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PROPERTIES OF DISCRETE-TIME CONDITIONAL LINEAR
CYCLOSTATIONARY RANDOM PROCESSES IN THE PROBLEMS
OF ENERGY INFORMATICS

Abstract. Modern challenges in the energy industry require comprehensive research in the field
of energy informatics, which combines computer science, control systems, and energy management
systems within a single methodology. An important area of energy informatics is the study of problems
of systems and processes modeling in energy, including energy loads and consumption. Linear and
conditional linear random processes (CLRP) are mathematical models of signals represented as the sum
of a large number of random impulses occurring at random times. The energy consumption, vibration
signals of energy objects, etc. can be modeled using this approach. A variant of the CLRP model
with discrete time, taking into account the cyclic properties of energy consumption, has been investigated
in the paper. The goal is to justify the conditions for the discrete-time CLRP to be a periodically
correlated random process, as well as a cyclostationary process. It has been shown that
the corresponding conditions depend on the periodicity of the probability distributions of the kernel and
the generating white noise of the CLRP representation. To achieve the goal, the properties
of mathematical expectation and covariance function of CLRP, as well as the method of characteristic
functions, have been used. The paper proves that the discrete-time CLRP is a periodically correlated
random sequence if the generating white noise has periodic mathematical expectation and variance, and
the kernel is a periodically correlated random field. Based on the analysis of the multivariate
characteristic function, it has been proven that the discrete-time CLRP is cyclostationary if
the generating white noise is a cyclostationary process and the kernel is a cyclostationary random field.
The properties of discrete-time conditional linear cyclostationary random processes are important
for mathematical modeling, simulation, statistical analysis, and forecasting of energy consumption.
Keywords: mathematical model, energy informatics, conditional linear random process, cyclostationary
process, white noise, characteristic function.

1. Introduction

Problems and challenges in the modern energy industry are related to the volatility and partial
controllability of renewable energy sources, the uncertainty of the energy consumers' behavior (which no
longer necessarily corresponds to standard load profiles), decentralization, modification of the dynamic
characteristics of sustainable energy systems, etc. [1]. There is a strong need for essential contributions from
=++=the computer science community to overcome the above challenges. This can be done within
the energy informatics framework, a highly interdisciplinary and dynamic field of research and development.
Energy informatics combines computer science, control systems, and energy management systems in
a single methodology [1-3]. Important directions of energy informatics are associated with the collection,
analysis, deployment, and exploitation of energy status data, modeling, simulation, and prediction of
the behavior of energy systems and processes [1], including energy loads and consumption mathematical
modeling and computer simulation. Energy resources consumption (e.g., electric, gas, water consumption)
analysis and simulation are also important tools for the problems of energy consumption behavior-based user
segmentation, electricity consumption pattern (load profiles) analysis, energy consumption forecasting,
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development of information measurement and information control systems in the electric power
industry [4, 5].

The mathematical model, being the theoretical foundation of the structural, algorithmic, and technical
implementation of the developed systems and technologies, should be adequate to the measuring process,
represent the physical mechanism of its generation, and also be suitable for performing its theoretical
analysis, solving problems of monitoring and diagnostics of energy facilities based on the results of
the experiments. Linear and conditional linear random processes (CLRP) are the mathematical models
satisfying the above demands, representing the investigated signals and processes as the sum of many
random stochastically dependent impulses occurring at random Poisson times. The energy consumption,
vibration signals of energy objects, etc. can be modeled using this approach.

The concept of a "conditionally linear random process" has been developed by Percy A. Pierre [6]
in the context of his research on the problem of mathematical modeling of radar clutter. Continuous-time
CLRP [6-8] is defined in the form of a stochastic integral of a random kernel driven by the process with
independent increments. Different cases of the general approach have been investigated in [9, 10].
In the papers [7, 8] and others, the characteristic function method has been applied to continuous-time CLRP
to study its probability distribution properties, including the conditions of its cyclostationarity (that is,
the periodicity of finite-dimensional distribution functions, characteristic functions, or moment functions
with respect to their time arguments), which is obviously important properties in the context of energy
informatics because of cyclic nature of energy loads and consumption processes. This paper deals with
the same properties but for the discrete-time variant of the model.

