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MATHEMATICAL MODELING OF THE TRANSIENT
PROCESSES IN PROPULSION SYSTEM OF THE UPPER
STAGE OF THE CYCLONE-4M LAUNCH VEHICLE

Introduction. The development of the Cyclone-4M space launch vehicle (LV) by Pivdenne Design Office is an im-
portant activity of the space industry of Ukraine. One of the LV innovations is feeding the liquid jet system (LJS)
Jrom the sustainer engine (SE) feedlines.

Problem Statement. In order to implement the specified method of the L]S feed, it is necessary to ensure the
LJS operation during hydraulic shocks and pressure drops of the propellants during the SE start and shutdown. For
this purpose, it is necessary to simulate the transient processes of the system start and shutdown.

Purpose. The purpose is to estimate the parameters of the transient processes of the Cyclone-4M upper stage
sustainer engine, given the effect of SE on the LJS, as a result of their joint operation.

Material and Methods. The methods of the theory of automatic control, the impedance method, and the
methods of numerical modeling of the unsteady motion of gas-saturated liquids have been used.

Results. The transient processes in the joint (SE and LJS) propulsion system during the start and shutdown
have been simulated. In the developed mathematical model, we have used dynamic gains of feedlines as distri-
buted and concentrated parameter systems, which are reconciled in a certain frequency range. The SE start and
shutdown have been calculated. The experimental and the calculated values of natural frequencies of fluid oscil-
lations, pressure peaks during hydraulic shocks, and the hydraulic shock patterns (horizontal pressure shelves
when fluid continuity is broken) have shown a good agreement.

Conclusions. A nonlinear mathematical model of the low-frequency dynamics of the upper stage of propulsion
system of the Cyclone-4M LV has been developed and tested. The model can be used to predict the time depen-
dences of the propellant pressure at the LS inlet during the SE start and shutdown in extreme conditions of LJS
operation in the joint (the SE and the L]S) feed system.
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processes, start and shutdown the engine, mathematical modeling.
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The development of the Cyclone-4M space rocket
complex by the State Enterprise Pivdenne Design
Office in collaboration with Pivdenmash, other
enterprises of the State Space Agency of Ukraine
(SSAU), ITM of the National Academy of Sci-
ences of Ukraine, alongside US and Canadian
companies [1, 2], represents a pivotal direction in
Ukraine’s space industry. The innovation appro-
ach of powering the liquid jet system (L]S) of the
upper stage of the Cyclone-4M launch vehicle from
feedlines of the sustainer engine (SE) marks a
global first in rocket and space system develop-
ment. This innovation enables the elimination of an
independent propellant feed system for the upper
stage, enhances the upper stage’s mass character-
istics, and consequently, augments the payload
capacity of spacecraft placed into operational or-
bits. However, this technical advancement pre-
sents a series of challenges [3] linked to the sta-
bility of the upper stage’s motion control system
during the start and stop of the RD861K sustain-
er engine’s operation within the Cyclone-4M launch
vehicle. The interconnected feed system of the
SE and the LJS propagates hydraulic shocks and
pressure fluctuations experienced during the sus-
tainer engine’s start and stop, transmitting them
throughout the system without notable attenua-
tion, eventually reaching the combustion cham-
bers of the LJS. The reliability of the upper stage’s
thrust vector control for the Cyclone-4M rocket
hinges upon the performance of the LJS under
these extreme conditions.

It might be possible to study experimentally the
LJS stability during the RD861K sustainer en-
gine’s start and stop, while making ground firing
tests in the upper stage of the Cyclone-4M launch
vehicle. However, these trials were carried out
without activating the LJS combustion chambers
because of inability to guarantee their operability
under terrestrial conditions. The LJS combustion
chambers functioned autonomously. To assess the
upper stage’s suitability for the flight conditions,
there have been used the approach integrating
mathematical modeling results of both the start
and stop of the RD861K sustainer engine and the
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LJS performance under extreme hydraulic shocks
and pressure fluctuations.

Studies [4, 5] have delved into the operation ana-
lysis of the control jet engines of the Cyclone-4M
launch vehicle’s upper stage during the start and
stop sequences of the sustainer engine. The mag-
nitude of pressure drops at the L]JS inlet is estab-
lished based on self-contained stage propellant
feed system tests. However, the test conditions
differ from the actual flight conditions, potential-
ly leading to erroneous conclusions regarding LJS
performance.

Addressing the challenge of determining tran-
sient processes in the propellant feed system of the
launch vehicle’s first stages during the activation
of one or multiple engines has been outlined in
[6—8]. The mathematical models developed in these
studies describe low-frequency dynamic process-
es in the hydraulic and gas systems of the engine,
accounting for fuel component transformation and
residence delays in the gas generator, pump cavi-
tation phenomena, and more. Research [9] has focu-
sed on defining the transient processes in the LPE
propellant feed system during shutdown, investi-
gating the effect of fluid pressure fluctuations and
drops on the durability of in-tank devices.

The purpose of the research is to calculate the
parameters of the transient processes in the feed-
lines of the sustainer engine of the multi-use up-
per stage of the Cyclone-4M launch rocket, given
the influence of the sustainer engine on the oper-
ation of the LJS as a result of combining the feed-
lines into a single hydraulic system.

MATHEMATIC SIMULATION

OF LOW-FREQUENCY DYNAMIC
PROCESSES IN BRANCHED
LINES OF LPE

The transient processes in liquid propulsion systems
(LPS) occur during the start, stop, and transition
of liquid propellant engines (LPE) to another mode
of operation [10—13]. At the same time, hydrau-
lic shocks usually occur during the filling of the
pipelines when the front of the moving fluid ap-
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proaches the pumps and local resistances, as well
as when combustion starts in the gas generator
and the combustion chamber of the engine. In case
of the engine is stopped, hydraulic shocks appear
when the compartment valves are closed.

The parameters of transient processes in the
feedlines of the LPE during start and stop of the
sustainer engine should be determined given the
following phenomena and factors: energy dissipa-
tion in the fluid; acoustic phenomena in feedlines;
the presence of free gas inclusions and the influence
of the ductility of the walls of the pipelines on the
speed of sound in the fluid; specific configuration of
the feedline (branching, presence of concentrated
elements, certain boundary conditions at the ends,
etc.); the law of closing the valve. This approach
involves the need for numerical mathematical sim-
ulation of transient processes in LPS during start
and stop of the sustainer engine and usually in-
cludes the solution of the following problems [9]:
mathematical simulation of the feedline as a dis-
tributed parameter system; approximation of the
frequency characteristics of the feedline by finite
hydrodynamic elements; numerical mathematical
simulation of transient processes in LPS feedline
during start and stop of the sustainer engine.

