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THE NOVEL MATHEMATICAL MODEL
AND METHODOLOGY FOR COMPUTER SIMULATION
OF MAGNETIC FIELD IN A NONLINEAR MEDIUM

Introduction. Magnetic devices of various types are used in production equipment. Designing and modernizing such
equipment requires a significant bulk of calculations of magnetic fields and parameters of magnetic devices. This task is
difficult due to large dimensionality of the system of equations and nonlinear properties of magnetic materials.

Problem Statement. Due to the nonlinearity of differential and integral equations on which these calculations
are based, they need to be solved numerically by iterative methods, the convergence of which is often uncertain.
This requires powerful computing tools and considerable time. Therefore, the problem of improving mathematical
models and increasing the computational efficiency of the corresponding algorithms is relevant.

Purpose. To develop a mathematical model of a magnetic field in a nonlinear medium in the form of a surface inte-
gral equation for a quasilinear space and a computer modeling technique with increased computational efficiency.

Material and Methods. The material of the study is the mathematical models of the magnetic field in a non-
linear medium of magnetic materials and the computational properties of the corresponding algorithms. The
methods of vector analysis of differential operators and synthesis of modified formulas in the magnetic field equa-
tions have been used in the work.

Results. The newest mathematical model of the magnetic field in which the volumetric equation for a nonlinear
medium is reduced to a surface equation in quasi-linear space, which reduces the dimensionality of data arrays
by one order of magnitude and the number of computational operations by two orders of magnitude, has been
substantiated. On this basis, a methodology for computer modeling of fields with the use of a unified magnetiza-
tion curve has been developed.

Conclusions. The applicability of this methodology to various magnetic materials and its efficiency have been
confirmed by the example of a model problem of practical importance for improving the algorithms for calculating
and analyzing magnetic fields in magnetic systems with nonlinear elements.
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This study covers the three thematically distinct,
but closely related aspects of the problem of com-
puter simulation of magnetic systems with non-
linear characteristics. The narration of research is
composed of the three logically coupled sections,
each using the results of previous one.

In the first section we have substantiated the
relevance of enhancing the mathematical model
underlying the algorithms for calculating the
magnetic field in a nonlinear media, and, based on
the analysis of their computational efficiency, and
outlined the options for its transformation.

The second section presents the mathematical
justification of the novel mathematical model of
the magnetic field in a nonlinear media, with the
use of an exponential magnetization curve.

The third section presents the methodology
for computer implementation of the novel math-
ematical model and gives an example of calculat-
ing the magnetic field in a magnetic system.

1. MATHEMATICAL MODELS

OF THE MAGNETIC FIELD IN SUBSTANCE
MEDIUM AND THEIR COMPUTATIONAL
PROPERTIES

1.1. Relevance and objectives of the study

Magnetic systems of different types have been in-
creasingly used in modern power engineering and
technological equipment to implement certain
production processes [1]. In addition to electric
machines and various electrical equipment, elec-
tromagnetic stirrers for liquid metals [2], mag-
netic installations for iron ore enrichment [3, 4],
magnetic separators [4, 5], and many others have
found practical application. The proper perfor-
mance of such installations is ensured at the stag-
es of their design or upgrade, which requires care-
ful calculation and analysis of magnetic field
(MF) distribution in magnetic systems (MS) and
calculation of their parameters. The reliability of
calculation results is significantly affected by the
magnetic properties of the materials used in MS,
which are described by nonlinear dependences.
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Under such circumstances, the calculations have
to be carried out by successive approximations,
which may cause a real problem if there is a need
to perform multivariant calculations.

Therefore, in the practice of sketch designing
or evaluating the quality of equipment with MS;
there are often used simplified methods of MF
calculations based on the replacement of real sys-
tems with magnetic circuits [1, 5]. Approaches to
the construction of substitution schemes assume
mostly heuristic presumptions about the spatial
distribution of the field in the MS elements. At
the same time, the non-linearity of the magnetic
properties of magnetic conductors is taken into
account, as a rule, directly at the points of the
magnetization curve or by its piecewise linear ap-
proximation [1, 6]. However, this approach sig-
nificantly limits the possibilities of modeling MF
in the magnetic circuits of technical devices.

A strictly grounded approach to such calcula-
tions used in the conventional methods is based
on differential or integral equations describing
the volume distribution of MF parameters [7—9].
Their solution is carried out with numerical me-
thods by reducing to systems of linear algebraic
equations (SLAE) specified on grids with a large
number of finite or discrete elements (DE) [10,
11]. Algorithms that are required to implement
computational procedures in such methods have
a complex arrangement with a multi-level struc-
ture of cyclic operations for processing the big ar-
rays and require careful preparation of initial
data [12, 13].

The nonlinearity of the characteristics of the
magnetic materials from which the MS is made
complicates such calculations even more, because
the original field equations become nonlinear,
and for their solution it is necessary to use itera-
tive methods, the convergence of which often
turns out to be uncertain [13, 14]. Therefore, in
some articles various forms of analytical approxi-
mation of the magnetization curve [6, 15] are
proposed to improve computer models of MS,
which are declared as means of achieving high ac-
curacy of results. However, the variability of this
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approach neither improves the convergence of
iterations [12, 14], nor changes the fact that cal-
culating the MF parameters in the volume of the
MS, given the nonlinear properties of magnetic
materials, generally requires a significant amount
of computer memory and is time-intensive.

The specified circumstances induce a growth of
operating expenses and an increase in the cost of de-
sign work and create significant obstacles to the au-
tomation of design processes and optimization of
equipment with magnetic systems. Yet the urgent
task to improve production efliciencies requires
regular updating of technological equipment, in-
cluding equipment with MS, so it should be expect-
ed that the scope of design works involving mag-
netic field calculations permanently increases.

The above circumstances have testified that the
problem of perfecting mathematical models and com-
puter simulation methods and improving the compu-
tational efficiency of MS calculating algorithms for
the design and modernization of equipment in which
they are used is relevant and is constantly in the
researchers’ focus [12, 14]. Of course, the computa-
tional efficiency of computer models and algorithms
depends on various factors, in particular, the com-
plexity of the modeling object, the given accura-
cy, etc., but basically, it is determined precisely by
the content of the mathematical model (MM).

To assess the computational efficiency of a par-
ticular model and justify the choice of the most
efficient algorithm for its implementation, crite-
ria are used that characterize compactness of the
data (the amount of memory required) and com-
putational speed (or time of calculation). These
criteria, expressed in terms of measurable indica-
tors [19, 20], are used to analyze the computa-
tional properties of individual MM components
and identify factors that impair the overall effi-
ciency of their computer implementation. As a
result of such an analysis, the task arises of deter-
mining possible options for improving the MM
and methods of computer simulation of the MS,
in particular, by modifying existing and develop-
ing significantly new algorithms in application to
specific problem settings.
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The preliminary theoretical analysis [12, 18]
and the experience of computer simulation of MF
in a nonlinear medium [11, 14] allow asserting
that the complexity of the mentioned algorithms
is related to calculations of the main nonlinear
component in the MF equations, caused by the
spatial inhomogeneity of the medium magnetic
permeability p that depends on the field [17]. This
factor is interpreted as the presence of secondary
MF sources in the volume of a magnetized body |7,
21, 22], and it is precisely because of them that it
becomes necessary to form big data arrays on the
volume distribution of the magnetic field compo-
nents and parameters of the nonlinear medium and
perform multiple iterations with recalculation of
them throughout MS volume.

