
face of liquid metal due to evaporation; ε is the radi-
ation coefficient; h is the coefficient of contact heat 
dissipation; σSB = 5.67⋅10–8 W/t(m2·K4) is the Stefan–
Boltzman constant; Tamb = 293.15 K is the ambient 
temperature.

Physical characteristics of titanium are as follows: 
melting temperature Tm = 1941 K; latent melting heat 
L = 295 kJ/kg; coefficient of dynamic viscosity for the 
liquid zone μl = 0.0035 Pa⋅s; coefficient of dynamic 
viscosity for the solid zone μs = 1 Pa⋅s. Therefore, at 
a set temperature range of the phase transition ΔT = 
= 60 K, liquidus temperature was Tl = 1971 K and sol-
idus temperature was Ts = 1911 K. Characteristics of 
the transition zone (phase transition zone) were deter-
mined according to the method of total heat capacity 
(apparent heat capacity formulation).

Temperature dependences of the specific heat capac-
ity Cp(T), coefficient of thermal conductivity k(T) and 
density ρ(T) for solid and liquid phases of titanium are 
presented in Figure 2, a‒c respectively [8]. The depen-

Figure 1. Calculation region for numerical modeling
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dence of losses from the surface of liquid titanium due to 
evaporation of qev(T) is shown in Figure 2, d [9].

During calculations, as basic output data, the ef-
ficiency of ingot drawing (G = 250 kg/h) was tak-
en, which corresponds to the basic speed of ingot 
drawing
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Figure 2. Dependences of specific heat capacity (a), coefficient of thermal conductivity (b), density (c) and evaporation (d) on tem-
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a total power Peb = 90 kW with an efficiency coeffi-
cient of electron beam heating being 75 %.

The importance and necessity of taking into account 
thermogravitation forces in the mathematical model of 
physical processes in the mould was determined and 
substantiated by comparing the results of calculations 
taking into account and without these forces. In order 
to study the degree of impact of the phenomenon of 
thermogravitation convection on the thermal state of 
the ingot and the position of the interphase boundary, 
the modeling of this process was carried out without 
taking into account the component ρg in the equation 
(2). The temperature distribution, as well as the iso-
therms of solidus and liquidus (solid lines) are present-
ed in Figure 3. In this case, the depth of liquid pool is 
257 mm. For comparison, in Figure 3 the position of 
the interphase zone (dashing lines) is shown, obtained 
taking into account thermogravitation forces.

The results show that not taking into account ther-
mogravitation forces leads to a more than twice increase 
in the depth of a liquid pool (by 137 mm) and, accord-
ingly, to a change in the nature of the movement of liq-
uid metal. In this case, shifting of the point of the max-
imum pool depth from the ingot axis is almost absent, 
despite the asymmetric view of the pool itself.

Therefore, the phenomenon of thermogravitation 
convection in the specified efficiency of EBM process 
is a significant factor that determines the thermal state 
of the ingot, so further calculations were performed, 
taking it into account.

To determine the exposure of the liquid metal to 
the overheating temperature, which is fed from the 

cold hearth, calculations for different temperatures of 
the liquid metal at the inlet into the mould (Tin), K: 
2041, 2061, 2081, 2101 were performed. As a result, 
in the studied zone distributions of temperature and 
speed were obtained, presented in Figures 4 and 5, 
respectively.

The analysis of distribution of temperatures in the 
ingot, obtained on the results of modeling showed that 
under the action of electron beam heating, the surface 
layer of a melt is heated to the maximum tempera-
ture — about 2085 K (Figure 4), which in some cases 
may even exceed the temperature of the liquid metal, 
that is fed from the cold hearth with a temperature of 
2040‒2100 K (Figure 4, a, b). Due to the intensive 
cooling of the liquid metal, the walls of the mould 

Figure 3. Impact of thermogravitation convection phenomenon 
on interphase zone position

Figure 4. Distribution of temperature (Tin) in ingot during EBM, K: a — 2041; b — 2061; c — 2081; d — 2101
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form the outer surface of the ingot in it, the thickness 
of the skull between the liquid metal and the wall 
of the mould in its upper part is 5‒7 mm. Along the 
length of the ingot, the temperature decreases from 
2085 K on the surface of a melt to 1000 K on its low-
er boundary of the calcualtion region. At the output 
of the ingot from the mould, the temperature of its 
surface is about 1500 K and weakly depends on the 
technological parameters of melting.