The LPE feedline usually has a complex branched
network of pipelines with a large number of auto-
mation units for reliable engine start, smooth and
sustainable operation, and stop. This especially ap-
plies to LPE of the upper stages of launch vehicle,
for which the mass characteristics of the stage and
the more compact arrangement of the LPE sys-
tems and aggregates are of primary importance.

It is expedient to consider LPE feedlines as dis-
tributed parameter systems. This makes it possi-
ble to take into account their length and branch-
ing, features of individual elements and boundary
conditions with sufficient completeness and ac-
curacy necessary for engineering calculations.
The mathematical description of the fluid dy-
namics in the feedline sections is based on the
equation of one-dimensional isothermal unsteady
motion of the fluid and the equation of continuity
[14, 15];
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where p, G are the pressure and the mass flow of
fluid; z is the coordinate of feedline axis; Fis the
area of the feedline cross section; k is the reduced
coefficient of linear friction per unit length of the
feedline; g is the acceleration of gravity; c is the
speed of sound in the fluid flowing in a pipeline
with elastic walls.

If the fluid contains undissolved gas, then the
speed of sound in it is determined by the formula
[10, 16]:

— Coo E _}\‘L 2 (2)
¢ 1+d-EL+s-EL’ L g
§-E, P

where ¢_ is the speed of sound in the fluid in an
unlimited volume; d and § are the diameter and
the thickness of feedline walls; E; is the modulus
of elasticity of the feedline wall material; ¢ is the
volume fraction of undissolved gas; E, is the mod-
ulus of elasticity of the fluid; y, is the specific
gravity of the fluid.

To solve these equations in problems of the dy-
namics of pipeline systems, both the characteris-
tic method [17] and the impedance method [18]
have been used. The numerical method of charac-
teristics is adapted for pipeline systems of different
complexity, with different boundary conditions,
it allows easily taking into account the presence
of undissolved gases. The advantage of the impe-
dance method is the ability to determine the spect-
rum of resonance frequencies of oscillations of a
branched pipeline system. Also, with the use of
the impedance solution method, a system of ordi-
nary differential equations, which is combined with
the system of differential equations, which descri-
bes the low-frequency dynamic processes in the
engine, can be compiled to determine transient pro-
cesses in the LPE feedlines.

To solve system of equations (1) by the impe-
dance method [17] with respect to a homogeneous
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section of the pipeline, a passive quadrupole may
be composed as

{6}72 - b“ ' 6ﬁl + b12 ) 861»

8G,=b, -8p, +b,, 3G, (3)

where 8p |, 5G , are the deviation of the pressure
and the fluid consumption at the inlet to the
quadrupole from their values in the steady state;
8p,, G , are the deviation of the pressure and the
fluid consumption at the outlet from the quadru-
pole from their values in the steady state; b, ,, b,,,
b,,, and b,, are the elements of the transmission
matrix of the pipeline section [17]:

b, =ch(yz), b, = —sh(yz)/Z,,
b,, = —sh(y2)Z,, b,, = ch(yz);

y=~Z,Y, is the complex constant of wave propa-
gation; Z,, = NZ,/Y, is the wave resistance of the
pipeline; Z, = (jo + k)/gF is the serial hydraulic
impedance of the pipeline; Y, = joo gF/c* is the pa-
rallel admittance of the pipeline; j is the imaginary
unit; o is the angular frequency of oscillations.

If there is given the boundary condition at the
outlet from the pipeline section in the form of im-
pedance Z, = (jw)w, from quadrupole equa-

G, (jw)
tions (3), we may determine the impedance at the
inlet to the feedline section Z (jo) and the dy-
namic gain of the considered section of the feed-
line W, (jo):

Sp(jw) by, —byy 'Zz(f‘”)’

Z(jo)y=—— " "=
G (jo) b, -Z,(jo)-b,

opGe) 1
op(jo) Zy(jo)
Impedance at the inlet to each subsequent sec-

tion of the pipeline Z(jw) and the dynamic gain

of fluid oscillations in each subsequent section of
the pipeline W (jw) are determined similarly. At
the junction of three or more sections of the feed-
line, the frequency characteristics Z(jo) and

W (jo) are determined from the conditions of the

balance of flows in and out, and the equality of
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(o)

pressures in all branches of the feedline, which
are joined. The frequency characteristics of the
line: impedance Z(jow) and amplification factor
W(jw) are determined by successive transfer of
boundary conditions that are set in the form of
impedance, through the entire feedline:

Based on the frequency characteristics Z(jo) and
W(jow) we may define natural oscillation frequen-
cies of the pipeline system, as well as its resistance
to cavitation oscillations (if the system includes a
cavitation pump) [17]. They can also be used to
build and verify a mathematical model of a pipe-
line concentrated parameter system [11, 19].

When modeling non-stationary hydrodynamic
processes in the LPS pipelines, the finite element
method uses the simplest concentrated hydrody-
namic elements: active resistance, mass and ca-
pacity, which are the primary cells of the finite
elements. Each simplest element reflects one spe-
cific property of the modeled solid medium (vis-
cosity, inertia, and compressibility, respectively)
and is described by the equation of the corre-
sponding fundamental physical law [11]. The ex-
tension lines are conventionally divided into sec-
tions that are different combinations of the sim-
plest elements: hydraulic resistance a, inertial
resistance /, and compliance C. At the same time,
the equations of motion and continuity take the
following form:

daG:
d; = (P.i —Din +a.iG.i2)/J.i,
4)
(G~ Gy ) — +13 _fm
dt (z 1+1)C1_ 1[ dt dt

where 7, is the coupling coeflicient that is usually
taken as some part of the wave resistance ¢, /F,
and used for coupling certain finite elements [11].

Coeflicients a,and J, are determined by pressure
drop Ap, and fluid consumption G, as well as by the
ratio of pipeline length / to pipeline cross section F:

Ap; l;

i ’Ji: . 5
a oF )

Gt

i
Concentrated compliances C, in the first ap-

proximation are determined by the ratio of fluid-

ISSN 2409-9066. Sci. innov. 2024. 20(1)



Mathematical Modeling of the Transient Processes in Propulsion System of the Upper Stage of the Cyclone-4M

volume in the section of pipeline V, to the square
of the speed of sound in fluid c;:

V.
Ci:gzl.

¢

(6)

Further, the number and value of concentrated
compliances are specified based on the required
accuracy of matching in the specified frequency
range of frequency characteristics Z(jo) and W(jw)
of the pipeline as distributed parameter system
and concentrated parameter system [19].