It can be assumed that under such conditions,
the best way to enhance the computational effi-
ciency of algorithms for calculating MF in a non-
linear medium would be to formulate MM in the
form similar to boundary equations for secondary
sources in a piecewise homogeneous medium |7,
21], in which volumetric problems are reduced to
surface equations. In terms of calculations con-
vergence in such a formulation of MM a rational
way of accounting the nonlinearity of magnetic
materials characteristics in computational algo-
rithms is also important.

When solving presented problem, the author
proceeded from the methodological principles
applied in [13] for the synthesis of computer mo-
dels of complex physical processes, which take in-
to account the connections between the phenom-
enological interpretation of physical phenomena,
their mathematical models, and computational
algorithms. From such positions, ensuring the lo-
gical unity of the physical and mathematical as-
pects of the novel mathematical model of magnet-
ic field in a nonlinear medium proposed in this
work requires, in particular, the definition of its
phenomenological framework related to field so-
urces that are explicitly or implicitly present in
all equations of magnetic fields.

The objective of the article is to develop and
verify the novel mathematical model of a mag-
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netic field in a nonlinear medium in the form of
a surface integral equation for the quasilinear spa-
ce with leveled volumetric sources, and to build
on its basis a computer simulation technique
using a unified model of magnetization curves,
which enhances the computational efficiency of
algorithms for calculating magnetic fields in prac-
tical problems of magnetic systems design and
optimization.

To achieve the set goal, it is necessary to solve
the following tasks:

a) determination of computational efficiency in-
dicators of the most common mathematical mod-
els of MF in the substance medium and identifi-
cation of factors that complicate the computatio-
nal procedures for computer simulation of non-
linear MSs;

b) analysis of the relationship between vector
and scalar volume derivatives in the equations of
magnetic fields in nonlinear medium, substantia-
tion of conditions for leveling of volumetric sour-
ces and formation of quasilinear space;

¢) formulation of a modified integral equation
for surface secondary sources in quasilinear space
and synthesis of algorithms for its computer im-
plementation;

d) introduction of a unified model of magneti-
zation curve and development of methodology of
its synthesis for real magnetic materials;

e) testing and validation of the proposed mod-
els and methods on applied tasks.

1.2. Principal equations underlying
the magnetic field mathematical models

1.2.1. The phenomenological foundation of mathe-
matical models of magnetic fields is the determi-
nation of sources of their provenance and equa-
tions describing their physical properties. These
sources appear in the MM as a factor that forms
fields, regardless of their physical nature, but for
the practical use of models and the application of
simulation results, it is the interpretation of the
physical and mathematical content of the sources
that can be significant.
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Therefore, among the categories of “field sourc-
es” in mathematical models one should distinguish
material primary sources, that have a real physical
embodiment, and intangible secondary sources —
a mathematical expression of impact of the sub-
stance medium on the distribution of field, which
imitates physical sources [7, 18, 21]. Accordingly,
in the context of solving the specified problem, it
is expedient to give the initial relationships as to
connection of the mathematical description of
magnetic phenomena with the categories of field
sources and the computational efficiency of the
corresponding MMs.

It is known that the primary sources of the
magnetic field are electric currents. They excite
in space a flux of magnetic induction B, which sa-
tisfies the equation

div B = 0. (1)

Around currents, there is formed field strength
H that is determined by current density & and
does not depend on the properties of the medium
in which it arises: rot H = 8. Accordingly, in the

space free of currents, the field strength vector
satisfies the condition

rot H=0. (2)

The vectors of magnetic induction B and field
strength H characterize different, but intercon-
nected, factors of the magnetic field influence on
the surrounding space, including vacuum, which
is expressed by the constitutive equation

B-uH, 3)

where p is the absolute magnetic permeability of
the medium: p = y p,, where p, is the relative per-
meability of the medium, and p, is the magnetic
permeability of the vacuum (magnetic constant).

The magnetic permeability p in general de-
pends on the field strength, then for the isotropic
medium, equation (3) is expressed by the mag-
netization curve

B = j(H), (3%)

where B and H are magnetic induction and mag-
netic field strength in the magnetic material.
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Since in typical MS the zones of current locali-
zation (windings, coils) are usually separated from
the zones of magnetic field concentration (core,
yoke), the fields in them are excited only by sour-
ces external to MS elements. Therefore, equation
(2) is fully applicable to the medium of magnetic
materials (substances) from which the MS ele-
ments are made, therefore, the external field H in
this medium is potential:

H = —grado, |, (4)

where @, is the scalar potential of the external
magnetic field.

But in any substance under the influence of a
magnetic field, there arises a magnetization J [9,
21, 22] that depends on its magnetic susceptibil-
ity » according to the relationship:

J==H. 5)

Therefore, equation (3) acquires an expanded
form, in which the ratios of MF parameters and
its effect on substance are jointly displayed:

B=yp,J+H), (6)

where according to (5) B=p (x H+ H) = p (x +
+1)H,ie. p =»+1[10,24,25].

1.2.2. Magnetization J characterizes the volumet-
ric density of elementary magnetic dipoles formed
(induced) in a substance under the influence of a
field [10, 23, 24]. The set of induced dipoles be-
comes a material source that generates the in-
duced field H, The superposition of the intrinsic
induced field and extraneous primary field H, ex-
cited by external sources, forms in the substance
the unified resulting field

H-H,+H, (7)
the local strength of which determines the mag-
netization J according to (5).

The induced field, as the field of an aggregate of
magnetic dipoles, is potential (irrotational) and
in accordance with the Poisson theory of induced
magnetization is determined by the formula [21]:

PM

: ——orad, L L
H, (P)==grad, [ (M) grad, =)y, (8)
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where R, = J (X, =%, + (¥, —y,)* + (2, 2,)" is the
radius-vector drawn from the integration point
M in the volume V of magnetized body to an arbi-
trary observation point P, and the symbol (a, b)
means the scalar product of vectors a and b; the
indices P and M in the “grad” operator indicate
the point at whose coordinates the differentiation
is carried out. Then, considering (4), the resul-
ting field (7) corresponds to the equation

H = —grade , 9)

where ¢, is the scalar potential of the resulting
magnetic field.

The set of equations and formulas (1)—(9)
constitutes the mathematical basis of many MMs
and methods of computer simulation of magnetic
field based on partial differential equations (PDE)
and integral equations (IE) of the potential theo-
ry and the method of secondary sources as well as
integro-differential equations of the induced mag-
netization theory.

1.3. Variants of mathematical models
of the magnetic field

1.3.1. The general formulation of the PDE-model
of a stationary magnetic field in a substance me-
dium proceeds on equations (1), (3):

div(uH) = ndivH + H - gradp. (10)

If the magnetic permeability of the materials from
which the MS is made is a constant: p = const,
then the magnetization curve (3*) has a linear
form, respectively, such materials for the MF are
the linear medium. Then from (10), given (9), the
simplest MM of the magnetic field is obtained in
the form of the Laplace differential equation:

-divH = —div(grade,) = 0 or Ap, = 0. (11)

However, the application of this equation re-
quires setting the boundary conditions that are an
inherent attribute of the MM that make its solu-
tion unambiguous [8, 10]. Note that equation (11)
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does not contain field sources explicitly, since they
are extraneous, that is, they act from the space
external to the magnetic volume, and their influ-
ence is reflected in the boundary conditions.