The analysis of the distribution of the rate of 
movement of the liquid metal in the mould showed 
that the flow of a melt from the cold hearth is deep-
ened near the wall of the mould to the maximum 
depth and then mirrored from the bottom of the 
pool, gets to its surface and spreads throughout the 
volume of a melt (Figure 5, a, b). It should be not-
ed that in the place of deepening of the inlet flow, 
the thickness of the two-phase zone is minimal and 
amounts to 3‒6 mm. Under the conditions of a low 
overheating of a melt getting into the mould from 
the cold hearth, at the temperature, higher than the 
melting temperature of titanium, the movement of 
the liquid metal occupies the entire volume of the 
pool, where the temperature exceeds the liquidus 
temperature of titanium. Whereas with an increase 
in the temperature of the metal flow at the inlet, 
the melt movement is concentrated only near a free 
surface, forming quite volumetric stagnation zones 
(Figure 5, c, d). This phenomenon may be prede-
termined by the action of thermogravitation forces.

In general, the calculations showed that the shape 
of a liquid pool is asymmetric (Figures 4, 5). Al-

though the crystallization front is approaching the 
plane one, in the region of the inlet zone of the liq-
uid metal, washing of the solid phase near the wall 
of the mould is observed (Figure 6). The thickness of 
the skull in this zone is 2‒3 mm, which is 2‒3 times 
smaller than the thickness of the skull in other zones 
of the mould. During movement of the ingot down-
wards, such a thin skull can be destroyed and form 
well-known typical defects of metal tangling on the 
surface of the ingot.

Shifting of the maximum depth point relative to 
the ingot axis (dpool) and the liquid pool depth (hpool) 
depending on the overheating temperature on the liq-
uid metal at the inlet into the mould are presented in 
Figure 7. These parameters were determined by the 
isotherm, which corresponds to the melting tempera-
ture of titanium (Tm = 1941 K).

It is interesting that with an increase in the met-
al temperature at the inlet into the mould (in the test 
range), shifitng of the point of the maximum pool 
depth from the ingot axis (Figure 7, a) decreases. Al-
though it was expected, that with an increase in the 
overheating temperature of the liquid metal, fed from 
the cold hearth, the maximum liquid pool depth will 
be shifted from the ingot axis in the direction of the 
inlet of a liquid metal jet.

As for the depth of a liquid pool, it almost does 
not change in the test range of the temperature of the 
liquid metal at the inlet into the mould (Figure 7, b), 
based on which the conclusion can be made of their 
weak dependence. However, as can be seen from Fig-
ure 4, with an increase in the temperature of the liq-

Figure 5. Distribution of melting speed (Tin) in ingot during EBM, depending on temperature, K: a — 2041; b — 2061; c — 2081; 
d — 2101
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uid metal at the inlet into the mould, the nature of its 
movement changes significantly.

While producing ingots by EBM method, one of 
the important technological parameters is the process 
efficiency. Therefore, further calculations were aimed 
at studying the impact of the feed rate of liquid metal 
from the cold hearth into the mould on the shape and 
depth of a liquid pool.

While modeling, the overheating temperature 
of the metal fed into the mould was taken as Tin = 
= 2061 K. The position of the isotherms, correspond-
ing to the melting temperature of titanium (Tm) for 
different speeds of ingot drawing in the range of ucast–
1.3ucast are presented in Figure 8.