MATHEMATICAL SIMULATION
OF LOW-FREQUENCY DYNAMIC
PROCESSES IN THE FUEL FEED
SYSTEM OF LPE RD861K

Figure 1 presents a simplified calculation scheme
of the joint fuel feedline of the RD861K sustainer
engine and LPS. According to the scheme, this
feed system consists of a feedline to the sustainer
engine, a refueling line, and a feedline to the LPS.
At the start, stop, and in the established mode of
operation of the engine, there is no fluid flow
through the refueling line, this line is a dead end.
However, it is not isolated from the general feed
system, it is filled with fluid and contributes to
the dynamics of the joint feedline.

With the use of the approach presented in the
previous section to the mathematical simulation
of transient processes in the feedlines of the LPE,
the amplification coefficients of the feedline to
the sustainer engine W, (jo) = 8p,, / 8p . (jo),
the feedline to LPS W, (jo) = 8p ,, / 8P . (jo),
and the refueling line W, (jo) = 8p ,. / 8p ,.(jo) ,
which are considered to be distributed parameter
systems have been determined. The dependence
of their modules on the frequency of oscillations
is shown in Fig. 2 curve 1. The figure features that
the natural frequencies of the first mode of fluid
oscillations in these lines have the following val-
ues: 27 Hz for the feedline to the sustainer engine,
15 Hz for the feedline to the LPS, and 19 Hz for
the refueling line. These calculated frequency cha-
racteristics have been obtained given the presen-
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Fig. 1. Simplified calculation flowchart of the joint feedline
of sustainer engine and LJS

ce of undissolved gas in the working fluid at vol-
ume fraction of undissolved gas ¢ = 0.04% and a
gas cavity that has a volume of V_, = 8 cm?, in the
bellows, which is located in the horizontal sec-
tion of the fuel feedline to the sustainer engine.

For the transition from the distributed parame-
ter system to the concentrated parameter system
we have approximated the amplification coeffi-
cients of engine feedlines W, (jo), W, (jo), and
W,.(jo) with the help of hydrodynamic elements.
When constructing the mathematical model of
fluid dynamics in the feedline of the RD861K fuel
engine as concentrated parameter system, we have
assumed that the motion of fluid in the feedline to
the RPS, as well as in the refueling line, is described
by one oscillating link. The inertial resistance co-
efficient of the fluid in these two feedlines /. is de-
termined according to formula (5), while compliance
coeflicient C, is calculated based on the frequency
of oscillations of partial systems w?=1/(J.C)).

In the simulation, the fuel line to the sustainer
engine is divided into three sections. In view of
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the need to take into account its docking with the
feedline to the RPS and the refueling line, as well
as the presence of concentrated compliance in the
bellows located in the horizontal section of the
feedline, only the 1*t tone of fluid fluctuations is
taken into consideration. The compliance coeffi-
cients for the feedline to the sustainer engine
have been determined in the first approximation
by formula (6) and further refined by the amplifi-
cation factor W, (jo), as calculated for this feed-
line as distributed parameter system.

The coeflicient of concentrated compliance in
the bellows located in the horizontal section of
the feedline for the sustainer engine has been de-
termined by the formula [18]:
Yr Vor ,
K puar

(N

Crar =
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Fig. 2. Modules of amplification coefficients of pressure fluc-
tuations in the fuel feedline to the sustainer engine (a), to
the LJS (b) and to the refueling line (¢) (at a pressure at the
engine inlet of 2 bar): 7 — distributed parameter system; 2 —
concentrated parameter system

where p,,.is the fluid pressure in the place of bel-
lows installation; y, is the fuel specific gravity; and
K is the adiabatic factor.

Figures 3 and 4 show the dependence of the com-
pliance coefficients in the fuel line on the fluid pres-
sure. We may see that the gas cavity in the bel-
lows has the greatest compliance. Also, it should
be noted that in the considered range of the fluid
pressure variation, the compliance coefficients
change approximately 5—45 times.

Figure 2 shows the modules of the amplifica-
tion coefficients of the feedline to the sustainer
engine W, (jo), to the LPE W, (jo) and the re-
fueling line W, (jw), which are calculated based
on mathematical simulation of dynamics of these
feedlines as concentrated parameter systems (cur-
ve 2). Their comparison with the previously ob-
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tained amplification factors of the fuel feedline, as
calculated on the basis of mathematical simula-
tion of the dynamics of these lines as distributed
parameter systems (curves 7, Fig. 2) has shown
their consistency for W, (jo) within the frequen-
cy range up to 80 Hz, for W, (jo) within the fre-
quency range up to 25 Hz and for W, (jo) within
the frequency range up to 40 Hz. Such frequency
ranges are quite acceptable for describing the low-
frequency dynamics of LPE feedlines.

For mathematical simulation of the transient pro-
cesses directly in the feedlines during the start and
stop of the RD861K sustainer engine, the mathema-
tical model of the dynamics of these feedlines in con-
centrated parameters according to (4) has the form:

- _ 2
e e P €

+]U3F d; N (HTF + hSF)YF’ (8)
apysr _
GUSF a4 GUBF B GUQF B GPF +
dG,; dGy; aG
+ v3r _ AUpar  QUpr
Tusr [ dr dr dt ]’ )
—p, . +a, G +] v _po o (10)
Puse = Puor ™ QpprCvor TS vor T 2F T po
Apuar _ AdGyyp  dGyp
U2F T gy = Gy = G Ty d dr ,(11)
- 2 dGip _
P =Py T @ Gt d;F thyF’ (12)

dG
p[]BF:pPF+aPF G}2’F+-]PF dl:F 7hPF'YF’ (13)
C dppr =G

PF PF GDF

[dGPF dGpr  dGye }

- GZF + Tpp

(14)

Ppr=Ppr T App GIQ)F +-]DF d(;?F o hDFyF’ (15)

dt dr dt

dp = daG
CDF% =G~ G+, d?F’ (16)
=p,ta, G+ ], Y 17
P =Py Ay Gt a e A7)
apmr = dG
Cor diF =Gy Gty dfp ) (18)

Where aUBF aUZF’ alF’ al’F’ C.ZDP aZF’.l]lBF’-.]UZP-le’-]PI_:’-]DF’
and J,, are the hydraulic and inertial coeflicients
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Fig. 3. Fluid pressure dependence of the compliance coeffi-
cients in the joint feedline of sustainer engine and LJS: 7 —
C,, at the engine inlet; 2 — C,,, in the place of branching to
the LJS and the refueling line; 3 — €, in the place of branch-
ing to the LJS and the refueling line; 4 — C,, in the refueling
line; 5 — C,, in the feedline to the LJS
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0.005 y
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Fig. 4. Fluid pressure dependence of gas bulb compliance
coeflicient in the fuel feedline to the sustainer engine: 7 — at
Vdem® 2 —atV,, 8cm% 3 —atV, 12 cm?

of the feedline respective sections; H,,, A, h,, h, ,,
h, h,,, and h,, are the vertical projection of the
respective fuel feedline sections; 7, ., 7., 7 7, and
r,.are the cost coupling coefficients of the respective
sections of the fuel feedline; G . = const is feed-
line the boundary condition on the LJS; G .= 0 is
the boundary condition on the fuel.