1.3.2. As opposed to the situation considered, in a
nonlinear medium, the magnetic permeability in
equation (3) is not a constant, but turns out to be
a complicated function of the field strength H
that at the extreme can reach values of 10°—10°:

u=B/H=p(H). (12)
Then equation (10) takes the form
divH=—H - gradp/y, (13)

and equation (11) turns into the Poisson equation:
A, = —(H - gradp)/p. (14)

The right side of this equation in potential the-
ory |7, 14, 21] is interpreted as the volumetric
density of field sources of a monopole type p, :

p, = divH = —(H - gradp)/p. (15)

But such sources do not exist in nature, they are
intangible, i.e. fictitious, sources [7, 11, 18], a
mathematical imitation of physical sources, which
reflects the influence of the nonlinear properties
of the medium on the spatial distribution of the
field. Therefore, unlike real dipole sources, they
have a virtual character and belong to the catego-
ry of secondary sources.

1.3.3. Variants of IE-models of MF proceeds on
equations (5)—(8), in particular, the basic equa-
tion of the theory of induced magnetization
(Poisson-Thomson) has the form [21]:

J(P) + gradp T [ U,

grad )dV =xH (P). (16)

It is valid for any medium, but the vector na-
ture of this equation relative to vector sources,
significantly complicates the algorithm for solv-
ing and calculating MF. Therefore, the initial
Poisson formula for induced magnetization (8)
most often is presented in a form more suitable
for computer modeling with scalar sources, which
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is obtained by its transformation according to the
divergence theorem (Gauss) [21, 23]:

1 1
H,(P)=—grad, {% [7,0) -

PQ

1 . 1
—— | div,, J(M
47:,[ uJ( )R

PM

v, ] (17)

where S — the surface, V— the volume of magnetized
body, and /. — the normal to S component of J.

The volumetric integral in formula (17) is ob-
viously a potential of volumetric charges with a
density of p,, = — divJ = divH, i.e. virtual second-
ary sources known from (15):

p,, = —(H - gradp)/p.

And the surface integral in (17) is the potential
of a simple layer of charges distributed over surface
S of magnetized body with density 6 =/ [7, 21].
The value o is interpreted as the density of sec-
ondary sources determined by the difference of
the normal components of the field strength vec-
tors on the inner H, (Q) and outer H, (Q) side of
the boundary surface which coincides with the
normal component of the body magnetization
vector (outward J = 0):

o=H,,~H,=] (18)

charges ¢ are essentially the same virtual secondary
sources as p, .

To determine the scalar functions ¢ and p, on
the basis of (17), a system of two integral equa-
tions is formulated in [14, 21], but it is inexpedi-
ent to reproduce it completely in this context; for
further consideration, only the equation relative
to the surface charges is important:

1 A(P)
<P>f—§ (Q)an (RPQJ%ZE
[ o0 2| L, —22(P)H, (P), (19)
A 2/ m anP RPM M 0,1

where the coefficient A(P) = (P)/[2 + »(P)] cha-
racterizes the magnetic permeability of the ma-
terial of the magnetized body relative to the ex-
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ternal space (vacuum or air) at each point P of
the surface.

1.3.4. It is the surface integral in (17) — the po-
tential of a simple layer of charges that deter-
mines the content of the integral MM of the mag-
netic field in a linear medium, when the magnetic
susceptibility of the magnetized body % = const.
It radically differs from the previous ones by the
fact that in it the volumetric charges (15) vanish:
p, = —diyJ=0, then the volume integral in (19) is
excluded, and the equation for o, considering (5)
and (7), takes the classical form of Fredholm in-
tegral equations of the second kind

onp | Rpg

o(P) —% fo© ﬂ(LstQ -
—24H, ,(P),

in which unlike (19) A = const.

It should be noted that equation (20) comple-
tely coincides with the equation of the secondary
source method |7, 14] with the difference being
that in it the coefficient A is represented through
the ratio of the internal and external magnetic
permeability p.and p

A=)/ (Tt ) (21)

The main feature of equations (19)—(20) is
that it transforms the same volumetric formula-
tion of problem (11) from the PDE-model, and
(16) from the integral model into an equivalent
Jormulation on the boundary surface of a given
body. Due to this, the dimensionality of the cor-
responding systems of equations decreases by an
order of magnitude.

(20)

1.4. Evaluating the computational
efficiency of the magnetic field
mathematical models

1.4.1. Almost all methods of computer modeling of
MF are implemented by reducing the initial equ-
tions, differential or integral, to SLAE, therefore,
the assessment of their effectiveness consists in
comparing the indicators that characterize the al-
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gorithms for solving SLAE, which correspond to
considered versions of mathematical models. Since
the most common method of numerical solution
of PDE is the finite element method (FEM), equa-
tion (11) with the FEM algorithm can be taken
as a conditionally standard MM (SMM), and, ha-
ving determined its effectiveness, compare it with
the indicators of other models.

Thus, the main factor determining the amount
of required memory and time resources for com-
puter implementation of the FEM is the number
N of discrete elements (DE) or finite element mesh
nodes of discretized body volume. For a 3-dimen-
sional problem, the number of DEs is character-
ized by a cubic dependence on the ratio of the DE
size and the calculated volume. The size M of the
SLAE coeflicient matrix that approximates the
PDE, depends quadratically on this number.

So, the minimum number of mesh nodes of the
“roughest” model with accuracy of at most 5%, will
be N = 8000 [24], and size M will exceed 6 - 107.
But to provide accuracy no worse than 1% the
number of DEs should be about N = 106...107 [19,
20] and more, respectively, M > 10'%, then the
amount of memory required to store this matrix is
Q = 8 Terabytes | 20] (for comparison: modern 16-core
computers have a memory resource of 1—2 Tb).

The complexity of algorithm, due to the execu-
tion time, is determined by number W of simple
operations — flops, which depends on data num-
ber: “O (N)” [19, 20]. In particular, solving the
SLAE by the Gauss method for a given MM ac-
cording to [20] requires W= O(2N?/3) + O(3N?)
operations, which for a relatively simple model
with N=10°add up to W~ 10" flops = 10° Tflops.
Time spent T in such calculations is determined
by the expression:

T=W/R (22)

where R, is the peak processing power of the pro-
cessor. For modern 8-core computers, R .. reach-
es the level of 500 Gflop/s [25], then, according
to (22), for the considered model, the operational
calculation time will be T=10"/0.5- 10> =2 - 10%s,
that is, 33 min.

peak’
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Certainly, the actual costs depend on the spe-
cific content of the task (its MM) and the method
of data processing. In particular, due to the use of
specialized algorithms for processing sparse ma-
trices in FEM, it is possible to significantly re-
duce the time spent. For example, for the problem
[24] with the grid N=3- 106, the calculation time
was 4000 s or about 70 minutes.

We emphasize that the above estimates of the
required computing resources concern only linear
problem according to equation (11), the solution
of which is carried out by a one-shot procedure us-
ing any of known methods for solving SLAE.

