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Theoretical investigation on the elastic  
properties, bond stiffness and hardness of WX2 
(X = B and N) 

In this paper, we investigate the elastic properties, bond stiffness, 
hardness and Debye temperatures for hexagonal P63/mmc WX2 (X = B or N). It is 
observed that these two compounds are stable in mechanics. Both these two have three 
typical bonds, W–X bonds, X–X and W–W bonds. By investigating the bond stiffness of 
these three types of bonds, we found that the bulk modulus of WX2 is mainly determined 
by W–X and W–W bonds, while the shear modulus is mainly determined by X–X bonds. 
In addition, using a theoretical model, we evaluate the hardness of these two com-
pounds. Results showed that the Vickers hardness of WN2 is much lower than that of 
WB2. What’s more, by calculating the Debye temperatures, we found the melting point 
of WN2 is much lower than WB2, and the overall chemical bonds in WB2 are stronger 
than that of WN2. 

Keywords: superhard materials, elastic properties, bond stiffness, 
hardness, Debye temperatures.  

INTRODUCTION 

As an important research direction of superhard materials in the 
future, transition-metal borides have advantages of easy synthesis and low cost. So, 
great progress has been made in investigating this type of materials.  

Chung et al. [1, 2] synthesized ultra-incompressible transition-metal boride, 
ReB2, by arc melting at ambient pressure. Further research showed that rhenium 
diboride (ReB2) is an ultrahard material with a hardness of approximately 48 GPa 
under a load of 0.49 N, and it was thought to be currently the hardest known transi-
tion metal diboride. But this research caused a substantial controversy. Dubrovin-
skaia et al. [3] figured out that ReB2 is not a superhard material, because the load 
invariant hardness of it is below 30 GPa. But as a response, Chung et al. [4] pro-
vided an atomic force microscopy profile of scratch marks of ReB2 on the diamond 
surface. Up to now, it is still debated on whether ReB2 is a superhard material. 
Compared with ReB2, it is no doubt that RuB2, OsB2 and WB2 are not superhard 
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materials [5–8]. But tungsten, as one of the few transition metals, is known for its 
ability to form higher boron content borides, and tungsten borides have much more 
advantages compared to other transition-metal borides: (i) tungsten is relatively 
inexpensive, (ii) tungsten is one of the few transition metals which can form higher 
boron content borides. To find more boron-rich structures, Ma et al. [9] used a 
systematic first-principles global structural optimization method to search the 
structures of tungsten borides. They established for the first time the thermody-
namically stable structures for boron-rich tungsten borides hexagonal P63/mmc-2u 
W2B5 and hexagonal R-3m-6u WB3. As two new predicted phases of boron-rich 
tungsten borides, there are few reports on their physical properties. In our previous 
study, we have systematically explored the structural, elastic and electronic proper-
ties for these two transition-metal borides WBx(x = 2.5, 3.0) [10].  

But the hardness of tungsten borides is not ideal, it limits the application of this 
kind of materials. Therefore, studying the factors influencing hardness and explor-
ing the method to improve hardness has important scientific significance in the 
design of transition metal boride superhard materials. Studies show that pressure, 
cation doping and anion doping can change the hardness of transition metal bor-
ides. In our previous study, we investigated the structural stability, electronic prop-
erties and hardness for three Re-doped hexagonal W2B5 compounds to explore the 
influence of Re-doping structural regulation on hardness characteristics. In addi-
tion, we also studied the hardness and other properties of W2B5 at high pressure 
[11]. But there are few studies on the effect of of anion doping on hardness of tran-
sition metal borides. In this work, we intend to investigate the elastic properties, 
bond stiffness, hardness and Debye temperatures for hexagonal P63/mmc ReB2–
WX2 (X = B or N). This work would provide a theoretical basis for improving the 
hardness of transition metal borides by anion doping. 