In the mathematical modeling of transient pro-

cesses in the fuel feed system at the start of the
55
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Fig. 5. Time dependence of fuel pressure at the engine inlet (@) and at the LJS inlet () during RD861K sustainer engine
shutdown in the test conditions: 7 — experimentally measured; 2 — calculated

RD861K sustainer engine, the equation of the dy-
namics of cavities is used to determine the pressure
at the engine inlet, which is presented below in the
nonlinear model of the RD861K engine dynamics.
While modeling the transient processes in the fuel
feed system, when the engine is stopped, we use
the following continuity equation:

d]
GU1F % = G1F o GMDF(t)’ (19)

where G, (¢) is the law of change in the fluid
flow at closed shut-off valve at the inlet to the
sustainer engine, which has been chosen experi-
mentally:

G = Gy (1~ é), (20)

where G uneis the stationary consumption through
the sustainer engine; ¢, is the time of stopping
the fluid feed through the shut-off valve.

It should be noted that this paper deals with,
first of all, the transient processes in the joint
feedline of the SE and the LJS and their effect on
the performance of the LJS. When starting the
SE and operating in a steady state, the dynamic
processes in the engine affect the dynamics of the
feedline. When stopped, the engine and its feed-
line are separated. The dynamic processes in the
engine cannot affect the transient processes in
the feedline and therefore they are not consid-
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ered or modeled. Here, we focus our attention on
the transient processes on the other side of the
valve, exclusively in the engine feedline system.

To test the constructed nonlinear model of the
dynamics of the fuel feedline of the RD861K en-
gine (8)—(20), the transient processes in the fuel
feedline have been calculated and compared with
the dynamic tests that simulate engine shutdown.

Figure 5 presents the experimental and the
calculated time dependences of fuel pressure at
the engine inlet and at the LJS inlet when the
RD861K SE is stopped in the test conditions.
The analysis of the experimental data has shown
that when the fuel shut-oft valve is closed, a high-
intensity hydraulic shock is realized in the trial
line. The pressure near the shut-off valve in the
feedline of the working fluid to the engine p,,
increases to 17.7 bar, while in the line that feeds
the fluid to the LJS near the LJS inlet p,, grows
up to 13 bar. The presence of horizontal sections
after the first pressure surge indicates a rupture of
the fluid column both in the feedline to the en-
gine and (to an even greater extent) in the feed-
line to the LJS. After the first intense oscillations
(with the rupture of the fluid column), in the trial
line, there is observed a rapidly decaying tran-
sient process with oscillations that have the shape
close to harmonics and the frequencies close to
the natural ones.
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The results of calculations of hydraulic shock
according to model (8)—(20) are given in Fig. 5.
The analysis of these figures has shown a good
agreement between the calculations and the ex-
perimental data obtained in the tests. In the cal-
culations, there are horizontal pressure shelves
that indicate the rupture of the fluid during hy-
draulic shock. The calculated natural frequencies
of fluid oscillations in the feedlines to the sustain-
er engine and to the LJS are 28.5 Hz and 11.6 Hz,
which is in good agreement with the experimen-
tal oscillation frequencies (23.8 Hz and 9.3 Hz),
respectively.

The tests of nonlinear model (8)—(20) of the
dynamics of the fuel feedline of the RD861K sus-
tainer engine during the simulation of the engine
shutdown have showed that this model allows cal-
culating the pressure peaks during hydraulic shock,
the natural frequencies of fluid oscillations, and
the hydraulic shock patterns. Thus, this model
can be recommended for the use in calculating
the transient processes in the fuel feedlines, when
the RD861K engine starts and stops under real
conditions.

MATHEMATICAL SIMULATION

OF LOW-FREQUENCY DYNAMIC
PROCESSES IN THE ROCKET ENGINE
RD861K OXIDANT FEEDLINE

The low-frequency dynamic processes in the RD861K
engine oxidant feedline have been simulated in a
way similar to that used for the fuel feedline in the
previous section. Therefore, it is briefly discussed
in this section.

Figure 6 shows the design schematic of the RD861K
engine oxidant feedline. It also consists of a feed-
line to the sustainer engine, a refueling line and a
feedline to the LJS. With the use of feedlines, the
amplification coefficients have been determined:
for the oxidant feedline to the sustainer engine
W, (o) =38p,,/ 8p ,,(jo), for the feedline to the
LJS W, (j®) =8p ,, / p ,,(j»), and for the refu-
eling line W, (jo) = 8p ,, / 8p ,,(jo), all consid-
ered as distributed parameter systems. Based on
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Fig. 6. Simplified calculation flowchart of the joint oxidant
feedline of the sustainer engine and the LJS

these frequency characteristics, the natural frequ-
encies of the first mode of fluid oscillations in these
lines have been determined: for the feedline to the
sustainer engine (21.5 Hz), for the feedline to the
LJS (45 Hz), and for the refueling line (38 Hz).
These calculated oscillation frequencies have been
obtained given the presence of undissolved gas in
the working fluid at a volume fraction of undis-
solved gas € = 0.04% and given the presence of
gas cavity having a volume V= 10 cm? which is
located in the horizontal section of oxidant feed-
line to the sustainer engine, in the bellows.

In the mathematical modeling of the dynamics
of the RD861K engine oxidant feedline as a con-
centrated parameter system, it is assumed that
the dynamic processes in the feedline to the LJS
and in the refueling line are described by one os-
cillating link. The feedline of the oxidant to the
sustainer engine is conditionally divided into four
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sections, with only the first mode of fluid fluctua-
tions taken into consideration.