1.4.2. Another situation arises in the case of a
nonlinear medium, where the magnetic permeabili-
ty depends on the field strength: p = B/H = pu(H).
It corresponds to equation (14) that has a signifi-
cant distinction as to classical Poisson equation,
since in it the function on the right side of formu-
la (14) is not fixed in space, but depends on local
values of field strength p = p(H), therefore the
equation becomes nonlinear. In this case, the so-
lution of equation (14) by numerical methods,
the same FEM, cannot be carried out by a one-
shot procedure, as in a linear problem, because the
spatial distribution of p(x, y, ) is previously un-
known, so iterative methods have to be used.
During the iterations, it is necessary to calcula-
te the value of magnetic permeability u by the mag-
netization curve B = f(H) at each step in all DEs
of the body volume according to the intermediate
results of solving equation (14) with a fixed cur-
rent distribution of p. It is clear that repeating
the same procedure with a new (different) spatial
distribution of the parameter p and recalculating
all three field components in all DEs causes an in-
crease in time spent proportionally to number of
iterations. Moreover, the convergence of such a
computational process associated with the accu-
racy criterion that is given empirically, is uncer-
tain. Some data known from the experience of si-
milar calculations [12, 16—18] indicate that the
number of iterations required to achieve a given
accuracy is not less than 10—15 steps, and in many
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tasks exceeds several hundred [14, 24]. Under such
circumstances, the computational process, even
on high-speed computers, can stretch for many
hours, in particular, for the mentioned task with
N =105, according to formula (22), it will add up
5—7 hours.

And if, according to the conditions of the prob-
lem, it is necessary to perform multivariate calcu-
lations with variations in the initial and bounda-
ry conditions, then the calculations will take tens
of hours. Naturally, such a statement goes beyond
the capabilities of laboratory computer systems
and seems irrational.

1.4.3. The alternative concept of mathematical
modeling of MF in substance medium, built on in-
tegral equations, is given in item 1.2.3. In particu-
lar, it is noted that the algorithm for solving the
vector equation of induced magnetization (16) is
complicated because of the increased dimensional-
ity of the corresponding SLAE, since it actually
represents a set of equations for three vector com-
ponents. However, it was shown in [14] that its
solution can be obtained by an iterative method,
and due to specific properties of the integral opera-
tor, the amount of DEs required in this case would
be significantly less than the number of nodes for
FEM grid. Nevertheless, such a formulation of the
nonlinear problem in terms of computational effi-
ciency is comparable to the PDE-FEM version.
In this regard, the IE-model that proceeds
from expression (17), the scalar equivalent of for-
mula of induced magnetization (8), is more effi-
cient. Such a model in algebraized form has ap-
proximately half the order of the matrix of SLAE
coeflicients as compared with the vector equation
(16), so it requires significantly fewer computa-
tional resources. But the presence in this model
of the volume integral from virtual secondary
sources p, = —div/, the same as in equation (14),
still requires iterations with repetition of all pro-
cedures of SLAE solution, recalculation of field
parameters by formula (17) and values of mag-
netic permeability and its gradient in all discrete
elements of calculation of volume integrals.
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That is, under equal discretization conditions
and the same magnetization curves, the computa-
tional efficiency of the specified variant of the model
can be estimated roughly by the same indicators,
as for SMM, hence, it has no essential advantage
for the nonlinear formulation of the problem.

1.4.4. The considered mathematical model of MF
gains a decisive advantage in the linear formula-
tion represented by equation (18). Due to nulli-
fying of virtual secondary sources distributed over
the volume of magnetized bodies, and removal of
volume integrals from formulas (17), (19), the size
of the matrix of SLAE approximating equation
(18) decreases by an order of magnitude, i.e. 10 ti-
mes or more [11], and the number of operations
(flops) for their solution is reduced by about two
orders of magnitude. Consequently, the MM of such
type as equation (18), in which the volumetric (3D)
statement of problems (11) from the PDE-model
and (16) from the TE-model is transformed into an
equivalent statement on the boundary surface of the
calculated volume, requires significantly less memo-
ry resources and time expenditure than the SMM.
It is obvious from the above data that the main
factor that impairs the computational efficiency of
computer models and generates a complexity of al-
gorithms for calculation of magnetic fields in non-
linear media is the presence in MM of functional
(15) that determines the “density” of volumetric sourc-
esp, = —(H - gradp)/p, which stipulate a nonze-
ro divergence of the vector of field strength and
magnetization of the substance: —divJ = divH = 0.
However, the chosen methodological approach
requires the clarification of the phenomenological
nature of these volumetric sources and the diver-
gence associated with them. Formula (15) indica-
tes that they are explicitly dependent on the kind
of function p(H). In physics, such scalar quan-
tities formed by mathematical operations on vec-
tors, the content of which can change their values
(such as projections of vectors), are classified as
non-true scalars — pseudoscalars [26]. Therefore,
the sources (15) have no physical certainty, they
are fictitious or virtual, that is, they exist only as
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a calculated functional from p(H) when mode-
ling of ME.

Under such circumstances, arbitrary variations
in the type of function approximating the curve
u(H) and computational errors in reproducing
the curve B = f(H) on the set of DEs can cause
unpredictable distortions of the real field pattern,
which would raise doubts about the reliability of
the simulation results.

2. CONVERSION OF MAGNETIC FIELD
EQUATIONS IN NONLINEAR MEDIUM

TO THE NOVEL MATHEMATICAL MODEL

OF MAGNETIC FIELD IN QUASILINEAR SPACE

2.1. Transformation of the virtual
volume source functional

2.1.1. In order to avoid the accumulation of errors
in the iterative process of solving the MF equations,
it is advisable to find a rational way to transform
the structure of the functional (15), containing
the nonlinear dependence u(H), into the form in-
variant with respect to the way of its approxima-
tion. Actually, the premises for such a transforma-
tion are clearly laid down in the very expression
of this functional. Indeed, using the rule of dif-
ferentiation of a complex function, we may repre-
sent expression (15) in the logarithmic form:

2, _—éH-grad p=—H-grad(Inp). (23)

In such a form, it becomes obvious the expedi-
ency of representing the functional dependence
u(H) and the corresponding magnetization curve
by the simplest function that is most suitable for
logarithmization. Of the elementary functions,
such criteria are best met by the exponential
function (exponent): u(H) = e/, So, let us use
this function to compose a model of the depend-
ence B = f(H), which approximates a typical
magnetization curve B(H) = u(H)H, where the
notation H here and hereafter should be under-
stood as the modulus of the vector H:

H=|H|=JH+H, +H.

(24)
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Then we'll have:

B/ H = p(H) = e"™. (25)

In this expression, g contains an additive con-
stant € (i.e., ¢ = € + ¢'(H)), with which the scale
and dimension of the function u is set. The mag-
netization curve can also be represented by an
exponent: B(H) = e?D 4 hut this form is incon-
venient and will not be used.

Substituting expression (25) into formula (23)
and performing differentiation, we obtain it in the
following form:

dg(H

H-grad(Inp)= H-Vg(H)= ) g vy,

dH

Vector H=iH, +jH, +kH,
can be represented as follows

= |H|t, = H (it, +jt, + k),

,as any other vector,

(26)

where 1, is a unit vector tangential to a vector
line, specifying the direction of the vector H, the
modulus of which [t,| = 1, and the components are
direction cosines, i.e. cosines of angles between
vector H and coordinate axes x, y, z:

H,

_ X . _ Yy .
z',f?fcosaﬁ,:x, T 7?70050,’}{:},,

X v

T, =

(27)

= =cosay ..