COMPUTATIONAL METHODS AND DETAILS 

In this letter, the structural, electronic properties, bond stiffness and hardness of 
WX2 (X = B and N) are investigated by standard Kohn-Sham self-consistent den-
sity functional theory [12–13]. The atoms positions are optimized by using the 
conjugate gradient (CG) algorithm, and the self-consistency tolerance is set to 
1×10−6 eV for the total energy per atom and 0.001 eV/Å for atomic force in the 
structural optimization. For the exchange-correlation energy, the generalized gradi-
ent approximation designed by Perdew, Burke, and Ernzerhof (PBE) [14–15] is 
used in the calculation. Pseudopotentials plane-wave method is adopted to describe 
the valence electron interaction with the atomic core. The valence electronic con-
figurations for W, B and N are set as 5s25p6 5d46s2, 2s22p1 and 2s22p3, respectively. 
A plane-wave basis set with an energy cutoff of 450 eV is closed to ensure a stable 
state of the system energy. The 5×5×2 k-points in the Brillouin zone is performed 
using Monkhorst-pack grid [16]. 

RESULTS AND DISCUSSIONS 

Structural Stability and Elastic properties 

Previous lots of investigations of diborides show the measured Vickers hard-
ness of ReB2 is larger than other diborides like MB2 (M = Os, W, Ta and Ru) [5–8]. 
It is due to its special structure. In this paper, we use the first principles calcula-
tions to investigate hexagonal P63/mmc ReB2–WX2 (X = B or N). The structure is 
presented as following Fig. 1. Our calculated theoretical lattice parameters are a = 
b = 2.927 Å, c = 7.735 Å with W at Wyckoff 2c (0.33333, 0.66667, 0.25) and B at 
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4f (0.33333, 0.66667, 0.540638) positions for WB2; and a = b = 3.100 Å, c = 7.255 
Å with W at Wyckoff 2c (0.33333, 0.66667, 0.25) and B at 4f (0.33333, 0.66667, 
0.601559) positions for WN2. Our calculated results are good agreement with theo-
retical work of Ma et al. [9].  

 

W 

X (B or N)

 
Fig. 1. The crystal structure of hexagonal P63/mmc ReB2–WX2 (X = B or N). 

 
To investigate the mechanical stability of WX2 (X = B or N), we calculated the 

elastic constants of them by the strain-stress method, and judge whether they are 
stable by the generalized elastic stability criteria. 

For hexagonal phase, the mechanical stability criteria are as follows: 

C44 > 0,  C11 > |C12|,  (C11 + 2C12)C33 > 2C13.  (1) 

The bulk modulus B, shear modulus G and Young’s modulus E can be calcu-
lated via the Voigt-Reuss-Hill (VRH) approximations: 
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where BV and GV are the bulk and shear modulus in the Voigt scheme, respectively; 
BR and GR are the bulk and shear modulus in the Reuss scheme, respectively [17]. 

According to the VRH approximations [18], the bulk modulus B, shear modulus 
G and Young’s modulus E of a polycrystalline material can be calculated by fol-
lowing formulas:  
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B = 
2

1
(BR + BV), G = 
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9
.      (7) 

Table 1. The elastic constants, GPa, of hexagonal phase WB2 and WN2 

 C11 C12 C13  C33 C44 BV GV BR GR 
WB2 592.4 169.3 93.2 950.0 260.2 316.3 265.0 308.6 252.2 

WN2 482.4 258.9 168.4 296.7 114.3 272.5 112.4 246.9 110.1 

 
In Table 2, we listed the B, G, E and B/G for hexagonal phase WB2 and WN2. It 

can be seen that the bulk modulus B, shear modulus G and Young’s modulus E for 
WB2 are much larger than the counterpart of WN2. In order to explore the reasons, 
we need to further study the bond components of the two structures. 

Table 2. The B, G, E, GPa, and B/G for hexagonal phase WB2 and WN2 

 B  G E B/G 
WB2 312.4 258.6 608.0 1.208 

 320.0 [7] 208.0 [7], 273.0 [19]   

WN2 259.7 111.3 292.1 2.333 

Bond Stiffness 

Bai et al. proposed a simple model to characterize the bond stiffness [20–21]. 
According to this model, they can obtain the bond stiffness k by fitting a quadratic 
curve to the relative bond lengths d/d0 (d0 is the bond length at 0 GPa) as a function 
of p. The pressure dependence of relative bond lengths can be expressed as a form 
of polynomial function (d/d0= C0 + C1p + C2p

2) (where p is the hydrostatic pres-
sure, Ci (i = 0, 1, 2) are the quadratic fitting coefficients). And then the bond stiff-
ness k can be computed by following formula:  

1
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0 2
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+== pCC
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Using the above theoretical model, we obtained the relationship of the normal-
ized bond length of WB2 and WN2 changed as pressure and gave them in following 
Fig. 2, a and Fig. 3, a, respectively. By fitting the pressure dependence of relative 
bond lengths to polynomial function, we calculated the quadratic fitting coeffi-
cients for different bonds. And then the bond stiffness can be calculated formula 
(8). In Figs. 2, b and 3, b, we depicted the bond stiffness as a function of p for WB2 
and WN2, respectively. 

