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Systematic error of the LSM-estimation for the aisace components of periodically corre-

lated random signals (BPCRS) is analysed. It is statvthis error is caused by the prelimi-

nary mean function estimation only. The formula¢haf dependence of their error on the cova-
riance component is obtained and asymptotic unbreess of estimation is proved. The partial
case of BPCRS is considered and comparison with coemp@stimators is given.
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IMosiBa nedekTiB y eeMeHTaXx 00EpPTOBUX BY3/iB MEXaHIYHMX CHCTEM HPH3BOJMTH JI0 CTOXAC-
TUYHOT MOMYJIALI] TapMOHIYHAX CKJIAQJOBHUX BiOpamifHMX CHUTHANIB, BIACTHBOCTI SKOi MOXHA
OIUCAaTH MOJEISIMU y BUIJISAL IIEPIOJUYHO Ta OiNepioMuHO KOPEIbOBAaHUX BHUIIAJKOBHX IIPO-
neciB (BITKBIT). IMOBipHiCHI XapakTepUCTHKU APYTOro IMOPSIKY LHUX KIIACIB HECTAlliOHAPHHX
BUITQJIKOBHX IIPOLECIB € JOCUTh YyTIIMBHMH JIO 3MiHH IapaMeTpiB AedeKTiB, TOMy BHKOPHC-
TaHHA JIarHOCTUYHUX O3HAK, NOOYNOBaHMX Ha X OCHOBI, Ja€ MOXJIMBICTb BUABIATH Je()EKTH
Ha paHHIX cTajisx ix po3BUTKY. ToMy BaJIMBO 3a0€3MEYUTH CTATHCTHYHY TOYHICThH OL[HIO-
BaHHS IMOBIPHICHHX XapaKTEPUCTHK, sika O BiAMOBiJana BUOPaHUM PiBHSAM BHSBJICHHS Iedek-
tiB. Ile 03Hauae, mio noTpibHO chopMyBaTH HaJIEKHI BUMOTH J0 THX MapaMeTpiB 0OpoOKH, sKi
BH3HAYAIOTh TOYHICTH OLIHIOBAaHHS, HACAMIIEPE, 0 AOBXKHHH peaiizalii i KpoKy ITUCKpeTH3a-
mii. HaBeneHo aHamiTH4YHI CIIIBBIOHOIIEHHS, SKI BA3HAYAIOTH MOXHOKH OLIIHIOBAHHS 3aJIEKHO
BiJI IOBXKUH peaJti3anii, KpoKy anuckperusanii Ta mapamerpis curnainis BITKBII. IIpoananizosa-
HO cucreMatnuHy noxudky MHK-oninroBanns xopemsuiiianx kommonenTiB BITKBII. IToxaza-
HO, IO 5 TOXWOKa 3yMOBJICHA TLIBKH MONEPEIHIM OLIHIOBAHHSAM MaTEMaTHYHOTO CIIO/{iBaHHSI.
Otpumani Gopmynu 1i 3a1eKHOCTI BiJ KOpEISUifHMX KOMIIOHEHTIB CHTHANIy i Ioka3aHa ixX
ACUMITOTHYHA He3MilleHicTb. Ha ocHOBI oTpuManux (GopMys 004MCICHO 3HaYEHHS 3MillleHb
MHK-011iHOK KOpeNsIiiHIX KOMIIOHEHT 3aJIe)KHO BiJl TOBXHMHH peaji3alil Ta nmapameTpis, sKi
onucyoTh Kopemsiniiny crpyktypy BITKBII, iX mopiBHSHO 3i 3MillIEHHSM 32 KOMIIOHEHTHOT'O
OLIIHIOBAHHSI.
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KunrouoBi ciioBa: Oinepioouuno xopenvogami unaokosi npoyecu, Memoo HauMeHuux Keaopamise
(MHK), MHK-oyinku Kopeisyitinux KOMAOHEHMIB, CUCIeMAMUYHA NOXUOKA.