Thus equation (13) becomes the following:
dq (H) dq (H)
dH dH

divH = - H-VH =— Ht,-VH, (28)

2.1.2. An expanded expression of the gradient of

oH .o  oH

the modulus VH =|i—+j—+k— | can be ob-
ax oy c

tained from (24) by ordinary differentiation, but
it is rather cumbersome, so we use the vector for-
mula V(|F2) = 2F x (V x F) + 2(F V)F [23], ac-
cording to which (considering (2): V x H = 0), we
v 1

V(H?)= H(
it follows that VH = (t,V)H = i(t,,

¢cH
VH,) +k(r,, VH) = 2L

HV)H =(1,V)H,whence
, VH ) +j(t,,

obtain: V(H):E;1r

24

This expression is a derivative of vector H over

vector T, [ 23], which, when expanded, is such:
oH, 6H, _&H,
VH=i|7,—+7,—+7. —= |+
o Yo e

( oH,  oH, aHl.}
+]| 7, —+T, —+7, — |+

ax Yoy o

H{ GH. oH. aH;_]. (29)

Fx 6x; B oy oz

Thus, it turned out that the gradient of the mo-
dulus of vector H coincides in meaning with the
derivative of vector H itself in its eigendirection,
that is, in the direction of its vector line, hence all
components in expressions (27) and (29) corre-
spond to the conditions of the equation of field

lines [8, 26]: d_b & . From it, according to
H, H H.
(27), follows the equation:

Lo, (30)
dc dvy dz
Then, after appropriate replacements in formu-
la (29), using (30), we obtain the following ex-
pression for the gradient VH:
VH —3[ir¥ Ot +jT, o, +kr7, aH'J (31)
ox Ty

The expression in parentheses (31) is a vector
formed from the projections of the derivatives of
the vector H onto corresponding coordinate axes,
which are actually components of its divergence.
Therefore, there are grounds for reproducing the
direct action of the divergence operator on the
vector H by means of identical vector operations.
To do this, let multiply expression (31) by the

vector y =it T +jt 7, + kt 7 that yields:

n-VH = 3(ir},r: +jr,T. +err},) X

OH ,, '
xlin, Pxyje, Ty M= (32)
ox oy T ez
whence
6H .
N-VH =3 OH ! +6H: T,7,T, =
ox é’y oz )7

=37, 7,7, divH. (33)
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Now considering that in (33) on right 3t 7 t, =
= (it tjrr t koo )(it, +jr, T k) =57, we'll
then have ’ ‘

n-VH=n-t, divH. (34)

So, in gained expressions (33), (34) an explicit
connection is displayed between the “gradient of
the modulus of the vector H” and the “divergence
of the vector H”, but the direct use of formula
(34) in equation (16) is unacceptable, because in
it the gradient VH commutes with the vector t,,
not the vector n. However, it also does not follow
from this that VH is equal to 7, divH, since it is
impossible to reduce the vector n in expression
(34): in vector algebra, the operation inverse to
the multiplication of vectors (i.e., division by a
vector) is ambiguous and is not applicable in the
usual sense. Therefore, such an operation is re-
placed by the solution of vector equations [26].
For the convenience to deal with these equations,
the vector VH, with which n and 7, are commuted
is hereinafter denoted by g (VH = g).

2.1.3. Thus, for the final step towards reproduc-
ing the direct relationship between the gradient
of the modulus and the divergence of the vector
H, the task arose to formulate such vector equa-
tions, the solutions of which would make it pos-
sible to find the relationships between scalar
products T, - VH and 5 - VH, which occur in equa-
tions (16) and (34).

Since the vector VH = g is common in these
products, then to compare them, it is necessary to
represent the vectors  and T, as projections on
the same axis that is invariant with respect to the
topography of the field lines to which these vec-
tors are tied. For such situation in vector analy-
sis, the formula for decomposition of compared
vectors into the two components — the parallel
and the perpendicular to some given vector — has
been used [26, 27].

In given case, the best choice of the invariant axis
will naturally be the diagonal of the 1 octant of the
coordinate system — axis D, with direction vector

e=i-1+j-1+k- 1. (35)
ISSN 2409-9066. Sci. innov. 2024. 20(1)

This vector is indicative of the fact that the angle
of its inclination to each axis of the coordinate sys-
tem at any orientation is fixed and equal to a, =
= 54.7° or 0.955 rad., and cosa,, = 1/~3.

It is also useful for use in vector analysis in the
form of the sum of two projective vectors that
specify special scales of projections of other vec-
tors: e = u + v, where
& vector u, similar in meaning to a vector T,

— 1 2 1 2 2 *
u=icos’a, +jcos’a, + kcos®a,, , (35%)
« vector v, naturally conjugated with u:
=1 Qin2 1 cin?2 N2 &k
v=isin*a, +tjsin’o, +ksin’o, . (35%%)

Specific operations with these vectors are the
subject of a separate consideration.

So, let’s make up according to [27, 28] the vector
equation: P- e =&, and set the desired scalar product
£ =e - n, from which the vector P should be found.

The general solution of this equation is defined
with an accuracy of an arbitrary vector and has
the form [27]:

=4
P="_e+Bxe=
f
where [ is an arbitrary vector.

For the unambiguity of the vector P, it is requi-
red to specify an additional equation with its vec-
tor product. In such cases, as a rule, the condition
of perpendicularity of B to a given vector is provi-
ded, but this is not necessary, because its parallel
component still falls out in the vector product
[29]. Nevertheless, the found vector quite in gene-
ral form (36) satisfies the conditions of the prob-
lem, that is, it reproduces the formula for decom-
posing the vector 1 into two components — pa-
rallel and perpendicular to the given vector e [27,
28]. Really,

e-n

|2 e+ Bxe, (36)

3'—?e+ Bxe -e:e'—?e-e+([3xe)-e:
] e]
=e-n+0=e-n,

(cross product of two vectors is equal to 0, if the
multiplying vectors are the same).
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Hence, vector P coincides with vector # that is
represented by the sum of vectors @ and b such
that alle, and ble: a = T |2

e

However, in respect that the components of the
vector n in formula (34) commute with the vector
g, it seems expedient to define a specific partial solu-
tion given by formula (36) by assigning the value
of gto vector B, then instead of (36) we obtain (36):

e-n

el

n=

and in the same way we’ll find:

| He+gxe
R .

From this it follows:

, (37)

So, the problem set at the beginning of this
paragraph to determine the relationship between
scalar products T, - VH and - VH has been solved.

Substituting the product » - g of (34) into the
expression (37) we'll find

_ e
_”.TH

T 4T, +T,

=37,7,7.
T,T. +T,T, +T,T,
=32 div .
e-n
Finally, we’ll paste the found value of 7,
equation (28) and get the following:

-ginto

da(H) u.
divi =—3g AU um g
dH e-n

Dividing by divH in this expression is unac-
ceptable, so we have:

{1+3Hwﬂ}dwao.
dd e-n

However, the expression in parentheses cannot
be zero at all values of the vector H modulus, so

26

(38)

equality (38) can be valid solely under the condi-
tion divH = 0, and together with it —divJ = 0, that
is peculiar for the linear media.

2.2. Modification of the integral
equation of secondary sources
Jor quasilinear space: the novel
mathematical model of magnetic
field in isotropic medium

Thus, it is shown that in a nonlinear isotropic me-
dium, the magnetic properties of which can be re-
presented by the exponential dependence of the
magnetic permeability on the field strength of the
form (25), the divergence of the vectors H and J
vanishes or reduced to zero. Accordingly, the ex-
trema of the spatial distribution functions of the
magnetic field strength and the magnetization of
the medium are leveled (smoothed), and they ac-
quire the properties of harmonic functions of co-
ordinates, the maxima and minima of which are
formed only at the boundaries of the region [8].
Such a medium should obviously be defined as
quasilinear.