The discrete-time CLRP, represented as a stochastic sum with a stationary generative white noise has
been introduced and analyzed in [6]. The general case of discrete-time CLRP has been defined in [11], and
the properties of its mathematical expectation and covariance function have been analyzed. There
are theoretical papers where the central limit problem in relation to randomly weighted sums of random
variables [12], linear processes with random coefficients [13], etc. have been investigated. In the literature,
however, there is no analysis of the properties of multidimensional probability distributions or moment
functions for the general case of a discrete-time conditional linear random process, which can be used in
the applied problems of mathematical modeling of cyclostationary (or periodically correlated) [14] signals
and processes.

The concept of periodically correlated random sequences has been introduced in [15] and
their spectral properties have been investigated. The statistical analysis methods of such processes have been
considered in [14, 16-18]. The relationships between periodically correlated, cyclostationary, and linear
random sequences (in the form of autoregressive moving average models with periodic coefficients) have
been studied by many authors, including [14, 16, 19]. The corresponding applications for modeling
the signals in energy and diagnostics of energy equipment have been represented in [14, 16, 18].

The main goal of the paper is to obtain the conditions for discrete-time CLRP to be periodically
correlated using the properties of its moment functions, and to characterize the conditions for discrete-time
CLRP to be cyclostationary using the characteristic function method.

2. Discrete-time conditional linear periodically correlated random processes
We start our analysis with the definition of continuous-time CLRP [7, 8]. A real-valued continuous-

time conditional linear random process &(w,t), meQ,te(-w,) (where {Q,F,P} is some probability
space) is defined in the following form:

o) = [ oo (,) ®

where ¢(w,1,t), T,t €(—0,0) is a real-valued stochastic kernel of CLRP; mn(w,t),te(—0,0) is
a stochastically continuous Hilbert process with independent increments, satisfying the following conditions:
En(m,t)=a(t)<e and Var[n(e,1)]=b(t)<w, WVvr; random functions ¢(o,7,t) and n(w,1)
are stochastically independent.
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A real-valued discrete-time conditional linear random process & (o), teZ, oeQ is defined as
a random sequence in the following form [11]:

E@=3 0. (@) (), ?)

T=—0

where ¢_ (o), t,teZ is areal-valued random function (kernel), which can be considered a random matrix
as well as a two-dimensional random field on Z°;
€. (w), TeZ is asequence of infinitely divisible independent random variables (infinitely divisible discrete-
time white noise);
random functions ¢_, (®) and ¢ () are stochastically independent.

Let us denote the mathematical expectation and variance of the above white noise £_(w) as follows:

EC.(w)=a, <o, Var[CT(co)] =6’ <o, V1.
The sum (2) is assumed to be exist in the mean-square convergence sense [11]. The relationship

between models (1) and (2) has been also analyzed in [11].
The mathematical expectation EE (o) and covariance function R, ,t.,t,eZ of a discrete-time

conditional linear random process (2) is represented as:

Et (@)= 0.2, )

T=—00

R, =Y YR, aa+Y E(o, (@), (@) (@)

T=—00 §=—00 T=—00

where ¢.,=E@_,(®) is the mathematical expectation of the kernel of discrete-time CLRP;

R‘P

TStltz

((pr f (oo)(pSt ((;))J is the covariance function of the kernel of a discrete-time conditional linear

random process ((;)T,t () =@, () —Eq, (o) is the centered kernel).

Let there exist the least integer number (period) 7 >1 such that white noise _(®) has periodic
mathematical expectation and variance, that is,

E¢.(0)=a, =a,, and Var[{ (e)]=02 =0, (5)
and mathematical expectation and covariance function of the kernel has the following properties:
(I)r,t :¢r+T AT qu?S;ll,lz :Rr(p+T,s+T;t1+T H+T (6)

then discrete-time CLRP (2) is periodically correlated in a random sequence.

To prove this, we should analyze the properties of mathematical expectation and covariance function
of discrete-time conditional linear random process under conditions (5) and (6). Thus, we have the following
property of mathematical expectation:

EE (@)= 2 0.8 = 2 b v = 2 b, =B (0).