The appearance of the faults in rotating elemehtaexhanical units induces the
stochastic modulation of the harmonic componentglwftion signals. The properties
of this modulation can be described by the modethé form of periodically and bipe-
riodically correlated random processes [1-3]. Thababilistic characteristics of the
second order of these classes of nonstationarynamiocesses are largely sensitive to
the fault parameters, therefore the use of thendistic indicators formed on their basis
allows us to detect the faults at the early iniatstage [1-4]. Proceeding from these
facts we must provide such a statistical accurdg@yababilistic characteristics estima-
tion which will necessarily match the chosen lewaflighe faults detection. It means
that the proper requirements to the parametersanfegsing which determine the esti-
mation error, first of all the length of realizatimand sampling interval should be
formed. The choice of these values can be procasselde basis of the relations, that
determine the estimation errors, the realizationytle, sampling interval and parame-
ters of BPCRS.

The LSM-estimator for the covariance componaﬁgiu) is characterized by the
mean squareE[ék (u) =B, (u)]z, which is determined by the sum of the variance of
the estimator D[ék (u)] = E[ék (u) - EBy (u)} and it is squared bias
| B (u) | = EBc (u) - B (u)

~ 2 ~ ~
E[ B (u) - B (u) | =D B (u) |+ [ Be (u) ]

The analysis of the variances of estimatér(s(u) was carried out in [5, 6]. This

paper is dedicated to the analysis of the bias ithaften called systematic error of

estimation. The valuef[ék(u)] = D[ék(u)] is the root mean square deviation of

estimator, ancﬁ[ék (u)] = \/D[ék (u)] +g2 [ék (u)] is standard error.

Column matrix é(u):[éo(u)éf(u)éﬁ (u) B (u),...BY (u)}T with the
elements that are LSM-estimators of covariance corepts, whereN is the number
of the highest covariance function, has the foltayiorm [5, 6]:

B(u)= [T[k)ﬂ B(u). 1)

Here |D| is a determinant of the matrix of the equatiortesys Solutions of sys-

tem (1) are LSM-estimators of covariance componants A, are algebraic adjunc-
tions of the matrix. The elements of the columnriraB(u) are equal to

E?o(u)=%iZ(t,u)dt, Sc(u)=%iZ(t,u)cosqtdt, 35(u)=%iz(t,u)smmdt,

where

Z(tu)=[E(t)-rm(t) J[E(t+u) -m(t +u)],

and m(t) is LSM-estimator of mean function of BPCRP [2].
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The biases of LSM-estimators for the covariance pmments are represented by
the formulae:

N

12N 1 N

S[BO(U)]:_Mze[ék(u)}pkﬂ,l! E[QC(U)}:‘HZ I:Bk( )]Ak+1l+l

k=0 Dl k=0

()5

[Bk (u)] Ak+1,I+N+1r I=1N, (2)

“Mz

where
0

e[ B (u)] =%£ez (tu)ct, ¢[B(u)] =%iez (t.u) coswtet

e[BkH (u)] =%EEZ (t,u)sinctdt ,

and
£z (t,u) = E| M(t)E (t+u)+ m(t +u)E(t) - m(t) M(t+u) |. 3)

Let us concretize formulae (2) for BPCRP

£(t) =8¢ (t)coshygt + & (t) simhy ., @)
where & (t) andés(t) are jointly stationary connected random processes
All—_zl_—n+$—n T, andT, are the periods of nonstationarity.

1 2
Covariance function of process (4) is the following

b(t,u) = Byg (u) + BS,(u) cosh »4 + BS(u) sink 55, (5)
where

l[Rc (u)+ Rs(u)]coskllu + R (u) sim 1,

Boo (u) = >

S, (u) :%I:R: (u)- Rs(u)]coskllu + R (u) sim 4,
B3, (u) = R (u)cosh,u +%[Rs(u) =R (u)] sim\ 4,

and Ry (u)=E& (D& (t+u),  Ri(u)= E&(0)&s(t+u), & (1) =Ec()-me
«%s(t) =& (t)-ms, Rs(u) even andRg(u) odd parts of cross-covariance function
Rcs(u) = Eéc (t)és(t +u) .