It should be pointed out that the above circum-
stances are corresponding to the conclusion of
[.P. Krasnov [21] that, out of all magnetization
types that can be formed inside a magnetized bo-
dy (potential, solenoidal, and harmonic), the har-
monic component is the only one to create an ex-
ternal field.

According to the obtained conclusion, the MF
equation in such a medium naturally follows from
equation (19), in which the volumetric integral
withp = —divj = 0 is nullified:

1
o0 ds,,
© f " g (Rw]
= 2"L(Q)Ho,ﬂ(Q)-

This equation is in essence a modified second-
ary source equation (20) for linear media [7], but
in it the nonlinear properties of the medium are
manifested in a special formulation of boundary
conditions. Indeed, in the case when p depends

(39)
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on H (along the curve pu = f(H), the formulation
of the boundary value problem for the Laplace
equation (11) significantly differs from the linear
version (when p = const), because there are local
changes in the boundary conditions or conditions
of the field vectors refraction on the interfaces of
media depending on the field parameters. There-
fore, the coefficient A, in contrast to the linear
problem, where it is defined by formula (21) and
is constant, in this situation turns out to be indi-
rectly dependent on the position of the point on
the surface:

M (H (Q)) — U
w(H(Q))+n,

where p.and u, — magnetic permeability at points
Q, respectively, from inside and outside the sur-
face separating media, i.e. ferromagnetic and, for
example, air.

The above relation reflects local changes in the
boundary conditions of the boundary value prob-
lem (11), while p, depends on the local value of
the field strength modulus H, as a result of which
the equation (39) is nonlinear, therefore, its solu-
tion, like, the differential equation (13), requires
to perform iterations, however, the fundamental
fact is that the integration in (39) is carried out
over the surface of the body, and not over its vol-
ume, as in (17) and (19). Hence, the amount of
computational operations to solve it will be at
least two orders of magnitude smaller.

The mathematical meaning of the above situ-
ation lies in the fact that, as a result of nullifying
of the magnetization vector divergence, the field
equation in the differential form retains the pre-
vious form of the Laplace equation (11) and can
be solved as a linear one using the FEM, and in
the integral formulation, formula (17), repre-
senting the field of secondary sources, just like
for linear version is reduced merely to the sur-
face integral

MO)= (40)

1 1
"H(P)=—-9orad ,— | c(M)——ds,,. (41
(P)=-¢g Q4n£ ( )RQM o (41)
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3. METHODOLOGY OF COMPUTER
SIMULATION OF MAGNETIC FIELD
BASED ON THE NOVEL MATHEMATICAL
MODEL USING THE UNIFIED
MAGNETIZATION CURVE

3.1. Unified model of magnetization
curves and method of its synthesis for real
magnetic materials

To confirm the validity and applicability of the con-
clusions obtained for a wide nomenclature of mag-
netic materials, let us show the possibility of repre-
senting typical magnetization curves by the ex-
ponential function (25) using the example of the
universal magnetization curve for electrical steels
presented in [28]. In this research, different vari-
ants of the curves are described by a single for-
mula that expresses the dimensionless normalized
dependence p_ = f(H ) as a smooth curve over
the entire interval of change in the field strength.
On its basis in [28] the normalized dependence
B = f(H); is calculated by the formula B_ =
= u_H ; there the graphs of these dependences
are also given.

Since the analytical expression of the curve p_ =
= f(H ) in [28] is expressed by a cumbersome for-
mula (which we do not cite), to use this graph as a
reference for comparison, reference points were
selected on it, in which the numerical values of the
function p_ were taken from the graph. The total
number of reference points m was 19, among which
were the points corresponding to characteristic
values of the function p_ = f(H ), such as extrem-
um and inflection points, with thickening in the
areas of sharp changes in the slope of the specified
curve. In Fig. 1, the reference curve is represent-
ed by a blue line with circles. There, the red aster-
isks show the curve points calculated with the
exponential function of the form (25) synthesized
on the basis of the reference curve of Fig. 1 in the
logarithmic scale, i.e., in the form of Inu_ = f(H ).
The values of H , p_and In p_ in the reference
points are summarized in Table 1, and the graph
In p_ = f(H ) with the reference points as circles
on the blue line is shown in Fig. 2.
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As according to (25) In p = g(H), the task is re-
duced to synthesizing a function g(H) = Inf(H )
that reproduce the above curve. For its construc-
tion it seems natural to use a power polynomial of
the form:

0(6) = k6", (42)
=1

in which the unknown coefficients k. should be
determined from the specified values at the refe-
rence points. The error with which this polynomi-
al approximates a given function is determined
by the number of terms in the power series, i.e.,
by the value of n [6]. It has been asserted that in
order to achieve the sufficient accuracy in repro-
ducing curves similar to the magnetization ones,
the order of a power series must be at least seven.
But the exponents of degree p, in this expression
do not obligatorily coincide with the index j j. For
example, in [6], the polynomial contains only
odd degrees.

Along with this, numerical experiments carri-
ed out by the author showed that in order to en-
sure the best possible match of the reproducible
curve g(H) with the reference one, the integer
powers of the polynomial may be insufficient, so
it became necessary to introduce into the appro-
ximating polynomial the terms with powers p, in
the form of integer fractions. As a result, the fun-
ction g(H) was composed of 11 terms with the
following powers: p,=10;1/3;1/2;1;3/2; 2; 3;
4; 5, 6;9],7=0, 1, ..., 11 (the zero degree corre-
sponds to the constant that in formula (25) exp-
resses the scale and dimension factor). Hence, the
total number of unknown coeflicients of the poly-
nomial &, is 11.

To determine them a system of algebraic equa-
tions (SLAE) is composed by the number of re-
ference points m with n unknowns:

A, K~-L, (43)
where A = [a, ]  isa matrix of SLAE coeffi-
L, j=m.
cients of order m x n L =1l], — right-hand vec-
tor of SLAE of order m; K [k] — vector of the
desired polynomial coefficients of order 7.

The matrix A is formed by the values of argu-
ments H, at the reference points, raised to a power
p;ia, ;= HY; vector L consists of the values of the
reproduc1ble function at these points: /. = In u_.
In our case m =19, n = 11, SLAE (43) turns out
overdetermined, but the MATLAB software
tools allow finding a pseudosolution [29] of such a
system using the standard procedure. From the
SLAE solution a vector k; is obtained with the
followmg values:

= [2.639, —49.56, 107.41,
—152.27, 149.09, -63.760,
7.285, -0.9194,
0.0808, —0.0041, 0.0001].

Figure 2 shows the dependence g(H) plotted
on these values with a brown line with asterisks,
which is superimposed on the original curve In
u_(H ) marked with blue circles. Their complete
coincidence is obvious.