As is seen from Figure 8, with an increase in the 
efficiency of casting, configuration of the crystalli-

Figure 6. Longitudinal section of liquid pool in titanium ingot of 400 mm diameter during EBM; 1 —point of the maximum liquid 
pool depth; 2 — mirror projection of the left half of isotherm (Tm = 1941 K) relative to the ingot axis for visual evaluation of liquid 
pool asymmetry

Figure 7. Dependences of shifting of the point of maximum depth relative to the ingot axis (a) and liquid pool depth (b) on overheating 
temperature of liquid metal at the inlet into the mould 8

Figure 8. Position of isotherms of melting temperature of titanium for different speeds of ingot drawing from the mould (the point 
marks the place of the maximum liquid pool depth and its parameters are indicated in the format: ucast; dpool; hpool, m): 1 — 1.00 ucast; 
0.120; 0.122; 2 — 1.05 ucast; 0.116; 0.131; 3 — 1.10 ucast; 0.114; 0.141; 4 — 1.15 ucast; 0.100; 0.152; 5 — 1.20 ucast; 0.088; 0.164; 6 — 
1.25 ucast; 0.066; 0.172; 7 — 1.30 ucast; 0.068; 0.185
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zation front, despite taking into account thermograv-
itation forces, is approaching to a cone-shaped one. 
This indicates that a more plane front of melt crys-
tallization can be provided by reducing the efficiency 
of ingot casting. It is also clear that with a growth in 
efficiency, the impact of thermogravitation forces on 
the thermal state of the ingot will be weakened.

 For a more clear demonstration of the results ob-
tained with the help of a mathematical model of the 
carried out calculations, the dependence of the liquid 
pool depth on the efficiency of EBM process of titani-
um ingot was constructed (Figure 9).

As is seen from Figure 9, with an increase in the 
speed of ingot drawing by 30 %, the liquid pool depth 
increases by more than 50 % (from 0.122 to 0.185 m).

Analysis of the obtained results showed that a 
growth in the process efficiency, as in the case of in-
creasing the overheating temperature of the metal get-
ting into the mould, causes shifting of the maximum 
liquid pool depth point (dpool) to the ingot axis. In ad-
dition, with a growth in the process efficiency, a sig-
nificant increase in the liquid pool depth is observed, 
which is also confirmed by the data of [10].

Conclusions

1. Applying the methods of mathematical modeling 
of heat of mass transfer, the features of crystallization 
and metal pool configuration during EBM of titanium 
ingots in the mould of 400 mm diameter were estab-
lished. Three-dimensional fields of speed of liquid 
metal movement and its temperature were obtained 
taking into account the action of thermogravitation 
forces for a laminar nature of melt movement.

2. The necessity of taking into account thermo-
gravitation forces during modeling of hydrodynamic 
processes in the mould during EBM of titanium ingots 
was substantiated. It is shown that thermogravitation 

is a significant factor in determining the thermal state 
of the ingot, therefore, its consideration is mandatory. 
With the growth in EBM efficiency, the contribution 
of thermogravitation forces to the thermal state of the 
ingot will be weakened.

3. It was established that the impact of the over-
heating temperature of the liquid metal fed into the 
mould from the cold hearth on the configuration and 
depth of a liquid pool is insignificant. In the studied 
range of liquid metal temperatures at the inlet into the 
mould (2041‒2101 K) with a change in temperature, 
the nature of its movement changes only slightly.

4. It was found that the impact of the efficiency of 
electron beam melting of titanium on the temperature 
distribution and, accordingly, on the shape and depth 
of a liquid pool is significant. With an increase in the 
speed of ingot drawing by 30 %, the depth of a liquid 
pool increases by 1.5 times (by 63 mm), and the point 
of the maximum liquid pool depth is approaching the 
ingot axis.
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Figure 9. Dependence of liquid pool depth on efficiency during 
EBM of titanium ingot of 400 mm diameter