In the structure of WX2 (X = B or N), there are three types of bonds: W–X 
bonds, X–X bonds and W–W bonds. For WB2, W–W bonds possess the highest 
stiffness (1244.7 GPa), while weakest bond stiffness is B–B bonds (970.9 GPa). 
But for WN2, W–N bonds possess the highest stiffness (1916.1 GPa), while weak-
est bond stiffness is N–N bonds (418.4 GPa). The bond stiffness of compounds has 
an important influence on the elastic properties. In this study, by analyzing the 
results of bulk/shear modulus and bond stiffness of WX2 (X = B or N), we can 
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guess that the bulk modulus of WX2 is mainly determined by W–X and W–W 
bonds, and the shear modulus is mainly determined by X–X bonds.  
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Fig. 2. The normalized bond length changed as pressures p (a) and the bond stiffness as a func-
tion of p (b) for WB2: W–W (1), W–B (2), B–B (3). 
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Fig. 3. The normalized bond length changed as pressures p (a) and the bond stiffness as a func-
tion of p (b) for WN2: W–N (1), W–W (2), N–N (3). 

 
Table 3. The bond stiffness, GPa, for WX2 (X = B or N) at zero pressure. 

Bond W–X X–X W–W 
WB2 1047.4 970.9 1244.7 

WN2 1916.1 418.4 469.5 

 
Although the highest bond stiffness (W–W bonds) in WB2 is much smaller than 

the highest bond stiffness (W–N bonds) of in WN2, the bulk modulus of WB2 is a 
little larger than that of WN2 after a comprehensive consideration of the factors of 
the bond stiffness of W–B in WB2 and the bond stiffness of W–W in WB2. In addi-
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tion, because the stiffness of B–B bonds in WB2 is much stronger than the N–N 
bonds in WN2, so the shear modulus of WB2 is much higher than that of WN2. 

Hardness 

Vicker’s hardness is an important parameter to measure the abrasion perform-
ance of materials. In previous work [10, 22], we have studied the influence factor 
of the hardness of transition metal borides and phosphides. There are several theo-
retical models to calculate theoretical Vickers hardness. In this work, we use theo-
retical model proposed by Tian et al. [23] to calculate the hardness of WB2 and 
WN2. In this model, HV = 0.92 k1.137G0.708, where the k = G/B, B and G are the bulk 
modulus and shear modulus of crystals, respectively. Both bulk and shear moduli 
are macroscopic concepts.  

Table 4 presents the calculated Vicker’s hardness of WB2 and WN2, they are 
37.9 and 9.9 GPa, respectively. This result is well agreement with the result ob-
tained by Gao’s model [24, 25]. it can be seen that the hardness of WN2 is much 
smaller than that of WB2 and is mainly limited by the shear modulus G. Above, we 
discussed the relationship of the bond stiffness and bulk/shear modulus. Consider-
ing this, we can conclude that a small bond stiffness of N–N bonds leads to a low 
hardness for WN2. 

Table 4. The theoretical hardness of WX2 (X = B or N) 

 B, GPa G, GPa k Hv, GPa 
WB2 312.4 258.6 0.828 37.9 

    35.7 [24] 

WN2 259.7 111.3 0.429 9.9 

Debye temperature 

The Debye temperature is an important thermal quantity to predict thermody-
namic properties such as the melting temperature of the material. According to the 
Debye model [26], the Debye temperature can be calculated from the average 
sound velocity of a polycrystalline material by the following formula:  
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where h is the Plank’s constant, kB is the Boltzmann’s constant, NA is Avogadro’s 
number, ρ is the mass density, M is the molecular weight, and n is the number of 
atoms in the molecule, va is the average sound velocity of a material. While the 
average sound velocity can be obtained from the transverse (vt) and longitudinal 
(vl) sound velocities by following formula: 
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While the longitudinal and transverse sound velocities can be computed from 
the shear and bulk moduli, and the mass density ρ from the following formula: 
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According to above theoretical formulas, we calculated the Debye temperature 
of WB2 and WN2 and listed them in following Table 5. 