Thus, the problem of approximating the depen-
dence u_= f(H ) presented in [28] by means of
exponential function of the form (25) is solved.
An expanded notation of this approximated de-
pendence (given the minus sign omitted earlier)
looks as follows:

Table 1. Numerical Data for the Synthesis of the Model of Dependence p_ =f(H )

H ,ru. [0.00(0.10]0.35[0.50]0.65]0.80|0.87|1.00 | 1.35 | 1.50 | 2.00 | 2.50 | 3.00 | 3.50 | 4.00 | 5.00 | 6.00 | 7.00 | 8.00
p,ru. [0.07][01]03]05]07|09095[1.00[{0.95]0.90]|0.76|0.65]|0.57 |0.50 | 0.45]0.37 | 0.31|0.27 | 0.24
Inp_ 2.66(2.30(1.20]0.69|0.36|0.11]0.05|0.00 | 0.05{0.11 {0.27 | 0.43 | 0.56 | 0.69 ] 0.80 | 0.99 | 1.17 | 1.31 | 1.43

Note. Since all values of In p_ are negative, they are given everywhere without the “minus” sign that is taken into account in

the final expression of the exponential function
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Fig. 4. The results of the magnetic field calculating in the magnetic system of the test example: a — depiction of magnetic flux

of currents in two-wire lines (white circles), red circle — the contour of the magnetic body section; b — the flux function
diagram; ¢ — diagram of the equipotentials of the resulting field H= H, + H,
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Fig. 5. Diagrams of distribution of calculated magnetic field parameters in the test example: @ — distribution of the resulting
field vectors H along the contour of the body section (red circle); b — diagrams of the external field normal component
H, (black line) and source density ¢ with a saturated (blue line) and unsaturated (red line) ferromagnetic; ¢ — diagrams of
the induction modulus B (blue line) and variation of magnetic permeability p (black line) and coefficient A (red line) along
the contour
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p = exp(—2.659 + 49.56 H'® —107.41H"? +
+152.27H — 149.09H%?2 + 63.760H* —
—7.285H° + 0.9194H" —0.0808 H° +
+0.0041H° — 0.0001H°). (44)

The curve calculated by this formula is shown
in Fig. 1 by the red line with asterisks, superim-
posed on the blue line of the reference depend-
ence p(H).

The approximated magnetization curve calcu-
lated on the basis of (44) by the formula B = pH
is shown in Fig. 3, where it is marked by red as-
terisks superimposed on the blue line of the refer-
ence dependence B_ = u_H |, highlighted by cir-
cles. As it can be seen, the calculated curves u(H)
in Fig. 1 and B(H) in Fig. 3 in the investigated
range of parameters practically coincide with
the initial ones. In particular, the maximum rela-
tive deviation of the approximated magnetiza-
tion curve from the given values in the reference
points AB = (B, — B,)/B, even at the sections of
the steep rise of the curve does not exceed 2.5%
(here, B, are the given values, and B_ are the cal-
culated values).

Thus, the outlined results fully confirm the pos-
sibility of representing different magnetization
curves by the exponential function. It should be
noted that the range of relative units indicated in
Figs. 1—3, in particular, for steels of grades 3413,
3414, 3305, and 3306, corresponds to the maxi-
mum values on the scale of induction B, =2 T
and on the scale of field strength H = 1000 A/m
[28], i.e. covers the entire range of magnetic field
parameters, which is practically used [6, 15, 28].

Since no special requirements or restrictions
were imposed on the form and properties of the
magnetization curves subject to approximation
by an exponential function of the form (25), there
is every reason to assert that the above procedure
is applicable to many variations in the character-
istics of different magnetic materials.

Therefore, the conclusion about the nullifying
of the divergence of the magnetic field in a non-
linear medium with the considered properties ex-
tends to a wide class of materials used in practice.

30

Hence, when setting specific problems of cal-
culating MF in media of such materials, there is
no need to convert their magnetization curve to
the exponential form (25) in each case, since the
example above demonstrates the priori possibil-
ity of performing such a procedure for a wide
range of curves.

3.2. Algorithm for computer
simulation of magnetic field based
on the novel MM
The yielded equation (39) jointly with (40) and
(41) represent the novel mathematical model of
the magnetic field in a nonlinear isotropic medium,
which requires verification by a numerical experi-
ment. The subject of verification and testing, first
of all, is the possibility of obtaining the solution
of integral equation (39) with a functionally de-
pendent coeflicient M(H), as well as its validity.
In the computational interpretation, the integral
operator in equation (39), with the help of discre-
tization, is reduced to a finite sum, and the equa-
tion itself is transformed to SLAE of the form

N
‘6,40, 0K, =MF; i=1..N, (45)
Jj=1

where o, is the value of the required function at
the i-th point of the calculation domain (at the
i-th discrete element); F, is the value of the right-
hand parts of the equations at the same point, and
K; are the elements of the SLAE coefficient ma-
trix given by the values of the kernel of the inte-
gral operator in (39); N is the number of discrete
elements. But the coefficient A, in this equation is
determined according to formula (40) versus the
field strength modulus N, at the i-th point; there-
fore, equation (45) is nonlinear, so it will require
iterations to solve it.

However, to obtain intermediate results at the
iteration stages, the well-known methods and al-
gorithms used for solving the analogous linear
IEs are quite suitable. In particular, in [12], there
are presented the algorithmic procedures imple-
mented in MATLAB code that provide the calcu-
lation of the discrete element parameters, the ma-
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trix of the coefficients and right parts of SLAE
and its solution by inverting the matrix or with
the method of iteration.

The iterative process of solving SLAE (45) con-
sists in that at each k-th step of iterations the fol-
lowing sequence of operations is performed:

(a) using the values of the desired function ¢ *™
obtained at the previous (k — 1)-step at each i-th
point (at the i-th discrete element) one calculates the
components of the vector of induced field strength
H, ® by formula (41);

(b) these values one adds to components of the
strength vector of a given external field Hj ®,

and calculates the values of the resultmg field
modulus //®at the corresponding points;

(c) using the obtained values of H®, by the for-
mula that approximates the normalized magne-ti-
zation curve of a given material, for example (44),
one calculates the value of u® at each i-th point
and by the formula (40) calculates the value of
A® in the same points;

(d) one recalculates by rows the matrix of the co-
efficients and the right-hand sides in (45) with new
values of L® and, solving this SLAE in the way
defined for equation (20) (FEM), obtains new valu-
es of the desired function ¢*, ensuring readiness
for the transition to the next step of iteration;

(e) at this stage the control of iteration convergen-
ce s carried out by determining the standard deviati-
on (the root-mean-square discrepancy) of the current

and previous values of A: & = \/Z(xi(k PN,
the drop of which below the specified level v (as
an option, v = 0.001) would indicate the comple-
tion of iterations.

For the initial approximation (zero iteration) of
6, it is natural to accept the solution of equa-
tion (39) with A = const, which is calculated for
the value of u corresponding to the maximum of
the normalized curve p = f(H) in Fig. 1.

3.3. Approbation of the mathematical model
with the modified integral equation by test example

Using the described algorithm, we’ll perform tes-
ting of the mathematical model with a modified
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IE by calculating the magnetic field in a magnetic
system containing a ferromagnetic body that has
a magnetization curve of the form (25). For the
test example, a simplified 2D model of the system
was taken in the form of a long cylindrical body
with a circular cross section placed in the field H
between two coaxial two-wire lines with the same
currents I = £100 conditional Amperes (c.A.)
The dimensions are given in relative units (r.u.),
the section contour is divided into 120 discrete
elements (elementary arcs). The calculation was
completed at the 5th iteration with an accuracy
ofe<1.5-10%and Ag/e <1.5-10

The results of calculation are shown in Figs. 4
and 5.