According to the calculation scheme of the
joint oxidant feedline of the sustainer engine and
LJS (see Fig. 6), a mathematical model of the dy-
namics of the oxidant feedline in concentrated
parameters for the mathematical modeling of the
transient processes has been developed:

Pro=Puot oG U4() +Juio dG;O -
o (HTO+h4O) Yoo (21)
Cu4odps;40 B GU4O B GUBO +

+ Gyt 1y {"ijﬂ ~Leno dﬁfOJ, (22)
GDO dpd?g = GDO o éDO 7o dC;?O ) (23)
Ppo=Puo T apo Gzz)o +Jno dc:;m hDOyO’ (24)
Puio =Puo + Ao G U3() szsodeL:O - h3oyo’ (25)

Ciso dp;fo =Gl — Gt Gyt
e~ S
Gro di;o =Gy ézo + rzo%v (27)

(28)

= 2 dG,,
Do pU30+azoGzo +Jzo dfo hzoyo’

— dGyyy
Puso = Puao + Ao Gino JUQO L0 — hyyro (29)
dpya0 dGyp  dG
Coo~dt = Gro—Gip rUzo( 5, ’- IOJ (30)
=Dyo+ ,,G2 + ], %0 — h (31)
Pipo = P10 ™ 40Yi0 TS0, 10lo’

where Ao Az Ao Ao aD(){ azo’-]l_f4o’]l/30’-]u2o’
JioJpo and J, are the hydraulic and inertial coef-
ficients of the respective oxidant feedline sections;
H., h,, b by by By anq h,, is the vertical
projection of the respective sections of oxidant feed-
line; 7,,,, Tuso 100 Toor Tz AT€ the cost coupling
coeflicients in the respectlve sections of the oxi-

dant feedline; y,, is the share of oxidant; G po = const
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is the boundary conditions on the LJS; G o= 0is
the boundary condition on the refueling line.

In the mathematical modeling of the transient
processes in the oxidant feedline at the start of
the RD861K sustainer engine, we have used the
equation of the dynamics of cavities to determine
the pressure at the engine inlet, which is present-
ed below in the nonlinear model of the RD861K
engine dynamics. The following continuity equa-
tion has been used in the simulation of the tran-
sient processes in the oxidant feedline when the
engine stops:

dp. '
GU1O dlro - G10 GMDO(t)’ (32)
where G, () is the law of change in the fluid

consumption when the shut-off valve at the sus-
tainer engine inlet is closed, which has been cho-
sen experimentally as

¢

0-G ) (33)

MDO MDO (1

where G, is the stationary consumption of oxi-
dant through the sustainer engine; ¢, is the time of
stopping the feed of fluid through the shut-off valve.
To test the constructed nonlinear model of the
dynamics of the RD861K oxidant feedline (21)—
(33), the transient processes in the oxidant feed-
line have been calculated and compared with the
dynamic tests that simulate engine shutdown.
Figure 7 presents the experimental and calcu-
lated time dependences of the oxidant pressure at
the engine inlet and at the LJS inlet, when the
RD861K MD stops in the test conditions. From
the analysis of the experimental data, it follows
that when the shut-off valve of the oxidant is
closed, a high-intensity hydraulic shock occurs in
the test pipeline. In the working fluid feedline to
the sustainer engine, inlet pressure p,, increases
to 19.8 bar, while in the feedline to the LJS, near
the LJS inlet, p, , grows up to 23.8 bar. The pres-
ence of horizontal sections after the first pressure
surge indicates a rupture of the fluid column in
the entire feedline system. After the first intense
oscillations (with the rupture of the fluid col-
umn), in the pipeline, there is observed a rapidly
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Fig. 7. Time dependence of oxidant pressure at the engine inlet (@) and at the LJS inlet (b) during RD861K sustainer engine
shutdown in the test conditions: 7 — experimentally measured; 2 — calculated

decaying transient process with oscillations that
have the shape close to harmonics and the fre-
quencies close to the natural ones.

The results of calculations of hydraulic shock
according to model (21)—(33) are given in Fig. 7.
The analysis of these figures has shown a good
agreement between the calculations and the ex-
perimental data obtained in the tests. In the cal-
culations, there are horizontal pressure shelves
that indicate the rupture of the fluid during hy-
draulic shock. The calculated natural frequencies
of fluid oscillations in the feedlines to the sustain-
er engine and to the LJS are 22.7 Hz and 44.4 Hz,
which is in good agreement with the experimen-
tal oscillation frequencies that range from 21 Hz
to 27 Hz and from 45 Hz to 55 Hz, respectively.

The tests of nonlinear model (21)—(33) of the
dynamics of the fuel feedline of the RD861K sus-
tainer engine during the simulation of the engine
shutdown have showed that this model allows
obtaining the pressure peaks during hydraulic
shock, the natural frequencies of fluid oscilla-
tions, and the hydraulic shock patterns, which
are close to the experimental pressure peaks dur-
ing hydraulic shock, the natural frequencies of
fluid oscillations, and the hydraulic shock pat-
terns (horizontal pressure shelves). Thus, this
model can be recommended for the use in calcu-
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lating the transient processes in the oxidant feed-
lines, when the RD861K engine starts and stops
under real conditions.

MATHEMATICAL SIMULATION
OF RD861K LPE START

Liquid propulsion single-chamber sustainer engi-
ne RD861K is designed according to the gas ge-
nerator scheme. The main units and aggregates
of the engine interact according to the pneumo-
hydraulic scheme. The beginning of the engine
start process is considered to be the moment of
giving commands to open the inlet valves, when
the engine paths begin to be filled with oxidant
and fuel. The second command ensures the sup-
ply of helium to the starting nozzles of the tur-
bine, with the turbopump (TP) rotor starting to
rotate. Further, the oxidant and fuel valves on
the gas generator get opened, with the cavities of
the generator nozzle head starting to be filled
with fuel components. Their ignition takes place
in the fire space of the gas generator. The gas pro-
duced as a result of the combustion of fuel compo-
nents enters the main turbine, with generator gas
starting to spin-up the TP rotor. The oxidant and
fuel flow into the combustion chamber cavities,
and helium stops spinning up the TP rotor. Fur-
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Fig. 8. Simplified calculation flowchart of RD861K sustain-
er engine

ther, the TP rotor is spun up by generator gas
only. As the rotation frequency increases, the en-
gine enters the main operation mode.

The mathematical model describing the nonli-
near dynamics of the RD861K engine includes the
mathematical models of the nonlinear dynamics
of the joint oxidant and fuel feedline of the sustai-
ner engine and the LJS (which have been presen-
ted and tested in the previous sections), as well as
the mathematical model of the nonlinear dynam-
ics of the RD861K engine itself. It should be tak-
en into account that when solving many prob-
lems of the LPE dynamics and control, the units
and aggregates of the engine in the low-frequency
range (with frequencies up to 50 Hz) can be con-
sidered concentrated parameter systems, and their
dynamics can be described by ordinary differen-
tial equations [14, 11]. The calculation scheme of
the RD861K LPE (see Fig. 8) is based on its pneu-
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mohydraulic scheme and determines the compo-
sition of the mathematical model of the engine
start. For the low-frequency range of processes
reproduced during modeling, this model is a sys-
tem of differential and algebraic equations and
empirical ratios, which describe the change in the
LPE parameters.