T=—00

Taking into account E((pﬂ(co)cprt (co)) Ty, T, and denoting t+T =1,s+T =5, we

obtain the following property of the covariance function:

2 _
Rtl,tz Z Z Rr+T S+T 4 +T L +T r+T s+T + Z ( T, T+ T +T t,+T + ¢r+T 4+T ¢r+T L+ T )G‘H—T -

T=—00 S= T=—0
— N N [0 2
- Z Z Rrl,sl;t1+T G +T arl S, Z ( Ty, T +T G +T ¢rl,t1+T ¢rl,t2 +T )Grl _R11+T,t2+T‘
Ty =—00 § =—0 Ty =—00
The mathematical expectation and covariance function of discrete-time CLRP is periodical functions

with respect to their time arguments. Thus, the investigated process is periodically correlated [14, 15] if
conditions (5) and (6) hold.
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3. Discrete-time conditional linear cyclostationary random processes
Let F, cF be s-subalgebra, generated by a random matrix ¢_, (w), satisfying with probability 1

the following conditions (which are important for the convergence of (2) by distribution):

i (Pr,t((ﬂ)ar|<00 and i|(pr,t(oo)|2csf <o, Vt.

T=—00

The m -dimensional characteristic function of discrete-time CLRP (2) is represented as:

fo(Uy Uy Uit t) = E(exp[iZukgk (oo)D = Ef, (0,Uy, Uy, Up it G ),
k=1

where f;“’(m,ul,uz,...,um;ti,tz,...,tm)=E[exp[iZukgtk(m)}
k=1

FwJ is conditional with respect t0 o-

subalgebra F, characteristic function of discrete-time CLRP (2).

Taking into account that elements ¢_, (w)¢,(w) in the sum (2) are conditionally F, -independent
infinitely divisible random variables (with respect to o-subalgebra F ), the random function
£ (@,Up, Uy, ..., Uyt b, L, ) S Tepresented as:

£ (0, Uy Uy Up it G b)) =

= exp{iZuk D 0., (0)a, +
k=1 T=—00
2w, © d K( ) "
o X ) Uy (@ X;T
+ Z j e - _1 Ixzuk(prt ( ) ’
tk EZ,uk ER,kzla_ml

where K(X;1), X € (—0,0), 1€ Z is a Poisson jump spectrum in Kolmogorov’s form of the infinitely
divisible white noise £ ().

Probability distribution of discrete-time conditional linear random process belongs to the class
of mixtures of infinitely divisible distributions.

Let there exist the least integer number (period) 7 >1 such that the following holds:
- random matrices ¢_, (w), t,teZ and ¢, . (o) are stochastically equivalent in the wide sense, that is,

their finite-dimensional cumulative distribution functions are equal:

(ﬁﬁ{m:%j,tj (0) < Xij}J = F’(rﬁ(ﬁ{oo:(ptj”’tﬁT () < X; }], X; €R, (8)

1 j=1 i=1 j=1

- infinitely divisible white noise {_ (o), Te Z is stochastically periodic in the sense of

a=a., dKx1t)=dK(xt+T). 9)
Then the characteristic function f (ul,uz, LUttt ) s periodic by its time arguments, that is,
fi(ul,uz, SUtt,t) = f(ul,uz, JU AT L +T,,t +T). (10)

The random process satisfying the property (10) is called cyclostationary of the order m [14]. Thus,
under the conditions (8) and (9) the sequence (2) is discrete-time conditional linear cyclostationary random
processes. Obviously, the white noise ¢ (o), satisfying (9) is also cyclostationary, that is, its one-
dimensional characteristic function is T -periodic by time argument. It should be also noted that if T =1
then (2) is strict-sense stationary conditional linear random process.

The above statement can be proven analyzing the properties of conditional characteristic function (7)
of discrete-time conditional linear random process under the conditions (8) and (9).
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First of all, it can be noted that

Law(zuk Z (vatk ((D)afj = Law[zuk Z (pr+T A +T ((’O)a‘r+T j =
k=1 k=1

T=—00 T=—0

m 0
= LaW(ZUk Z (ps,tk+T ((D)asj’
k=1 t=-w0

where s=1+T, and also we use the notation Law(&(w)) = Law(n(w)) if given random variables &(®) and
n(w) have the same probability distributions.
Further, the second part of the expression (7) has the same property, that is,

Law i]} eixéukcpt,zk( - |quk(p“ (0)) d K(X T)

o % |XZUk(P T e (©) d K X; T+T
=Law| > [|e -1- |xZuk<prmk+T( ) %

T=—%0 _g

=Law i T eixéws'lk”( )—1 |xZuk(pSt 1 (o) —d K(x;s)

T=—0 _op

From the above analysis it follows that probability distribution of the random F _-conditional
characteristic function f;w (®,Ug,U,,...,U, 5ttt ) 1S periodic by its time arguments, that is,

Law( . (@, Uy, Uy, U sty by e ) = LAW(CF (0,0, Uy Uit + TG + Tty +T))
Taking into account that unconditional characteristic function of discrete-time CLRP is equal to
fo (U Uy Up it e t)) = EFS7 (0,U5,U,,0, Uy st 0t ), WE Can state that (10) holds, and investigated
process is cyclostationary of the order m.

