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In this study, the long wave approximations for the effective electromagnetic response of 2-D sandwich metamaterial structure, as
infinite two-component flat composite with cylindrical metallic inclusions contained by the same infinite two-component flat composites
with spherical metallic inclusions are obtained. The expressions for the response are obtained by generalizing the expressions of the
electromagnetic response of the infinite chain of infinitely long metallic cylinders periodically immersed in the flat magneto-dielectric
matrix. The generalization has been done by following the approaches of S- and T-matrices. The case of ferrite like metallic saturated
inclusions is considered in the study. The analytically obtained results are compared with the numerically calculated ones.
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During the last decade, flat metamaterial
structures gained significant interest [1-4]. One
reason for this is the availability of existing methods
for measuring the complex permittivity and
permeability of bulk materials [5-8]. The second
reason is related to the pursuit for making the
characterization of metamaterials at «the effective
inter-atomicy level.

This study is dedicated to the
characterization of 2-D sandwich metamaterial
structure as infinite two-component flat composite
with cylindrical metallic inclusions contained by
same infinite two-component flat composites with
spherical metallic inclusions. The characterization of
the structure is based on obtaining its effective
electromagnetic response by deriving its long wave
approximations of expressions of the complex
effective dielectric and magnetic constants. The
prerequisite for the problem being considered is the
effective electromagnetic response of the infinite
chain of infinite circular metallic cylinders
periodically immersed in a magneto-dielectric matrix
with the thickness equals to the diameter of the
cylinders, as in [4]. Using the S- and T-matrices
approaches [9], we extend the results of [4] for the
case of the above chain structure containing a pair of
similar, two-component composite slabs as infinite
magneto-dielectric slabs periodically embedded with
spherical metallic inclusions. It is supposed that the
cylindrical inclusions and spherical ones are ferrite
like metallic inclusions magnetized up to the
saturation. Correctness of the analytically obtained
expressions is assessed with the numerically obtained
one by wusing Finite-Difference Time-Domain
method (FDTD).
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1. Main Relations. Let us consider the
scatterer as 2-D infinite sandwich structure as shown
in Fig. 1 where h is the thickness of lateral slabs, d
is the spacing of chain of infinitely long metallic
cylinders of the radius a. It is supposed that &' and

u' are the dielectric and magnetic constants,

respectively, of the cylinders immersed in a magneto-
dielectric matrix with the dielectric and magnetic

constants ¢ and g, respectively while &, and

are the dielectric and magnetic constants,
respectively, of the spheres of radius r immersed in
a magneto-dielectric matrix of the lateral slabs with

the dielectric and magnetic constants & and 7,
respectively.
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Fig. 1. The scatterer
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Let us consider the normal incidence of an
electromagnetic wave with frequency @ and
wavenumber k on the above sandwich structure.
Throughout our paper, we consider the initial plane
electromagnetic wave that is normally incident to the
flat boundaries of the structure. The wave has the
magnetic induction vector parallel to the axes of
cylinders while the electric intensity vector
perpendicular to it.

As it has been shown in [4], the long-wave
approximation (ka, kd <<1) of S-parameters for the

above slab sandwich metamaterial structure for the
case ¢ =1=¢,, p=1=u,, are defined by the
equalities:
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Here &’ is defined by the metal model as
&(w) =1+ 1o ,
wEy

©)

where o is the conductivity of the inclusion metal,
&, is the permittivity of vacuum.

Let us consider the above slab metamaterial
structure as a four-terminal network of sub-slabs with
the field functions F,, B, Fy, By, Fig. 2 where &4

and u.s are, respectively, the complex effective

dielectric and magnetic constants of the considered
slab for the case & =1=&,,, 1 =1= 1, While &4

20

and s are, respectively, the complex effective

dielectric and magnetic constants of the lateral slabs.
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Fig. 2. Representation of the presented metamaterial slab as a four-
terminal network of sub-slabs

The appropriate expressions of the complex
effective constants s,z and u.; are obtained in [4]

and are: o
fop = IC (1—Pj|og 511~+321~—/3 ’
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where 511, §21 are S-parameters of the considered
metamaterial slab for the case ¢ =1=¢', u=1= 4,

Zyge —1
p=— " 7= At is the normalized
Zegs +1 Eeff

complex effective characteristic impedance of the
metamaterial slab for the case &=1=¢,,
4 =1=u.,, C isthe velocity of light in vacuum.