Figure 4, a shows the configuration of the force
lines of the magnetic field of currents in two-wire
lines, where the contour of the body section is
plotted (by red), Fig. 4, b shows the diagram of the
resulting field flux function H= H + H, and Fig. 4,
cis a depiction of the equlpotentlals off this field.

Figure 5, a shows the distribution of field vec-
tors H along the body section contour; the length
of the maximum vector is 58 conditional A/m
(c.A/m), which being recalculated in accordance
with the method [28] by the curve of Fig. 2, cor-
responds to the induction B = 1.8 r.u. Plots on Fig. 5,
b show the distribution along the sectional con-
tour: a) in black — of external field the normal
component H; b) in blue — the density of second-
ary sources ¢ when the ferromagnetic is saturated,;
¢) in red — the same for the case A = 1, i.e., without
saturation. Figure 5, ¢ shows the distribution of
the magnetic induction modulus B (blue line) that
corresponds to local field variations according to
the normalized magnetization curve, as well as the
variations of A (red line) caused by nonlinearity of
the magnetic permeability p (black line).

Analysis of the results of calculation gives gro-
unds to assert that the conclusions obtained in
the work and the presented mathematical model
with a modified integral equation adequately re-
flect the regularities of manifestation of the mag-
netic field properties in a nonlinear medium with
the considered characteristics.
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CONCLUSIONS

1. Based on the analysis of the computational effi-
ciency of various mathematical models of magnet-
ic field in a nonlinear medium, it has been estab-
lished that the main factor in the complexity of
algorithms for their computer implementation is
the presence in the field equations of the function-
al of virtual volume sources generated by the spa-
tial gradient of the magnetic permeability of the
medium. The deployment of a unified form of the
magnetization curve in the form of an exponential
function has simplified the structure of the speci-
fied functional and equations of magnetic field.

2. The immediate connection between vector and
scalar forms of volumetric derivatives in the mag-
netic field equations has been established. Procee-
ding from this, the functional of volumetric sour-
ces has been transformed. It has been shown that
in a nonlinear medium, the magnetic permeabili-
ty of which is expressed by an exponential depen-
dence on the field strength, the divergence of the
magnetization vector vanishes as it falls down to
zero. Hence, such the medium acquires the fea-
tures of quasilinear space, and the magnetic field
distribution in the magnetized body has the pro-
perties of a harmonic function.

3. The novel mathematical model of magnetic
field in which the volumetric equation for a non-
linear medium is reduced to a surface equation in
quasilinear space has been substantiated. Due to
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HOBITHA MATEMATUYHA MOJEJIb TA METOIMIKA KOMIT'IOTEPHOTI'O
MO/JIEJTIOBAHHSI MATHITHOTO T10JIs1 B HEJITHIMHOMY CEPEJIOBUIILI

Beryn. Y BupoGHuuoMy 06J1a[HAHHI 32CTOCOBYIOTH MarHiTHI IIPUCTPOI Pi3HUX TUIliB. [IPOEKTYBaHHS Ta MOIEPHI3ALIist TAKOTO
obstasiHaH s TTOTPeOYE 3HAUHOTO 06CATY PO3PAXyYHKIB MATHITHUX MOJIB i MapaMeTpiB MArHITHUX MTPUCTPOIB, 10 € CKIALHIM
3aBIAHHIM Yepe3 BeJNKY PO3MipHICTh CUCTEMHU PiBHSHb i HeJIiHilHI BJACTUBOCTI MATHITHIX MaTepiaiB.
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IIpoGaemaTuka. Buac/iok HesiHiliHOCTI AudepeHiialbHUX Ta iHTerpaJbHUX PIBHAHD, Ha SKUX 0asyloThCs 3a3HauyeHi
PO3PaxXyHKH, iX YKCeNbHe PO3B’AI3aHHs 3IIHCHIOITD iTepalliiiHuMy MeTofaMu, 301KHICTh SIKMX YacTo € HeBU3HAYeHO. [t
[OTO HEOOXiHI TOTY KHI 06UNCIIOBaAIBHI 3ac00U Ta 3HAUHI BUTpaTu yacy. ToMy akTyabHOW € pobJeMa yI0CKOHAICHHS
MaTeMaTUYHIX MOJEJIeil Ta MiABUIIEeHHI 00YMCII0BaIbHOI e(DEKTUBHOCTI BiATIOBIIHUX aJITOPUTMIB.

Merta. Po3po6ka MaTeMaTHYHOI MOZIE/Ti MATHITHOTO TOJIS B HEJITHIITHOMY CepeloBUII Y BUTJIS/ MOBEPXHEBOTO iHTErpa-
JIBHOTO PIBHSIHHSI [IJIsI KBa3iIiHIITHOTO ITPOCTOPY 1 METOANKU KOMIT'IOTEPHOTO MOJIETIOBAHHS 3 TiIBUIIEHOIO 00UMCITIOBAIIb-
HOTO e(heKTUBHICTIO.

Marepianu Ta MeTou. MaTepiasioMm JOCHIPKEHHS € MaTeMaTHYHI MOJIEJTi MATHITHOTO T10JIsI B HEJIIHIITHOMY CepeIoBUIIL
MarHiTHUX MaTepiajiB Ta 00UKCIIIOBAIbHI BJIACTUBOCTI BIAIOBIIHUX alTOPUTMIB. 32CTOCOBAHO TIPUHOMU BEKTOPHOTO aHaIi-
3y nudepeHIiaIbHUX O1IepaTopiB i cuHTe3dy Moan(iKoBaHUX (HOPMYJI Y PIBHAHHAX MarHiTHOTO TOJIS.

Pesyasratu. OGrpyHTOBAHO HOBITHIO MATEMAaTHYHY MOJIE/b MarHiTHOTO MOJIs, B AKiil 06’€MHe PIBHSHHS 1JIs1 HEMTHITHOTO
cepejloBHIIA 3BE/ICHO JI0 TIOBEPXHEBOTO PIBHSAHHA Y KBa3iiHIIHOMY [TPOCTOPI, 3aB/SIKM YOMY Ha MOPS/IOK 3HUKEHO PO3Mip-
HiCTh MACHBIB JaHWX Ta Ha JIBa TOPSIKA — KUIBKICTh OOUMCIIOBATBHUX omepariiit. Ha 1t ocHOBI CKIameHo METOINKY
KOMIT IOTEPHOTO MO/IETIOBAHHSI TIOJTIB 3 BUKOPUCTAHHAM YHi(hiKOBaHOT KpUBOI HAMATHIUYBaHHSI.

BucnoBku. IlokazaHo MOKJIMBICTD 3aCTOCYBAaHHS 3a3HAYEHOI METO/IMKH /711 PI3HUX MarHITHUX MaTepiadiB i MiATBep/KeHO
ii mparesiaTHiCTh Ha MPUKJIA/I MOJIEJIBHOI 33/1a4i, 10 Ma€ MPAKTUYHE 3HAUEHHH 711 YIOCKOHAJIEHHS aJITOPUTMIB PO3PaxXyHKY
i1 aHAJTi3y MAarHiTHUX [OJIiB y MAarHiTHUX CUCTeMaX 3 HeJIIHIMHUMU eJleMeHTaMu.

Kmouosi cnosa: monenb, MarHiTHE TI0JI€, JKepesia, CepeIoBUIIe, EKCTIOHEHTa, BEKTOPHA Oltepaillisi, AMBEPTeHIIis, iTepaltis.
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