4. Discussion

As it was already mentioned above the key element of the methodology of application of continuous-
time linear and conditional linear random processes for the mathematical modelling of electricity loads is
a representation of investigated process as a sum of a large amount of random impulses (loads related
to individual consumers) occurring at random Poisson time moments. In context of linear random processes,
the impulses (with random duration and amplitude) are independent. The authors of the paper [20]
investigated electricity consumption data at the level of individual households, measured by modern
information systems based on smart meters. According to the results of experiments it has been shown [20]
that the processes of electricity consumption of individual households are stochastically dependent. That is
why, we state that mathematical modelling of electricity loads process &(w,t) in the form of conditional

linear random process (considering the stochastic dependency between the individual impulses-loads)
is more adequate to investigated object.

The resulting representation follows from (1) (where process with independent increments
is nonhomogeneous Poisson counting process) and has the following form:

E(ont) = Z 0,7, ().,

where ...<t, ,(®) <7, () <7, (0)<... are the times of a Poisson process, which are equal to the times
of random impulses o¢(w,t, (®),t) occurrence (¢(o,t,(®),t)=0 if t<rt, (®)), and random functions
s 0o, T, 5,1, o(o,T,,t), o(oT,,,t),... are stochastically dependent (at fixed nonrandom times

e < Ty < Ty <Tpyg <ol
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Analyzing the cyclic behaviour of energy consumers of residential areas or enterprises, it can be
shown that the investigated electricity loads process &(w,t) will be cyclostationary [7, 8, 14] with a period

of T, =24 hours, that is, its m-dimensional (m >1) characteristic function is periodic by its time arguments.

Now, let us consider the discrete-time random process
th

g (@)= [ &ws)dsteZ, h=1—°,T eN,

(t=1)h
which for each t e Z equals to electricity consumption during time interval [(t =1h, th]. If h=1 hour, then

& (w),teZ is hourly electricity consumption, which can be modelled as discrete-time conditional linear

cyclostationary random processes (or discrete-time conditional linear periodically correlated random
processes when we need to consider only its moment functions up to second order) with the period T .

The characteristics of representation (2), that is probability properties of the kernel and generating
white noise, as well as moment (3), (4) and characteristic (7) functions can be used in the different areas
in energy informatics, such as electricity consumption monitoring and forecasting, computer simulation,
identification of the electricity consumption profile features etc.

The perspective theoretical research should be related to the analysis of random matrix ¢_,(w) from

the point of view of periodically correlated or cyclostationary random field on Z* [14]. In this context,
the theoretical results of the current paper can be extended analyzing the different combinations
of components ¢_,(0) and ¢ (w) of discrete-time conditional linear cyclostationary random process. That

is, the following cases can be considered:
- ¢, () Iis cyclostationary random field (in general, with different periods by « and t) and (. (o) is

cyclostationary white noise;
- ¢, (o) is cyclostationary random field and {_(w) is stationary white noise;

- ¢, (o) is cyclostationary random field with the same period T =1 by both time arguments and £ (o) is

cyclostationary white noise.
The perspective applied research is based on using the random coefficient periodic autoregressive
model (as a particular case of discrete-time conditional linear cyclostationary random process) for
the problems of estimation, identification, computer simulation, and forecasting in energy.

5. Conclusions

The properties of discrete-time conditional linear random processes have been analyzed in the context
of applications for mathematical modelling of electricity consumption and other important problems
of energy informatics.

Using the analysis of the expressions of mathematical expectation and covariance function of discrete-
time CLRP it has been shown that process is periodically correlated if the kernel of its representation
is periodically correlated random field and generating white noise is periodically correlated random process.

Using the method of characteristic functions, it has been proven that discrete-time CLRP
is cyclostationary if the kernel of its representation is cyclostationary random field and generating white
noise is cyclostationary random process.