The expressions of the complex effective
constants £e and i are given by [10]:
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where F, = 42r°/3L% is the metal volume fraction

of the lateral slabs; L is the constant of unit cell of the
lateral slabs; by, = 41/ 242 IS the magnetic

constant of matrix of the lateral slabs; b, = &,1/&,5,

f(0)=
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& Is the electric constant of matrix of the lateral
slabs and &, is exactly defined by the right side in
Eq. (3); 0 =(w/c)Ly ekt

If the complex constants €. and g4, and
S-parameters of the above four-terminal network are
known for the case & =1=¢,,, @ =1= u,,, then its
S-parameters for the case of arbitrary values of the
constants &, u can be obtained by T-matrix of the

four-terminal network defined via the matrix equality
in [9]:

B T o
BI T21 T22 BII

Let us obtain the elements of T-matrix in
Eqg. (6). The elements can be obtained by multiplying
the field functions matrix for each sub-slab region of
the four-terminal network as follows:
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effective  reflection coefficient at the plane
boundaries between the first and second slabs

(while =R,z is the complex effective reflection

coefficient at the plane boundaries between the
second and third slabs); Keg = +/€esr Ler @/C IS the

wavenumber in the second sub-slab. Multiplying
matrices, gives:
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Having the expressions of S-parameters of
the considered sandwich structure we can obtain its
expressions of the effective dielectric and magnetic
constants via the formulas obtained in [6]:
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and the phase ¢ is defined by:
T =[T[e’. (15)

In our study, we consider the case 1=0 in
Eg. (12). In this case, the sandwich slab’s thickness
(2h+2a) is less than the wavelength of initial
electromagnetic wave in the slab [6].

2. The Effective Parameters: The Results
of Modeling and Simulation. In this section we
evaluate the accuracy and applicability range of
mathematical model presented by the expressions
Egs. (10)-(15) for the case when d=1mm,
a=025 mm, L=0.5mm. In our case, the matrix

media are air to prevent losses due to the magneto-
dielectric (s =1=pu=xu=¢g). Cobalt was used as
material of the inclusions. In the case of saturation
magnetization for such Cobalt: x,, =250. All of the

calculations are done at the frequency equals to 1 GHz.
Let us compare the modeling results
obtained through the model (10)-(15) with the
numerically obtained results. The numerical results
are obtained by FDTD simulations for evaluating the
complex S-parameters that are being used for
calculating the complex effective parameters via the
formulas are analogous to that of Egs. (11)—(15). The
numerical experiments are done by using the free
Meep FDTD software package. The comparisons are
shown in Fig.3-4 where the real parts of the
effective constants are a function of metal volume
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fraction of the lateral slabs (F =xr?/L?) for

different values of the lateral slabs thickness h. As, it
can be seen from the graphs; good agreement
between the analytical and numerical results is
observed on the low values of volume fraction of the
spherical inclusions (F < 0.3) while it is clear that the
analytical results are not in good agreement with the
numerical ones as the volume fraction increases.
Moreover, it can be observed from the graphs, better
accuracy of the proposed mathematical model is
obtained for the case of long lateral slabs
(h=IL,1>=5) that is in good agreement with the main

idea of Effective Medium Theory (EMT) according
to which, the wave length of incident electromagnetic
wave must be sufficiently longer than the thickness
of scatterer [11-13]. At the same time, the numerical
calculations have shown that the proposed analytical
model Egs. (10)—(15) is ineffective in the case when
r=a
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Fig. 3 Change of real part of the effective dielectric constant oT the
metamaterial slab versus the metal volume fraction F of spherical
inclusions at 1 GHz: the line 1 is for the numerical simulations, the
line 2 is for the analytical modeling
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Fig. 4. Change of real part of the effective magnetic constant of the
metamaterial slab versus the metal volume fraction F of spherical
inclusions at 1 GHz: the line 1 is for the numerical simulations, the
line 2 is for the analytical modelling

As we can observe from the graphs in
Fig. 3-4, the enhancement of the real part of the
complex effective dielectric constant takes place with

22

respect to the value of the dielectric constant of the
matrix while the enhancement of the real part of the
complex effective magnetic constant is negligible.
Furthermore, the real part of the effective constants
increases with the volume fraction of the inclusions
this is the well known result in [4, 14]. Anyway,
comparing these results with the results in [4], we
conclude that the main contribution in the
enhancement of the constants is because of the
cylindrical inclusions. It is also interesting to mention
that the magnetization of the inclusions of the
considered structure does not lead to the phenomena
such as ultra-low index and negative magnetic
constant while the same was found in [15, 16]. This
means that the last two phenomena are normally
observed in the case of the inclusions of the same
geometry. Anyway the considered metamaterial
structure can be used can for designing high directive
patch antennas because of the enhancement of
effective dielectric constant [17].

In our paper, we are not going to present the
graphs for imaginary parts of the effective constants.
This is because both the analytical modeling and
numerical simulations have shown that the values of
the above mentioned parameters are not increasing in
the order of 10 which indicates low losses of the
considered metamaterial structure, that, in turn,
indicates a low level of damping of electromagnetic
waves in the presented metamaterial slab.

Conclusion. In this paper, the electromagnetic
response problem for 2-D sandwich metamaterial
structure as infinite two-component slab composite
with cylindrical metallic inclusions contained by
same infinite two-component slab composites with
spherical metallic inclusions is analytically solved in
the microwave frequency range. The above response
is found by means of applying S- and T-parameters
approaches to the solution of electromagnetic
response problem for the infinite chain of infinitely
long metallic cylinders periodically immersed in the
slab magneto-dielectric matrix. The case of Cobalt
inclusions magnetized to saturation is considered.
The enhancement of real part of the complex
effective dielectric constant with respect to the value
of dielectric constant of the matrix was found as a
function of the volume fraction of cylinder inclusions
while the enhancement of real part of the complex
effective magnetic constant is neglected.