The LSM-estimators of the covariance componentsdatermined by the rela-
tions:

Boo () = |D|§A1Ea(), B (u) = Méma(), B5,(u) = |D|§A381()

The determinan|®| in this case is:
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1 ¢ ap
ID|=|cop €2 anj,
2 82 S2
and its elements are equal to

0 0 0
Crk =%jcos)\”t CO\ g tdt , S =%jsin)\”t SiM\ g tdt , &y =%jcos}\rrt Sin\ g tdt
0 0 0

The elements of matri8(u) = [Bl(u) B, (u), B3(u)]T are equal to

18 - 18 - 18 )
u) =§£Z (t,u)dt, B,(u) =§£Z (t,u)coshpotdt, B;(u) =6jZ(t,u)S|n)\22tdt :

0
The LSM-estimator of mean function of the randowcpss (4) can be rewritten as:
m(t)= 3 meht,
r=-11
where

m = [mchl MM 51 =i (MM 15+ MM 22)] my=m,

2|'V'|
herewith the determinaiiv| :

M=%
1 S

The valuesM,, are the algebraic adjunctions|M|, and valuest, andmy are
equal to

C1 alj _

19 19 .
M. =6jz(t)cos>\11tdt, g =6jz(t)sm>\11tdt .
0

Let us consider the functions

"E(19) =£?b(t+u,s—t u){cos}\lls}
h3(t.8)] ©o SinAy;S
Ic(e) _1 96 _ COSAy;S; COR\ S,
{IS(G)}_?!)_Lb(SLSZ Sl){SianSlSin)\llsz}dSldsz'

1 006
les ( =—2H S1,5; = S1) COSA 151 SiM\ 1§ gls gs ,
00

1

H1(9)=M

[1c(6)(MA-ME)+15(8)(M3-M B +21(B)(M o orM M 3,
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W@Fﬁﬁ%N@@%MﬂMMQHAWMMzﬂMMM,
H4®=ﬂ%ﬂk®MMﬁ+MQ+k®MMQ+MQ+ES®XM1Msz;M ¥

In this case for the value (3) we have:

e (1) = o[ 0 (.6) MyyGosh gyt +1) + M g sink 5 {t+u) |+ iyt 6)

M
X[ M1 COSA14(t+U) +M 5o sirh 4 {t +u) [+ hAt B)[M 11COB f+M 1psih {]+
+h5 (t,6) (M 1CoSN 1 + M 5y ik 4§) = H {6) cod 1{ ©+u)-
—Hy (8)sinAy4( 2 +u) - H3(8) cos\ .

Let us introduce the notations:

B (u)=Boo(u), By (u)=B5(u), By(u)=B5(u). (6)
Then the biases of the estimator of the covariooeponents are represented by
the general formula:

%mm?ﬁh%§@m+ﬁﬁkummw+

0

0
Py {%J‘ez (t,u)sin)\zztdtu, k=123 W)

The analysis of biases is cumbersome, that is wéill wonsider the case when
u=0 only.

g (1.0) = |[21C (t.8)(Myq cOS\ £+ M 1, stk 1§)+ By(t 0)(M o
xCOSAq t + M oy ik 11) = H () cod ,5~H £6) sih —H {6)]. (8)
Hence

£(0) =1 e (L) = M () M ()] + M s (6) M 2 (3]

_Hl(e) C20 - H 2(6)&02_ H 3(9)] . (9)
Let us simplify the expressionis (), 15(8) and 1(8), which are included in

this relation, setting the variable=s—t and changing the order of integration we find:

1 06t
1.(0) ezj [ b(t,u)cosA 4t cod s (t +u)dudt =
-t

6-u

=[] b(t,u)[coshy,u+ codyy( 2+u)]dtdu.
0

6

1o
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After substituting this expression into formulag énd integrating ovet in the
first approximation we have:

_ 1, u c S0 s
l.(0) == [1—6)[2800@) cos\yu + BS,(u) cod (u—-B%{u) sih 1lﬂdu.

20
Analogically for 1(8):
1 06-u
|s(9):¥f [ b(t,u)[ coshyqu~ codyy( 2+u)]du.
00
In the first approximation:
0
Is(6) :2_16 [1—%)[2800@) cos\ 1 u — BS,(u) cod jp+B%{u) sih 1@} du.
0
For the functionl < (6) we obtain in the first approximation:
19 :
les(0) :%0[1—%)[8252@) cosh;  + BS(u) sim 1y}du .