The start of the LPE in its initial period is usu-
ally accompanied by hydraulic shocks and pressu-
re drops at the pumps inlets. This can cause cavi-
tation failure of the pumps. In this regard, it is
important to take into account the cavitation
phenomena in the LPE pumps during the math-
ematical modeling of the LPE launch. Among the
mathematical models of the dynamics of LPE ca-
vitation pumps [18, 20—22], currently the most
advanced group of mathematical models are tho-
se developed in the ITM of the NAS of Ukraine
and SSAU [18, 20], which are based on the theory
of jet cavitation flow around a grid of profiles and
are called hydrodynamic models.

In this research, we have used a hydrodynamic
model based on the generalization of the results of
dynamic tests of 18 LPE screw centrifugal pumps
and screw front pumps with a constant pitch [23].
It also uses the experimental and calculated coef-
ficients obtained in [24—26]. This model contains
the equation of the dynamics of cavities, which is
written with respect to the pressure at the pump
inlet, and the equation for determining the pres-
sure at the pump outlet, like in [8]. With respect
to the oxidant pump, these equations have the
form:

d, Gy — G, dG, dG,
(1+aPo)—Z}O = l%co 2+ Reyo d;o +Reao d;O , (34)
_ ~ 2

Pyo=Pio + ppo(ny GQO) DPpo = Qy0550 ~
dGso
- (JQO +jpo) dr (35)

where p, ,, G, are the fluid pressure and the con-

sumption rate at the pump inlet; p,,, G,, are the

fluid pressure and the consumption rate at the

pump outlet; PO = M (G,,— G,,) is the
P10
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=— ;— is the compliance
10

of cavities in the ox1dant pump; R, R,

cavitation resistance coeflicients; B, RC1 0=B,,—
_ BIO 'TCO ¥ @BD _ a(}-J)l(}j—'(',‘f))((;1

dynamic coefficient; C,,,

,are the

-G,,); R, =
Yo 0Gyp 8Gyo © 20 “
_ BipTeo aF’lo
? BZO(p1O’ 10) B1O’ T arethe

elasticity and the time constant of cavities; p, is
the oxidant pump cut-oft pressure; p, (n, G,,),
Dy, are the pressure characteristic and the cavita-
tion function of the oxidant pump; a,,, /,, are the
coefficients of hydraulic characteristics and the
inertia of the oxidant feedline section from the pump
outlet to the branch; J,  is the inertia coefficient
of the fluid in the flow part of the oxidant pump.

The mathematical model of the RD861K en-
gine nonlinear dynamics along the oxidant line
also contains the equations of the consumption
rate balance in the branching of the pipelines and
the equation of the oxidant motion from the pipe-
line branching to the fire space of the gas genera-
tor and the combustion chamber:

dpyg;
Cro Pro =G,0 —Gep —Gooo) (36)
2 dG
Puo = Pc +acoGco +Jco dfo ) (37)
2 dG
Puo = Pec + 96600660 +J 6eo ;GO , (38)

where C,, is the oxidant compliance coefficient
in the pipeline branch; G, G, are the oxidant
consumption rates for the combustion chamber
and the gas generator; p, p,,. are the pressure in
the combustion chamber and in the gas genera-
tor; @, S o AecorJ oo are the coeflicients of hy-
draulic characteristics and the inertia of the oxi-
dant feedline section from the branching of the
pipelines to the combustion chamber and to the
gas generator, respectively.

To make start calculations, the mathematical
model of the RD861K engine nonlinear dynamics
along the oxidant line shall be supplemented with
the equations for filling the oxidant pipelines: from
the oxidant inlet valve to the pipeline branching
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and from the pipeline branching to the fire space of
the gas generator and to the combustion chamber:

dVpg dVeg
=G, =G
Yo ar 20, 7o J co,
dvV,
Yo 7:;;0 =Ggeo (39)

where V,, V., V., are the filled volumes of the
oxidant hydrauhc paths from the oxidant inlet valve
to the pipeline branching and from the pipeline
branching to the fire space of the gas generator
and the combustion chamber, respectively.

In the RD861K engine, the schemes of the oxi-
dant and fuel hydraulic paths are similar (see the
calculation scheme of the engine, Fig. 8): after the
pumps, the flows of both fuel components are di-
vided into the flow that go to the gas generator and
the flow that comes to the combustion chamber.
Therefore, the low-frequency dynamics of the
fuel pump and its hydraulic path from the pump
to the gas generator and the combustion chamber
can be described by a system of equations similar
to the one used to describe the low-frequency dy-
namics of the oxidant line (34)—(39).

When building the mathematical model of low-
frequency dynamics of the RD861K LPE gas paths,
the following generally accepted simplifications
have been used [20, 27, 28]. The combustion cham-
ber and the gas generator are considered concen-
trated parameter systems. The processes that take
place in the gas paths of the engine are assumed
to be adiabatic [20, 29]. No delays in the dyna-
mics equations of the combustion chamber and the
gas generator are taken into account. The simpli-
fications make it possible to describe the non-sta-
tionary non-isothermal adiabatic motion of gas in
the elements of engine’s gas path within the fre-
quency range up to 50 Hz with the hybrid system
of equations, which consists of ordinary differential
equations and algebraic equations. These equa-
tions are derived from the equations of continui-
ty, conservation of momentum, conservation of
energy, and the equation of state of gas. They de-
scribe changes in the pressure, the temperature,
and the gas flow in the elements of the gas path

61



Pylypenko, O. V., Dolgopolov, S. I, Nikolayev, O. D., and Khoriak, N. V.

for the final cross-sections of each element (at the
inlet and at the outlet).

Below, there are the equations that describe
the working processes in the gas generator when
the RD861K engine starts: for determining the
pressure in the gas path of the gas generator, for
determining the efficiency of fuel combustion
products in the gas path of the gas generator, and
for determining the consumption of combustion
products at the gas generator outlet:

e _ Ko (RT )gq

Gepp +Gearr —Gee |, (40
90 = 200 26 (a0 + Gar ~Gas). (40)

G
(RT)g = (RT Nkg), ke =—2%%
GGF

Kgg+l

Fec Pea 2 61
G =————2.lg K - -
e (27) 56| oo 1 ,
GG -

where (RT),,, is the performance of combustion
products of fuel components in the gas generator;
K, is the adiabatic index in the gas generator;
V.. is the volume of the gas path of the gas gen-
erator; k is the gas generator fuel component
ratio; G . is the gas consumption through the gas
generator; F, . is the effective area of the nozzle
grid of the engine turbine.

The working processes in the combustion cham-
ber at the start of the RD861K engine are de-
scribed by equations similar to (40) and (41).