A good agreement between the analytical
calculations and the numerical ones was found on the
low values of the metal volume fraction of spherical
inclusions.
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D®OEKTUBHBIN CBY-OTKJINK
COH/IBUY-TIOJIOBHOTO
MATHUTHOI'O KOMITO3UTA

W3y4eHo JUTMHHOBOJIHOBOE MpHOIDKeHHe 1 3 deKTHB-
HOTO DJIEKTPOMAarHUTHOTO OTKJIMKA JBYXMEPHOH MeTaMaTepHaib-
HOM COH/BUY-CTPYKTYpBI, IPEICTABICHHON Kak OECKOHEUHbII
JIByXKOMIIOHCHTHBIH IUIOCKMII KOMIIO3UT C IMJIMHIPHYCCKHUMU
METAUTMYECKUMHI BKIIOUCHVSIMH, 3aKJIIOUeHHBIH Mexny OnuHa-
KOBBIMH O€CKOHEYHBIMH [[BYXKOMIIOHEHTHBIMH KOMIIO3UTAMH CO
cepruecKMMH METaTIIMYECKUMH BKITIOYCHUSIMU. BbIpaxeHus s
OTKJINKA IIONy4YEeHBI IyTeM OOOOIIEHUS BBIPOKCHHWH  JUIL
JJIEKTPOMAarHUTHOTO OTKJIMKa OECKOHEYHOH LENOYKH OECKOHETHO
JUIMHHBIX METaJUIMYECKUX LHJIMHAPOB, MEPUOANYECKH BCTaBIICH-
HBIX B IUIOCKYIO MarHUTOIMAJICKTPHYECKYI0 Marpuiy. O6o0ie-
HHE CIENaHO C MOMOIIBI0 TeopuH S- u T-Marpum. Paccmorpen
ciydait GpeppuTOnoOOHBIX METAUIMYECKUX BKIIIOYEHUH, HAMArHu-
YEeHHBIX JI0 HachlleHus. IIpoBeneHa OleHKa TOYHOCTH ITONydYeH-
HBIX aHAJIMTHYECKHUX BBIPQKEHHUH IIyTeM CpPaBHEHUS Pe3ylIbTaToOB
QHAJIMTUYECKOTO MOJACIMPOBAHUSA C PE3y/IbTaTaMH YHCICHHOTO
JKCIIEPHMEHTA.

KaioueBble cioBa: MeTaMaTepHaibl, JIEKTPOMATrHUT-
HBIf OTKIMK, 3(GdeKTHBHbIE MapaMerpbl, MeTon 3(PHEKTHBHOMI
cpenpl, CBU-auamnasoH.

O. M. Pub6in, A. I. Ilitagi, C. I1. Bsuikina

E®EKTHUBHUI HBY-BIJITYK
CAHABIY-TIOJIBHOT'O
MATHITHOI'O KOMIIO3UTY

BUBYEHO NOBrOXBHIIBOBE HAOMIKEHHS I edeKTHB-
HOTO eJIEKTPOMAarHITHOTO BiIryKy IBOBHMIPHOI MeTaMaTepHaib-
HOI CeHABIU-CTPYKTYpH, IONAHOI SIK HECKIHYeHHH JBOX-
KOMIIOHEHTHHH KOMIIO3HT 3 IWIIHIPHYHUMHU METaTiYHUMHU
BKJTIOUCHHSIMH, [0 3aMKHEHUH MiX OJHAKOBUMH HECKiHUYCHHUMH
JIBOXKOMITIOHEHTHHMH KOMITO3UTaMH, 31 CEpUYHHMH MeTalid-
HUMH BKJIIOUCHHSIMH. Bupasu a1 BiATyKy OTPHMAHO ILIIXOM
y3arajlpHEHHs BHpa3iB Ul EIEKTPOMArHiTHOrO BIATYKy He-
CKIHYEHHOTO  JIAHIIOTa  HECKIHYEeHHO JOBIHX  METAJTiYHUX
LWWIHAPIB, SKI TEpIOJMYHO BCTaBJIEHI B IUIOCKY MAarHiTo-
JIieNIeKTPUYHY MaTPUIEO. Y3aralbHEHHS 3/iHCHEHO 3a JOTIOMOT 00
S- i T-marpuip. PosmistHyTO BHNAMOK (EpHTONOAIOHMX BKIIFO-
YeHb, II0 HAMarHiueHi a0 HacuyeHHs. [IpoBeaeHO OLIHKY
TOYHOCTI OTPHMAHHX aHAJITHIHHX BHPA3iB, OPIBHIOIOYH PE3yIlb-
TaTH AHAIITHYHOTO MOJICNIOBAHHSA 3 PE3y/bTaTaMH YHCEIBHOTO
eKCIICPHMEHTY.

Karodosi cioBa: Meramarepiand, eneKTpOMarHiTHHI
BIATYK, €()eKTUBHI MapaMeTpH, MeToA e(peKTUBHOTO CEpeIOBHIIIA,
HBY-pgiana3oH.
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