Table 5. Calculated Debye temperature of WB2 and WN2 

Compounds vl, m/s vt, m/s va, m/s ρ, g/cm3 θD, K 
WB2 2347.7 1472.7 1621.7 11.93 227.5 

WN2 1853.5 968.0 1082.9 11.88 149.3 

 
Different materials have the different Debye temperatures. The higher the De-

bye temperature, the higher the melting point, and the stronger the chemical bonds 
between the atoms. So the melting point of WB2 is higher than WN2. And the over-
all chemical bonds in WB2 are stronger than that of WN2.  

CONCLUSIONS 

In this paper, the elastic constants, bond stiffness, hardness and Debye tempera-
ture of hexagonal P63/mmc WX2 (X = B or N) were studied by first principles the-
ory. According to the calculated results of elastic constants, we further discussed 
the bulk modulus B, shear modulus G and Young’s modulus E for WX2 (X = B or 
N), and found that these moduli for WB2 are much larger than their counterparts 
for WN2. In order to explore the reasons, we studied the bond components and 
their bond stiffness for these two structures. Results showed that the bulk modulus 
of WX2 is mainly determined by W–X and W–W bonds, and the shear modulus is 
mainly determined by X–X bonds. Although the highest bond stiffness in WB2 is 
much smaller than the highest bond stiffness of in WN2. Due to the comprehensive 
influences of W–W and W–X bonds, the bulk modulus of WB2 is a little larger 
than that of WN2. For the stiffness of B–B bonds much stronger than the N–N 
bonds, so the shear modulus of WB2 is much higher than WN2.In addition, by cal-
culating the theoretical Vickers hardness of WX2 (X = B or N), we found that a 
small bond stiffness of N–N bonds leads to a low hardness for WN2. What’s more, 
by analyzing the Debye temperature of WX2 (X = B or N), we can see that the 
melting point of WB2 is higher than WN2 and the overall chemical bonds in WB2 
are stronger than that of WN2. This work would provide a theoretical reference for 
improving the hardness of transition metal borides by anion doping. 
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Досліджено пружні властивості, жорсткість зв’язку, твердість і те-

мпература Дебая гексагональних (P63/mmc) сполук WX2 (X = B або N). Спостерігається, 
що ці дві сполуки стійкі при механічній обробці. Обидва мають три типові зв’язки: W–X, 
X–X і W–W. При дослідженні жорсткості трьох типів зв’язків, виявлено, що об’ємний 
модуль WX2 визначається в основному зв’язками W–X і W–W, тоді як модуль зсуву – 
зв’язками X–X. Крім того, використовуючи теоретичну модель, оцінено твердість цих 
двох сполук. Результати показали, що твердість по Віккерсу WN2 значно нижча, ніж у 
WB2. Більше того, за підрахунком температури Дебая, виявлено, що температура плав-
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лення WN2 набагато нижча, ніж WB2, а загальні хімічні зв’язки в WB2 сильніші, ніж у 
WN2. 

Ключові слова: надтверді матеріали, еластичні властивості, жорст-
кість зв’язки, твердість, температура Дебая. 

 
Исследованы упругие свойства, жесткость связи, твердость и темпе-

ратура Дебая для гексагональных (P63/mmc) соединений WX2 (X = B или N). Замечено, что 
эти два соединения устойчивы при механичной обработке. Оба имеют три типичные 
связи: W–X, X–X и W–W. При исследовании жесткости этих трех типов связей, обнару-
жено, что объемный модуль WX2 в основном определяется связями W–X и W–W, а модуль 
сдвига – связями X–X. Кроме того, используя теоретическую модель, оценили твердость 
этих двух соединений. Результаты показали, что твердость по Виккерсу у WN2 намного 
ниже, чем у WB2. Более того, вычисляя температуры Дебая, обнаружили, что темпера-
тура плавления WN2 намного ниже, чем у WB2, а общие химические связи в WB2 прочнее, 
чем у WN2. 

Ключевые слова: сверхтвердые материалы, упругие свойства, жест-
кость связи, твердость, температура Дебая. 
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