For the mathematical modeling of the dynam-
ics of the turbopump unit during the start of the
RD861K LPE, as well as in stationary modes of
operation of the engine, we have considered the
motion of the rotor consisting of a shaft, impel-
lers of turbines and pumps. The derivative of the
angular momentum of the TP rotor relative to
the fixed axis is equal to the momentum of the
external forces applied to the rotor. Then the
equations of the dynamics of the TP rotor and
the torques of the turbines and the oxidant and
fuel pumps on the TP shaft when starting the
RD861K engine can be presented in the follow-
ing form [27, 11]:
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where /,, is the moment of inertia of the TP rotor;
M., M are the torques of the LPE main and start-
ing turbines; M, ,, M, are the torques of the oxi-
dant and fuel pumps; L, is the adiabatic work of

the gas arriving at the blades of the main turbine

] Kgg—1

L“ID _ Kgg (RT)GG 1_[?’2} Ko ,
ET

(45)

Kgg —

pp pT, are the gas pressure at the inlet and outlet
of the main turbine; n, is the efficiency of the
main TP turbine

o L

n}.:ao+a1[1]+%[i] ,

Cip C4p
a,, o, o, are the main TP turbine efficiency ap-
proximation coeflicients; u is the peripheral speed
of the turbine wheel on the average diameter; ¢, ,
is the adiabatic gas velocity; L, . is the adiabatic
work of the starting turbine gas; n,, is the start-
ing turbine efficiency; n,,,, n,,are the efficiency of
the oxidant and fuel pumps.

On the basis of the developed mathematical
models of the fuel (8)—(18) and oxidant (21)—
31) feedline system, as well as the model of the
low-frequency dynamics of the RD861K sustain-
er engine (34)—(46), we have made calculations
of the engine start. The main time characteristics
of the engine start (the time dependence of pres-
sure, consumption rate, and the frequency of TP
shaft rotation) have been determined. The time
required for oxidant and fuel to fill the tracts of
the gas generator and combustion chamber has
been estimated as 1.50 s and 1.99 s (gas genera-

(46)

ISSN 2409-9066. Sci. innov. 2024. 20(1)



Mathematical Modeling of the Transient Processes in Propulsion System of the Upper Stage of the Cyclone-4M

P bar Ppp bar
8 6
6
4
4
2
9 =
0 1 1 1 0
1 2 3 t,s

Fig. 9. Time dependence of fuel pressure at the engine inlet (@) and at the LJS inlet (b) during the start of RD861K sus-
tainer engine in the test conditions: 7 — experimentally measured; 2 — calculated
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Fig. 10. Time dependence of oxidant pressure at the engine inlet (a) and at the LJS inlet (b) during the start of RD861K
sustainer engine in the test conditions: 7 — experimentally measured; 2 — calculated

tor) and 2.37 s and 2.41 s (combustion chamber), | other. They have shown that during the engine
respectively. The estimated time for the engine to | start, there are two hydraulic shocks in the feed-
enter the required mode (90% thrust) is 3.08 s. | line system with both the oxidant and the fuel.
The time dependences of the transient process | During the first hydraulic shock, the pressure
parameters in the joint system of the propulsion | peaks occurs at a time of 0.44 s for the oxidant
engine and LJS for both fuel components have | line and 0.42 s for the fuel line (in calculations,
been determined. For the pressure at the sustain- | 0.42 s and 0.43 s, respectively). This hydraulic
er engine inlet and the LJS inlet, they are pre- | shock is caused by strong braking of the oxidant
sented in Figs. 9 and 10 (here, the start time is | and fuel flows when they fill the pump impellers.
conditionally assumed 0.3 s). At this start time, the TP shaft rotates slowly,

The same figures show the results of experi- | which creates additional hydraulic pressure loss-
mental studies. In general, the experimental and | es in the narrow channels of the pump impellers.
calculated data agree satisfactorily with each | The peak pressure at the sustainer engine inlet
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during the first hydraulic shock is 23.6 bar, for
the oxidant line, and 6.2 bar, for the fuel line (the
calculated values are 17.0 bar and 5.8 bar, respec-
tively). The peak pressure at the LJS inlet are
slightly lower: 16.4 bar, for the oxidant line, and
5.5 bar, for the fuel line (the calculated values are
12.9 bar and 5.6 bar, respectively).

The second hydraulic shock is caused by brak-
ing the oxidant and fuel flows into the combus-
tion chamber with a rapid increase in the pres-
sure in the chamber due to ignition and subse-
quent combustion of fuel components. The pres-
sure peaks during the second hydraulic shock
occur at atime of 2.79 s (see Figs. 9 and 10). Their
values are much smaller than those for the first
hydraulic shock, and are at the sustainer engine
inlet reach 10.4 bar, for the oxidant line, and 3.2 bar,
for the fuel line (the calculated values are 6.7 bar
and 5.2 bar, respectively), while at the L]JS inlet
they are equal to 9.4 bar, for the oxidant line and
3.7 bar, for the fuel line (the calculated values are
5.9 bar and 3.2 bar, respectively).

The nonlinear mathematical model of the low-
frequency dynamics of the propulsion system of
the upper stage of the Cyclone-4M launch rocket
has been tested. It has been shown that the devel-
oped mathematical model makes it possible to
satisfactorily describe the characteristics of tran-
sient processes during the start of a sustainer en-
gine and to obtain the oxidant and fuel pressure
peaks during hydraulic shocks, which are close to
the experimental values. This means that the
specified mathematical model can be used to pre-
dict the time dependence of the fuel component
pressure at the LJS inlet during the start and stop
of the sustainer engine, in extreme operating con-
ditions of LJS in the joint feedline system of the
sustainer engine and the L]JS.

CONCLUSIONS

Nonlinear mathematical models of the low-frequen-
cy dynamics of the joint oxidant and fuel feedline
systems of the sustainer engine and the upper
stage of the Cyclone-4M launch vehicle have been
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developed. While developing them, we have used
an approach that involves the determination and
reconciliation of the frequency characteristics of
fuel lines as distributed parameter systems and
concentrated parameter systems, in a certain fre-
quency range. The impedance method has been used
to determine these frequency characteristics. The
frequency characteristics of the feedlines have
been calculated on the basis of the mathematical
model of unsteady one-dimensional motion of a
compressible fluid in a circular pipeline. For dis-
tributed parameter systems, these models are re-
presented by partial differential equations. When
considering the feedlines as concentrated parame-
ter systems, we have used the simplest concentra-
ted hydrodynamic elements such as active resist-
ance, mass and capacity, which are the primary
cells of finite elements, with the dynamics of feed-
lines described by ordinary differential equations.

To test the developed models, the transient pro-
cesses in the oxidant and fuel feedlines during en-
gine shutdown have been simulated. The compa-
rison of the mathematical modeling results with
the results of experimental studies has shown a
satisfactory agreement of the pressure peaks dur-
ing hydraulic shocks, natural frequencies of fluid
oscillations, and hydraulic shock pattern (horizon-
tal pressure shelves when fluid continuity is broken).