Taking into account relation (8) for the second &mel third components of the
value (7) we obtain:

. (6) =%Eaz (t,0) cosh el =ﬁ[mn[|c(e) 1 (8)] +M 18 (0)-1,(6)] +

+M12[|sc(9)+ 1 (9)}+M12[|<(:§)(9)_ 'cs(e)}_

~H; (8)Cpp— H 5(8)az—H o8)c g5, (10)

0

£(0) :%gsz (t,0) sinA et :ﬁ[MHPQ (6)+ |Qs(e)} M 22[lsc(e) 19 (e)}+

+M12[|c(e) - 'c(:l) (e)} M 21['@ (6) + 's(e)} -

~H; (8)az, —H 5(8) s~ H 4B)a gy, (11)

06
}:i”b(t,s—t){cog\”s Co%é}dsdt ,
00

where

SiNA{1S SiNA 34

S
1 98 COSA(4S SiM\
cs :izjjb(t,s—t){_ 1 3§}dsdt.
|si)(9) 8250 SinAy;S COS\ 54
It can be easity seen that in the first approximatilél)(e):Igl)(e) and

I((:é) (8) = —Ig) (). Then the bias of the estimators of covariancepmmants of ran-
dom process in the first approximation is determibg the formula

e[ B (0)]= —ﬁ[ﬁkso(e) + Ao (6) + Ages(6)], k=122 (12)
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This value is obtained only by the preliminary cdétion of the BPCRP mean
function. Dependence of these values on covarifumetion of the process is deter-
mined by formulae (9), (10) and (11), and dependanmcrealization lengt® is repre-

sented by the determinarjid|, |D| and theirs algebraic adjunctions. In the asymptoti
0 - « these determinants degenerate into diagonal:

1 0O 1 0
D~ % 9=3 m-|2 |=1
2 4 1 2
0O =
00 2
2

Substituting the value of determinants and thejuractions into expressions (9),
(10) and (11), we obtain for the biases of estimsatd covariance components:

e[ Boo(0) ] =-2[1c(8) +15(8)],
£ B5,(0) = —2[ z[l ﬂ
e[ész(o)]ﬂ[us(ew z@(e)]

Let us express bias (12) through the covariancetiums of quadrature compo-
nents of the random process (5). Since

2o (1) cosh 1+ B(u) o 111~ BS{u) sin 4=
=R, (u) +%[Rc(u) + Ry (u)]coshpu, (13)
2Byg(u) coshyu — BS,(u) cod 1y +B%{u) sin 4=
=R, (u) +%[Rc(u) + Ry (u) Jcoshpou1, (14)

B3 (u)sinhyu+ B3y(u) cosh 131 = R (u). (15)
then

Ic(e):ie(l_%][l?c(u)+—;[l?c(u)+Rs(u)]cos)\zzu}du,

0= 9[1_%j{Rs(u)+—;[Rc(u)+Rs(u)]cos}\zzu}du,
o055 115 el
Hence

B (u)cosh 11 + B3,(u) itk =2 [ R, (1) ~ R (u)] cod o+ RS (u) sih y, (16)
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BS, (u)cosh 1 u — BS,(u) sirh 1y = R (u) coa ,u +%[Rs(u) ~R,(u)] sih 4. (17)

Taking into account that the symmetric integraltteé odd function is equal to
zero we obtain:

19 e) :i:(l-%)[ac (u) - R (u) Jcosh pud,

|£§) (0) :ie[l—g) Res (U) cos\poudu.

20 o 0
Let us assume that
R (u)=Dye M, Ry(u)=De ™M, Ry(u)=Dase™, (18)
and denote
18 u) -
T (a;,0) :6j[1—6)e %Y cos\ g udu .
0

Then we have:

1(0)=3] Dro(a20) + J[0r030)+ D1 4a 0]
Is(e)=%[D2r0(a1,9)+%[D1r2(a1,9)+D2'2(0( ze)]]

16(6) = les (6) =210 (03,6).

19 (8) = 5[ Diro(018) - Dro(a 20)]. 18 (6) =2 (03,6).

On the basis of the obtained formulae it is possiblcalculate the values of bias
of LSM-estimator of the covariance component, depenon the length of realization
and parameters which describe covariance struoflB®CRP and also to compare the
values of biases of the LSM and component estireator
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