The results can be used for the mathematical modelling, theoretical analysis of probability
characteristics of electricity, gas, water, and other energy resources consumptions, vibration signals
of energy facilities, etc.
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Anotauis. Cyuacui npobremu ma BUKIUKU 6 eHepeemuyi 8umMazaromv HPOBeOeHHsT KOMNIEKCHUX
docniddiceHb Yy eany3i eHepeemuyHoi iHpopmamuku, wo 00’€OHyE 8 pamkax €O0uHoi Memooono2ii
KOMN 1OmepHi HaAyKu, cucmemu Kepy8aHHs mad CUCmemMu eHepeomMeHeOxcmenmy. Baocnusum nanpsamvom
enepeemudHoi iHpOpMamuKu € 6UUeHHs. NPodIeM MOOETI08ANHSA CUCEM Ma Npoyecie 6 eHepeemuyi,
BKIIOUHO 3 NpoOYecamu eHepeOHABAHMAIICEHHSI MA eHepeoCnodicueants. JIiHiuni ma yMOGHI JIHiliHI
sunaokosi npoyecu (YJIBII) € mamemamuynumuy MoOeaMU CUSHANIE, NPEOCMABIEHUX ) BUIS0I CyMU
BEIUKO20 YUCAA BUNAOKOBUX IMNYIbCIE, WO GUHUKAIOMb Y 8UNAOK0GI Momenmu yacy. Came makum YuHOM
MOJICHA MOOETO8amu. npoyecu CRONCUBAHHS eHepeopecypcie (enekmpo-, 2a30-, 6000CHONCUBAHHSL),
siOpayiuni cueHanu enep2ood ‘exkmie ma in. Y pobomi docniodcena mooenv VJIBII 3 ouckpemuum uacom,
Wo 0036015€ 8pPAX0BYBAMU YUKIIYHI  61ACMUBOCMI  eHepeocnodcueanus. Memoiw pobomu €
00IpyHmyeants ymos, 3a axux YJIBII 3 ouckpemuum yacom 6yoe nepioOuyHo KOpeibO8aHUM NpoYecom,
a maKodic YUKIOCMAYIOHAPHUM 8Unadkosum npoyecom. Iloxkazano, wo 6iON0GIOHI yMO8U 3d1edcams
8i0 enacmusocmeii nepioOUYHOCMI UMOBIPHICHUX DPO3NOOLNI6 A0pa ma NopooNCYrU020 01020 WYMY
6 3006padicenni VJIBII. [{na OoocscneHHs Memu 6UKOPUCIIAHO 81ACMUBOCMI MAMEMAMUYHO20 CNOOIBAHHS
ma xopensyiunoil ¢ynxyii YJIBII, a makosc memoo xapaxmepucmuynux yukyiu. Y pobomi 0osedeHo,
wo VJIBII 3 Ouckpemnum 4acom € nepiooudHo KOpenbO8AHOW BUNAOKOBOI0 NOCNIO08HICIIO, AKUO
NOpPOOACYIOUULE OINULL WYM MAE NEPiOOUYHi MAMEeMAmuyni CnooieaHHs ma OUcCnepci, a s0po €
nepioouyHo KOpenbosaHum sunaokosum noinem. Ha ocnosi ananizy 6aeamosumipHoi xapakxmepucmuiHoi
@yuryii 0osedeno, wo VJIBII 3 Quckpemnum 4acom € yukiocmayioHapHuM, Ko nopooxcyowutl oiaui
WYyM € YUKIOCMAYIOHAPDHUM NpPOYecoM, a AOpO € YUKIOCMAYIOHAPHUM BUNAOKOBUM  HOJEM.
Oxapaxkmepu308ami  81ACMUBOCMI  YMOBHUX —JIHIUHUX YUKIOCMAYIOHAPHUX ~BUNAOKOBUX NpOYecis
3 OUCKDEMHUM HACOM € BANCTUBUMU O BUPIWEHHS 3a0ay MameMamuyHo20, KOMN IOMEPHO20
MOOEN0BAHHSA, CIAMUCMUYHO20 AHATIZY MA NPOSHO3Y8AHHSL CHONCUBAHHSL eHeP20PeCyPC 8.

KarouoBi cioBa: marematuuHa MoOJeib, CHEpPreTUYHa iHQOpPMAaTHKa, YMOBHHH JIHIMHMHA BHUIAJIKOBHH
TIpolIec, UKJIOCTAalliOHApHUH TIpoliec, OLTNH IyM, XapakTepucTHYHA (QYHKILIS.
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