The mathematical model describing the non-
linear dynamics of sustainer engine has been de-
veloped. It contains the mathematical models of
the nonlinear dynamics of the joint oxidant and
fuel feedline of the sustainer engine and LJS and
the mathematical model of the nonlinear dynam-
ics of the RD861K engine itself. The engine model
takes into account the cavitation phenomena in
the oxidant and fuel pumps, the dynamics of fill-
ing the oxidant and fuel paths, gas-dynamic pro-
cesses in the fire cavities of the gas generator and
combustion chamber, and the dynamics of the TP
rotor. The engine start parameters have been cal-
culated. The main time characteristics of the engine
start have been determined. The time required
for oxidant and fuel to fill the tracts of the gas
generator and combustion chamber and the time
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for the engine to enter the required mode (90%
thrust) have been estimated. It has been shown that
during the engine start, there are two hydraulic
shocks in the feedline system with both the oxi-
dant and the fuel. The first hydraulic shock is
caused by strong braking of the oxidant and fuel
flows when they fill the pump impellers. The peak
pressure at the sustainer engine inlet during the
first hydraulic shock is 23.6 bar, for the oxidant
line, and 6.2 bar, for the fuel line (the calculated
values are 17.0 bar and 5.8 bar, respectively).

The second hydraulic shock is caused by brak-
ing the oxidant and fuel flows into the combus-
tion chamber with a rapid increase in the pres-
sure in the chamber due to ignition and subse-
quent combustion of fuel components. The pres-
sure peaks are much smaller than those for the
first hydraulic shock, and are at the sustainer en-
gine inlet reach 10.4 bar, for the oxidant line, and
3.2 bar, for the fuel line (the calculated values are
6.7 bar and 5.2 bar, respectively).
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MATEMATNYHE MOJIEJTIOBAHHA MEPEXI/ITHUX [TPOILECIB ¥ CUCTEMI
JKUBJIEHHSA MAPIITIOBOT PIIMHHOT ABUTYHHOT YCTAHOBKU BEPXHbBOT'O
CTVYIIEHA PAKETU-HOCIA «<IINKJIIOH-4M»

Beryn. Pospo6ka J[I1 «<KB «IliBnente» kocmiunoi pakeru-tvocis (PH) «Iukion-4M» € BaKJIMBUM HalPSIMOM POOOTH KOC-
MiuHOi rasiysi Ykpainu. OHUM 3 iHHOBALIHUX CIIOCOOIB JKUBJIEHHS € KUBJEHHsI piguHHOI peakTuBHOl cuctemu (PPC) 3
TMAJMBHUX Marictpaseil mapimiosoro asuryHa (M/1).

IIpo6remaruka. /[uis peasizarii 3a3HaueHoro ciocody sxusientst PPC neoOxinHo 3abesneuntu criiikicts pobotu PPC 1ipu
riipaBJIiyHKUX y/lapax Ta IMpoBajiaX TUCKY KOMIIOHEHTIB MaJjuBa I/ yac 3ammycky i 3ynuaku M/1. 17151 11boro BUKOHYIOTb Ma-
TeMaTUYHe MOJIEJTIOBAHHS MEePEXiIHUX MPOIECiB y MApIIOBiii IBUTYHHIHN yCTAHOBI TIPH 11 3aITyCKy Ta 3yMUHII.

Merta. PospaxynkoBe BU3HaueHHS MapaMeTPiB IEPEXiZIHNX TIPOIECiB y MATMBHUX MariCTPaIsaX MapIIOBOTO JABUTYHA BEPX-
Hboro crynens PH «I{ukion-4M» 3 ypaxysanasam BBy M/I Ha po6ory PPC BHactiok 06 eiHaH s MaricTpaseii ix ;us-
JICHHSL.

Martepiamu it MeTou. BUkoprucTano MeTou Teopii aBTOMaTHYHOTO PETYJIIOBAHHS, IMIIEJAHCHHIT METOJL Ta METO/IM YNCEe/Ib-
HOTO MO/ICJIIOBAHHS HEYCTAJIEHOTO PYXY Fa30HACUYEHUX PiJIIH.

Pesyabratu. [IpoBenierno maremMaTnune Mo/ TIOBAaHHS TIEPEXiTHUX MPOIECiB y chibHill cuctemi skuBiaenns M/[ ta PPC
Bepxuboro crynens PH «Iukinon-4M» tipu sanycky ta synmaii M/I. TIpu pospobiii MaTeMaTH4HOI MO CUCTEM KUBJICHHS
JIBUTYHHOI YCTAaHOBKHU OyJiM BUKOPUCTAHI IXHI YACTOTHI XapaKTePUCTUKHU SIK CUCTEM i3 PO3NOIIJIEHMME Ta 30CePe/KEHUMU
TapaMeTpaMy, y3ro/UKeHi y BU3HaUeHOMY YacTOTHOMY fiana3oHi. [IpoBezeno pospaxynkn 3amycky Ta 3ynuakn M/, Ilokasano
3a/I0BIJIbHE Y3TO/IKEHHS €KCIIePMMEHTAIbHUX Ta PO3PAXyHKOBUX 3HAYEHb BJIACHUX YACTOT KOJIMBAHb PiJIMHU, TiKiB TUCKY IPU
riZipaBIiYHUX yaapax i 0cobaMBOCTE TiApaBIiuHOTO yaapy (TOpU30HTAIbHI HOJIUIN TUCKY TIPH PO3PHBI CYIIILHOCTI PiAvHN).

Bucnosku. Po3po6ieHo i mpoTecToBaHo HeTiHIfiHY MaTeMaTUIHy MOZIEb HU3bKOYACTOTHOI IMHAMIKY IBUTYHHOI YCTaHOB-
&1 Bepxiboro crymnerst PH «Ilukmon-4Ms», sky Moske 6y TH BUKOPHUCTAHO [T TPOTHO3Y 3aJIeKHOCTEH THCKIB KOMITOHEHTIB
nasinBa Ha Bxozii B PPC Bizt wacy npu sanycky ta synunini M/, ko y crisnbhiit cucremi skusienns M/I ta PPC peanisyiorbes
excrpeMadibhi 1t PPC pexumu poboTu.

Kmouosi crosa: BepxHiil cTyliHb pakeTH-HOCIST, MAPITOBUI PiINHHIN PAaKeTHUH JABUTYH i HOTO CUCTEMA JKUBJIEHHS, PiTUHHA
PeaKkTUBHA CUCTEMA, TIePeXi/IHi TPOIIeCH, 3aITyCK Ta 3yIMHKA IBUTYHA, MATEMAaTHYHe MOJIEJTIOBAHHS.
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